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ADVERTISEMENT. 


The  Committee  appointed  by  the  Royal  Society  to  direct  the  publication  of  the 
Philosophical  Transactions  take  this  opportimity  to  acquaint  the  public  that  it  fiilly 
appears,  as  well  from  the  Council-books  and  Journals  of  the  Society  as  from  repeated 
declarations  which  have  been  made  in  several  former  Transactions,  that  the  printing  of 
them  was  always,  from  time  to  time,  the  single  act  of  the  respective  Secretaries  till 
the  Forty-seventh  Volume ;  the  Society,  as  a  Body,  never  interesting  themselves  any 
further  in  their  publication  than  by  occasionally  recommending  the  revival  of  them  to 
some  of  their  Secretaries,  when,  from  the  particular  circumstances  of  their  affairs,  the 
Transactions  had  happened  for  any  length  of  time  to  be  intermitted.  And  this  seems 
principally  to  have  been  done  with  a  view  to  satisfy  the  public  that  their  usual ' 
meetings  were  then  continued,  for  the  improvement  of  knowledge  and  benefit  of 
mankind  :  the  great  ends  of  their  first  institution  by  the  Royal  Charters,  and  which 
they  have  ever  since  steadily  piuBued. 

But  the  Society  being  of  late  years  greatly  enlarged,  and  their  communications  more 
ntunerous,  it  was  thought  advisable  that  a  Committee  of  their  members  should  be 
appointed  to  reconsider  the  papers  read  before  them,  and  select  out  of  them  such  as 
they  should  judge  most  proper  for  publication  in  the  ftiture  Transactions ;  which  was 
accordingly  done  upon  the  26th  of  March,  1752.  And  the  grounds  of  their  choice  are, 
and  will  continue  to  be,  the  importance  and  singularity  of  the  subjects,  or  the 
advantageous  manner  of  treating  them ;  without  pretending  to  answer  for  the 
certainty  of  the  facts,  or  propriety  of  the  reasonings  contained  in  the  several  papers 
so  published,  which  must  still  rest  on  the  credit  or  judgment  of  their  respective 
authors. 

It  is  likewise  necessary  on  this  occasion  to  remark,  that  it  is  an  established  rule  of 
the  Society,  to  which  they  will  always  adhere,  never  to  give  their  opinion,  as  a  Body, 
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upon  any  subject,  either  of  Nature  or  Art,  that  comes  before  them.  And  therefore  the 
thanks,  which  are  frequently  proposed  from  the  Chair,  to  be  given  to  the  authors  of 
such  papers  as  are  read  at  their  accustomed  meetings,  or  to  the  persons  through  whose 
hands  they  received  them,  are  to  be  considered  in  no  other  light  than  as  a  matter  of 
civility,  in  return  for  the  respect  shown  to  the  Society  by  those  commimications.  The 
like  also  is  to  be  said  with  regard  to  the  several  projects,  inventions,  and  curiosities  of 
various  kinds,  which  are  often  exhibited  to  the  Society ;  the  authors  whereof,  or  those 
who  exhibit  them,  frequently  take  the  liberty  to  report,  and  even  to  certify  in  the 
public  newspapers,  that  they  have  met  with  the  highest  applause  and  approbation. 
And  therefore  it  is  hoped  that  no  regard  will  hereafter  be  paid  to  such  reports  and 
pubhc  notices;  which  in  some  instances  have  been  too  lightly  credited,  to  the 
dishonour  of  the  Society. 
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List  op  Institutions  entitled  to  receive  the  Philosophical  Transactions  or 

Proceedings  of  the  Royal  Society. 


Institutioufl  marked  a  are  entitled  to  receive  Philosophical  Transactions,  Series  A,  and  Proceedings. 

B  .,  „  „  „  Series  B,  and  Proceedings. 
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Series  A  and  B,  and  Proceedings. 


„    Proceedings  only. 


America  (Central). 
Mexico. 
p.      Sociedad  Cientifica  "  Antonio  Alzate." 
Aznerica(North).  (See  United  States  and  Canada.) 
America  (South). 

Bnenos  Ayres. 

▲B.    Mnseo  Nacional. 
Caracas. 

B.      University  Library. 
Cordova. 

▲B.    Academia  Nacional  do  Cioncias. 
Demerara. 

p.      Royal      Agricultural      and      Commercial 
Society,  British  Guiana. 
La  Plata. 

p,     Museo  de  La  Plata. 
Rio  de  Janeiro. 

p,     Observatorio. 

Australia. 

Adelaide. 

p.     Royal  Society  of  South  Australia. 
Brisbane. 

p.     Royal  Society  of  Queensland. 
Melbourne. 

p.     Observatory. 

p.     Royal  Society  of  Victoria. 

AB.    University  Library. 
Sydney. 

p.     Geological  Survey. 

p.     Linnean  Society  of  New  South  Wales. 

AB.    Royal  Society  of  New  South  Wales. 

AB.    University  Library, 

Austria. 

Agram. 

p,     Jugoslavenska  Akademija  Znanosti  i  Urn- 
jetnosti. 

p.     Societas  Historico-Naturalis  Croatica. 
Bronn. 

AB.    Naturforschender  Verein. 
MDCCCXCIIL — A. 


Austria  (continued). 
Gratz. 
AB.    Naturwissenschaftlicher  Verein  fiir  Steier- 
mark. 

Hermannstadt. 
p,     Siebenbiirgischer   Verein  fiir  die   Natur- 
wissenschaften. 

Innsbruck. 
AB.    Das  Ferdinandeum. 
p,      Naturwissenschafllich    •     Modicinischor 
Verein. 

Klausenburg. 
AB.    Az  Erdelyi  Muzeum.    Das  Siebonburgisclie 
Museum. 

Prague. 
AB.    Konigliche     Bohmischo   Gesellschaft    dcr 
Wissenschaften. 

Trieste. 

B.      Museo  di  Storia  Natui'ale. 

p,      Societa  Adriatica  di  Scienze  Natnrali. 
Vienna. 

p.      Antbropologische  Gesellschaft. 

AB.    Kaiserliche  Akademie  der  Wissenschaften. 

p,     K.K.  Geographische  Gesellschaft. 

AB.    K.K.  Geologische  Reicbsanstalt. 

B.      K.K.  Zoologisch-Botanische  Gesellschaft. 

B.      K.K.  Naturhifltorisches  Hof- Museum. 

p,     QSsterreichische  Gesellschaft  fiir  Meteoro- 
logie. 

A.  Von  Kuffner*sche  Stemwarte. 
Belgium. 

•  Brussels. 

B.  Academic  Roy  ale  de  Medecine. 
AB.    Academic  Royalo  des  Sciences. 

B.      Musce     Royal     d'Histoire    Naturelle    de 

Belgique. 
p.      Obsei'vatoirc  Royal. 
p.      Society  Malacologique  de  Belgique. 
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Belgium  (continued). 
Ghent. 

AB.    University. 
Li^ge. 

▲B.    Soci^te  des  Sciences. 

p.     Soci^t^  Geologiqae  de  Belgiqne. 
Lonvain. 

B.      Laboratoiro  de  Microscopie  et  de  Biologie 
Cellnlaire. 

▲B.    Uniyersit^. 

Canada. 

Uamilton. 

p,     Hamilton  Association. 
Montreal. 

AB.    McGill  Uniyersitjr. 

jp.     Natoral  Historj  Society. 
Ottawa. 

▲B.    Oeological  Snryey  of  Canada. 

AB.    Boyal  Society  of  Canada. 
Toronto. 

j9.     Astronomical  and  Physical  Society. 

p,     Canadian  Institute. 

AB.    University. 

Cape  of  Good  Hope. 

A.  Observatory. 

AB.    South  African  Library. 

Ceylon. 
Colombo. 

B.  Museum. 
Cldna. 

Shanghai. 
p,     China  Branch  of  the  Boyal  Asiatic  Society. 
Denmark. 
Copenhagen. 
AB.    Kongelige  Danske  Yidenskabemes  Selskab. 
Egypt. 

Alexandria. 

AB.    Biblioth&que  Municipale. 
England  and  Wales. 
Aberystwith. 

AB.    University  College. 
Bangor. 

AB.   University  College  of  North  Wales. 
Birmingham. 

AB.    Free  Central  Library. 

AB.    Mason  College. 

p.     Philosophical  Society. 
Bolton. 

p.     Public  Library. 
Bristol. 

p.     Merchant  Venturers'  School. 
Cambridge. 

AB.    Philosophical  Society. 

p.     Union  Society. 


England  and  Wales  (continued). 
Cooper's  Hill. 

AB.    Royal  Indian  Engineering  College. 
Dudley. 
p,     Dudley    and     Midland     Geological     and 
Scientific  Society. 
Essex. 

p.     Essex  Field  Club. 
Greenwich. 

A.  Boyal  Observatory. 
Kew. 

B.  Boyal  Crardens. 
jjeecLS. 

p*     Philosophical  Society. 
AB.    Yorkshire  College. 
Liverpool. 
AB.    Free  Public  Library. 
p»     Literary  and  Philosophical  Society. 

A.  Observatory. 

AB.    University  College. 

London. 

t 

AB.  Admiralty. 

p.  Anthropological  Institute. 

B.  British  Museum  (Nat.  Hist.)* 
AB.  Chemical  Society. 

A.  City  and  Guilds  of  London  Institute. 
p.  **  Electrician,"  Editor  of  the. 

B.  Entomological  Society. 
AB.  Geological  Society. 

AB.  Geological  Survey  of  Great  Britain. 

p.  Geologists'  Association. 

AB.  Guildhall  Library. 

A.  Institution  of  Civil  Engineers. 

p.  Institution  of  Electrical  Engineers. 

A.  Institution  of  Mechanical  Engineers. 

A.  Institution  of  Naval  Architects. 
p.  Iron  and  Steel  Institute. 

AB.  King's  College. 

B.  Linnean  Society. 
AB.  London  Institution. 
p,  London  Library. 

A.  Mathematical  Society. 

|>.  Meteorological  Office. 

p,  Odontological  Society. 

2>.  Pharmaceutical  Society, 

p.  Physical  Society. 

p.  Quekett  Microscopical  Club. 

p,  Boyal  Agricultural  Society. 

p.  Boyal  Asiatic  Society. 

A.  Royal  Astronomical  Society. 

B.  Royal  College  of  Physicians. 
B.  Royal  College  of  Surgeons. 

p.     Royal  Engineers  (for  Libraries  abroad,  six 
copies). 
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England  and  Wales  (continned). 

London  (continued). 
▲B.    Kojal  En^neers.    Head  Qaarters  Library, 
jp.     Royal  Geographical  Society, 
jf>.     Boyal  Horticiiltnral  Society. 
p,     Boyal  Institute  of  British  Aixshitects. 
AB.   Boyal  Listitntion  of  Great  Britain. 
B.     Boyal  Medical  and  Ghimrgioal  Society. 
jp.     Boyal  Meteorological  Society. 
p.     Boyal  Microscopical  Society. 
p.     Boyal  Statistical  Society. 
AB.    Boyal  United  Service  Institution. 
AB.    Society  of  Arts. 
p.     Society  of  Biblical  Arcbasology. 
p.     Society    of    Chemical    Industry    (London 

Section). 
p.     Standard  Weights  and  Measures  Depart- 
ment. 
AB.    The  Queen's  Library. 
AB.    The  War  Office. 
AB.    University  College. 
p.     Victoria  Institute. 
B.     Zoological  Society. 

Manchester. 
AB.    Free  Library. 

AB.    Literary  and  Philosophical  Society, 
jp.      Geological  Society. 
AB.    Owens  College. 

Netley. 
p,     Boyal  Victoria  Hospital. 

Newcastle. 

AB.    Free  Library. 

p.     North  of  England  Institute  of  Mining  and 

Mechanical  Engineers. 
p.      Society  of  Chemical  Industiy  (Newcastle 

Section). 

Norwich. 

p.     Norfolk  and  Norwich  Literary  Institution. 
Oxford. 

p.     Ashmolean  Society. 

AB.    Badcliffe  Library. 

A.  Badcliffe  Observatory. 

Penzance.  * 

p.      Geological  Society  of  Cornwall. 
Plymouth. 

B.  Marine  Biological  Association. 
p.     Plymouth  Institution. 

Richmond. 

A.     "  Kew  "  Observatory. 

Salford. 

p,     Boyal  Museum  and  Library. 
Stonyhurst. 

p.     The  College. 

6  2 


England  and  Wales  (continued). 
Swansea. 

AB.    Boyal  Institution. 
Woolwich. 

AB.    Boyal  Artillery  Library. 
Finland. 
Helsingfors. 

p,     Societas  pro  Fauna  et  Flora  Fennica. 

AB.    Soci6t£  des  Sciences. 
France. 
Bordeaux. 

p.     Academic  des  Sciences. 

p.     Faculty  des  Sciences. 

p,     Soci6t^  de  M6decine  et  de  Chirurgic. 

p.     Soci6t6     des      Sciences      Physiques      et 
Naturelles. 
Cherbourg. 

p.     Soci6t^  des  Sciences  Naturelles. 
Dijon. 

p.     Aoad^mie  des  Sciences. 
LiUe. 

p.     Faculty  des  Sciences. 
Lyons. 

AB.  Academic  des  Sciences,  Belles-Lettres  et  Arts. 

p.     University. 
Marseilles. 

p.     Faculty  des  Sciences. 
Montpellier. 

AB.    Academic  des  Sciences  et  Lettres. 

B.     Faculty  de  M^decine. 
Paris. 

AR.    Academic  des  Sciences  de  Tlnstitut. 

p.     Association  Fran9ai8e  pour  I'Ayancement 
des  Sciences. 

p.     Bureau  des  Longitudes. 

A.      Bureau  International  des  Poids  et  Mesures. 

p.     Commission    des    Annales    des  *Ponts  et 
Chauss^es. 

p.     Conservatoire  des  Arts  et  Metiers. 

p.     Cosmos  (M.  l*Abb^  Valette). 

AB.    Dep6t  de  la  Marine. 

AB.    £cole  des  Mines. 

AR.    ficole  Normale  Superieure. 

AB.    Jficole  Polytechnique. 

AB.    Faculty  des  Sciences  de  la  Sorbonne. 

AB.    Jardin  des  Plantes. 

p,     L'Electricien. 

A.  L'Observatoire. 

p.     Bevue  Scientifique  (Mons.  H.  db  Vaeignt). 

p.     Soci^t^  de  Biologic. 

AB.    Soci^t^  d'£ncouragement  pour  I'lndustrie 

Nationale. 
AB.    Soci6t6  de  Geographic. 
p.     Society  de  Physique. 

B.  Society  Entomologique. 
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France  (continned). 
Paris  (continned). 

AB.    Societe  Geologiqne. 

p,      Soci6i^  Mathematiqne. 

p.     Sooi^ti  M^tt^orologique  do  France. 
Tonlonse. 

Ai).    Academie  des  Sciences. 

A.      Faculty  des  Sciences. 

Oermany. 

Berlin. 

A.      Deutsche  Cbemische  Gesellschaflb. 

A.      Die  Stemwai'te. 

p,      Gcsellschaft  fiir  Erdkonde. 

AB.    Kouigliclie     Preossische     Akademie     der 

Wissenschaf ten . 
A.      Physikalische  Gcsellschaft. 

Bonn. 

AB.    Universitat. 

Bremen. 
p,     Natnrwissenschaftlicher  "Verein. 

Breslau. 
p.      Schlesische  Gesellschaf  t  fiir  VatcrlUndische 
Knltur. 

Brunswick. 
p.     Verein  fiir  Natni*wissenschaft. 

Carlsmhe.     See  Karlsruhe. 

Danzig. 
AB.   Natai*for8chcnde  Gcsellschaft. 

Dresden. 
p,     Verein  fiir  Erdkundo. 

Emden. 
p,     Natnrforschende  Gesellschaft. 

Erlangen. 

AB.    Physikalisch-Medicinischo  Societat. 

Frankfnrt-am-Main. 
AB.    Senckenbergischo  Natnrforschende  Gesell- 
schaft. 
p.     Zoologische  Gesellschaft. 

Frankfurt-am- Oder. 
p,      Natnrwissenschaftlicher  Verein. 

Freiburg-im-Breisgau. 
AB.    Universitat. 

Giessen. 
AB.    Grossherzogliche  Universitat. 

GOrlitz. 
p,     Natnrforschende  Gesellschaft. 

Gottingen. 
AB.    Konigliche      Gesellschaft      der     Wissen- 
schaf ten. 
Halle. 

AB.    Kaiserliche         Lcopoldino  -  Carolinische 
Deutsche  Akademie  der  Naturforscher. 


Germany  (continued). 
Hallo  (continued). 
p,     Natnrwissenschaftlicher  Verein  fur  Sach- 
sen  und  ThUnngen. 
Hamburg, 
jp.     Naturhistorisches  Museum. 
AB.    Natnrwissenschaftlicher  Verein. 
Heidelberg. 
p,     Naturhistorisch-Medizinischer  Verein. 
AB.    Universitat. 
Jena. 

AB.    Medicinisch-Naturwissenschaftliche  Gesell- 
schaft. 
'  Karlsruhe. 

A.      Grossherzogliche  Stemwai*te. 
p.     Technische  Hochschule. 

Kiel. 

p.     Natnrwissenschaftlicher        Verein        fiir 
Schleswig-Hol  stein. 

A.      Stemwarte. 

AB.    Universitat. 
Ki>nigsberg. 

AB.    Konigliche      Physikalisch  -  Okonomische 
Gesellschaft. 
Leipsic. 

p.      Annalen  der  Physik  und  Chemie. 

A.      Asti*onomische  G^sellschafl. 

AB.    Konigliche    Sachsische    Gesellschaft    der 
Wissenschaf  ten. 
Magdeburg. 

p,      Natnrwissenschaftlicher  Verein. 
Marburg. 

AB.    Universitat. 
Munich. 

AB.    Konigliche     Bayerische     Akademie     der 
Wissenschaf  ten . 

p.     Zeitschrift  fur  Biologic. 
MUnster. 

AB.    Konigliche      Theologische     und      Philo- 
sophische  Akademie. 
Potsdam. 

A.      Astrophysikalisches  Observatorium. 
Rostock. 

AB.    Universitat. 
Strasburg. 

AB.    Universitat. 
Tiibingen. 

AB.    Universitat. 
WUrzburg. 

AB.    Physikaliscb-Medioinische  (Gesellschaft. 
Oreece. 
Athens. 

A.      National  Observatory. 
Holland.    (See  Nbthbblands.) 
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Hungary. 

Pestli. 

p.     Konigl.  Ungarische  Geologische  Anstalt. 

AB.   A  Magyar  Tud6s  Tdrsasdg.   Die  Ungarische 
Akademie  der  Wissenscliaften. 
Scbemniiz. 

p.     K,  Ungarische  Berg-  nnd  Forst-Akademie. 

India. 

Bombay. 

AB.    Elphinstone  College. 

p.     Royal  Asiatic  Society  (Bombay  Branch). 
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I.   Transmission  of  Simlight  through  the  Earth's  Atmosphere. 
By  Captain  W.  de  W.  Abney,  C.B.,  D.aL.,  F.R.S. 

Received  April  7, — Read  May  5,  1892. 

Part  II. — Loss  of  Light  at  different  Altitudes. 

Introdiictory. 

XXIL — In  a  previous  communication  (*Phil.  Trans./  vol.  178,  1887,  A.,  pp.  251-283) 
the  results  of  the  absorption  of  sunlight  by  diflTerent  thicknesses  of  atmosphere  near 
sea  level  were  found  from  measurements  of  the  luminosity  of  the  entire  spectrum.  The 
method  used  was  that  devised  by  General  Festing  and  the  Author,  as  detailed  in  the 
Bakerian  Lecture  in  1886.  The  absorption  coefficient  for  the  different  thicknesses  of 
atmosphere  at  sea  level  was  found  by  measurements  made  principally  at  South 
Kensington,  and  these  were  compared  with  measures  taken  at  the  Riffel,  above 
Zermatt,  at  a  height  of  about  8000  feet.  It  was  shown  that  when  the  air  thickness 
is  represented  by  x^  the  minimum  intensity  for  each  ray  of  the  spectrum  can  be  fairly 
represented  by  I'  =  Ic-o^a*^-*,  and  the  average  intensity  by  I'  =  Ic"'®"'^"*,  I'  and  I 
being  the  transmitted  and  original  intensities,  and  X  the  wave  length. 

Further,  it  was  shown  that  even  if  the  absorption  of  each  ray  was  very  different 
from  the  above,  the  integral  absorption  was  very  accurately  expressed  by  a"',  z  being 
the  air  thickness,  and  a  a  constant.  This  corresponds  to  a""^*  corrected  for  refraction, 
when  6  is  the  zenith  distance. 

This  result  was  arrived  at  by  taking  the  areas  of  the  curves  of  luminosity  as  formed 
from  the  actual  observations  as  a  measure  of  the  luminosity  of  the  total  white  light 
which  was  decomposed  into  a  spectrum.  This  was  admissible,  for  in  the  paper  already 
referred  to,  it  was  proved  that  the  sum  of  luminosities  of  different  rays  is  equal  to 
their  luminosity  when  compounded. 

XXIII. — Objections  to  the  Use  of  the  Fo^^mula. 

The  formula  involving  X"*  is  the  formula  theoretically  deduced  by  Lord  Eayleigh 
for  the  scattering  of  light  by  small  particles,  and  its  adoption  in  this  research  is  open 
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to  criticism — one  being,  that  if  it  were  absolutely  applicable,  the  light  of  the  sky  should 
probably  exhibit  greater  polarisation  in  a  direction  perpendicular  to  the  sun's  rays  than 
it  does.  There  is  reason  for  believing,  however,  that  the  higher  the  station  at  which 
such  observations  are  made  the  more  complete  is  the  polarisation.  In  any  case,  before 
this  can  be  considered  a  valid  objection,  we  have  to  know  more  than  we  do  at  present 
regarding  the  condition  of  the  light  reflected  back  from  the  earth  and  from  the  particles 
themselves. 

It  must  also  be  admitted  that  grosser  particles  exist  on  some  days,  and  that  for 
these  the  loss  of  light  must  be  in  the  form  of  I'  =  Ic"***.  They  would  prevent  a 
certain  portion  of  the  total  light  from  reaching  the  observer,  whilst  the  smaller  one 
would  selectively  reflect,  and  hence  the  law  would  not  hold  absolutely  good,  but  the 
small  number  of  gross  particles,  compared  with  the  fine  ones,  would  not  appreciably 
alter  the  formula  used  except  the  coefficient  k. 

Another  objection  which  has  been  advanced  by  Mr.  S.  P.  Langlby  in  a  private 
letter  against  the  adoption  of  the  formula  is,  that  if  the  spectrum  were  observed  with 
a  large  dispersion,  it  will  be  seen  that  as  the  altitude  of  the  sun  diminishes  the  atmo- 
spheric lines  increase  in  intensity,  and  that  these  must  obey  the  laws  of  ordinary 
absorption.  This  is  an  objection  which  at  first  sight  may  seem  fatal,  not  to  the 
correctness  of  the  observations,  but  to  the  adoption  of  the  law  above  quoted ;  but  it 
must  be  remembered  that  these  special  absorptions  occupy  a  very  limited  area  com- 
pared with  the  rest  of  the  spectrum,  and  that  they  would  practically  disappear  when 
the  whole  loss  of  light  is  under  consideration,  more  especially  as  they  would  themselves 
obey  the  ordinary  law  of  absorption.  At  any  rate,  the  formula  adopted  appears  to 
suit  the  case,  and  it  must  be  borne  in  mind,  that  the  results  obtained  by  the  inte- 
gration of  the  spectrum  luminosities  bear  out  the  formula  which  has  been  universally 
adopted  by  astronomers  as  representing  the  corrections  to  be  made  in  star  magnitudes 
when  the  stars  are  observed  at  different  altitudes  above  the  horizon. 

XXIV. — The  Integration  of  the  Spectrum  Luminosities  at  different  Solar  AUitudes 
equivalent  to  the  Luminosity  of  Monochromatic  Light  at  the  sams  Altitudes. 

In  Section  XVIII.  of  the  paper  of  which  this  is  a  continuation  it  was  shown  that 
the  areas  of  the  curves  obtained  from  the  formula  I'  =  Ic"**^"*  being  capable  of  being 
represented  by  I'  =  Ic"^  an  important  deduction  could  be  made. 

For  the  area  of  the  curve  is  c**  (ac^"*  -f  ftc"^""*  +  c^'"'*  +  &c.).  a,  6,  c,  &c.,  being  the 
original  luminosities  of  the  different  rays,  must  then  be  represented  by  I  =  Ic"**^** 

where  A  is  some  one  ray,  that  is  u  =  kA"^  or    -  =  A"* ;  -  is  a  constant  and  was 

found  from  the  observations  to  be  105  (on  the  scale  used  for  A"*),  which  is  equivalent 
to  X  5770,  or  a  ray  near  the  place  of  maximum  luminosity.  Hence  the  visual 
observations  of  total  sunlight  at  different  zenith  distances  are  equivalent  to  observing 
the  alteration  in  intensity  of  one  single  ray  of  that  wave  length  in  its  spectrum,*  and, 

*  This,  of  conrse,  is  only  tme  within  certain  limits,  but  it  holds  for  any  thickness  of  atmoBphere 
through  which  observations  were  taken. 
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therefore,  from  such  ohservations  k  could  be  at  once  determined.  It  was  similarly 
shown  that  when  a  photographic  silver  salt  was  employed  to  register  the  photo- 
graphic spectnim  it  was  equivalent  to  measuring  the  integrated  spectrum  with  a 
coefficient  of  absorption  fi,  and  that  this  was  equivalent  to  observing  the  alteration 
in  intensity  of  a  ray  X  4540. 

XXV. — Application  to  the  foi*egowg  Results. 

This  being  the  case,  if  by  any  photographic  means  we  can  measure  the  total 
intensity  of  white  light  aflfecting  a  photographic  compound  after  passing  through 
various  air  thicknesses,  we  ought  to  be  able  to  find  the  value  of  ftj  in  the  formula  c""**^', 
and  if  we  also  observe  optically  the  value  of  light  transmitted  through  various  air 
thicknesses  we  shall  get  the  value  of  ft  in  the  formula  c'''^  As  already  stated  we 
know  that  ft  =  103k.     Similarly,  ft'  =  A^""*.#c,  A^  being  the  equivalent  ray  observed. 

Therefore 

"'-A,-      „,      .-.=  >»=S:    and     .=    "' 


fi         105  '  /I  A/* ' 

that  is,  we  can  find  the  single  ray  which  is  the  equivalent  of  the  whole  of  the  spec- 
trum which  is  impressed  on  any  photographic  compound,  and  having  thus  found  A^"* 
we  can  at  once  deduce  the  value  of  k — or  the  coefficient  of  scattering  by  the  fine 
particles. 

XXVI. — Sensitive  Compound  employed. 

The  question  which  presented  itself  was  as  to  the  best  form  of  sensitive  salt 
to  use  for  convenience  and  accuracy.  A  process  with  a  silver  salt  requiring 
development  was  almost  impracticable.  The  exposure  necessary  to  give  to  sunlight 
would  have  been  so  small  that  accuracy  in  timing  it  would  have  become  a  very 
difficult  problem.  The  chloride  of  silver  paper  which  darkens  by  sunlight  was  experi- 
mented with,  but  it  had  a  very  serious  drawback.  RoscoE  and  Bunsen  have  shown 
that  chloride  of  silver  paper  may  be  prepared,  which,  when  exposed  to  the  same 
intensity  of  light  for  the  same  time,  will  always  give  the  same  blackness,  but  it  is 
impossible  to  keep  this  paper  for  more  than  a  few  hours,  and  it  would  often  be 
inconvenient  to  prepare  it.  Further  it  can  never  be  predicted  when* a  day  will  be 
suitable  for  making  observations,  and  measurements  of  its  blackness  would  be  difficult 
except  at  a  fixed  observing  station.  There  were  also  two  other  desiderata  which 
had  to  be  taken  into  account ;  one  was  that  the  record  of  the  action  of  light  should 
be  as  permanent  as  possible,  and  the  other  that  it  should  be  easy  to  measure  the 
action  produced  by  the  light.  Chloride  of  silver  paper  fulfilled  neither  of  these 
tiesiderata,  since  fixing  the  chloride  altered  all  measurement  and  the  darkening  was 
liable  to  fade  even  when  the  paper  was  fixed,  and  it  was  not  easy  to  obtain  accurate 
measures  of  the  darkening  owing  to  its  ruddy  colour. 

In  the  comparatively  new  process  of  platinotype  we  have,  however,  a  process  which 
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18  in  every  way  suitable  for  the  purpose.  It  may  be  well  to  call  to  mind  the  principle 
on  which  it  is  based.  A  solution  of  ferric  oxalate  is  mixed  with  a  proportion  of  chloro- 
platinite  of  potassium  and  spread  over  a  sized  paper  and  dried.  When  light  acts  on 
this  mixture  it  reduces  the  iron  salt  to  the  ferrous  state  proportionately  to  the 
intensity  of  the  light  and  to  the  time  during  which  it  acta  When  such  an  exposed 
paper  is  placed  on  a  hot  solution  of  potassium  oxalate  (neutral)  the  salt  reduces  the 
platinum  salt,  and  metallic  platinum  (platinum  black)  is  deposited.  The  black  or 
grey  produced  by  this  means  is  most  suitable  for  measuring  in  the  manner  which  will 
subsequently  be  described. 

The  other  desideratum  is  also  found  in  this  process.  The  prints  are  absolutely 
permanent,  and  the  records  obtained  by  it  can  be  referred  to  at  any  time,  and 
re-measured  if  necessary.  Further,  the  paper  keeps  well  before  exposure,  and  after 
exposure  and  before  development.  When  kept  dry  in  an  air-tight  box  with  calcium 
chloride  in  contact  with  the  air,  in  fact,  it  will  keep  unaltered  in  sensitiveness  for 
several  months.  As  an  example  of  this  it  may  be  mentioned  that  two  pieces  of  paper 
cut  from  the  same  sheet  were  each  exposed  to  various  and  similar  intensities  of  light 
for  equal  times.  One  was  developed  on  the  potassium  oxalate  solution  immediately 
after  exposure,  and  the  other  was  not  developed  till  about  six  weeks  had  elapsed ;  on 
measuring  the  greys  on  the  two  papers  their  darkness  was  found  to  be  precisely  the 
same,  and  the  unexposed  parts  equally  white  in  the  two  cases. 

It  was,  for  these  reasons,  determined  to  use  the  platinum  process  for  the  experi- 
ments detailed. 

XXVII. — Instrument  tised  in  the  Observations. 

The  instrument  which  was  designed  for  use  with  this  sensitive  paper  was  of  the 
simplest  form  ;  one  of  the  conditions  which  it  had  to  fulfil  was  whilst  exposing 
the  paper  it  should  allow  but  a  small  amount  of  light  from  the  sky  to  reach  it.  The 
latter  light  is  anything  but  negligible,  for  absolute  measures,  in  some  cases,  show  that 
if  the  photographic  intensity  of  sunlight  be  called  100,  that  of  the  sky  might  be  as 
much  as  50. 

To  admit  only  a  practical  minimum  of  sky-light,  and  such  as  would  be  negligible  in 
proportion  to  the  sunlight,  the  instrument  was  constructed  so  that  only  about  10°  of 
skylight  fell  upon  the  paper  with  the  sunlight.  The  diagram,  fig.  1,  will  give  an 
idea  of  the  instrument.  B  is  a  frame,  in  the  back  and  front  of  the  sides  of  which  are 
cut  deep  continuous  grooves.  A  wooden  shutter,  D,  formed  of  narrow  laths,  glued 
on  to  a  leather  back,  runs  in  these  grooves  also  at  the  back  of  the  box.  This  flexible 
shutter  carries  an  oblong  block  A,  pierced  with  four  square  apertures,  as  shown,  which 
are  closed  by  covers.  Si,  S2,  S3,  S4.  The  covers  can  be  opened  by  turning  the  mill* 
headed  buttons,  Ej,  Eg,  E3,  E4,  which  are  connected  by  long  pins  with  the  covers. 

In  order  to  confine  the  photographically  active  spectrum  to  smaller  limits  than  would 
be  given  if  the  light  were  unchecked,  two   thicknesses  of  cobalt-blue  glass  were 
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placed  in  alots  running  through  the  length  of  A.     The  light  had  therefore  to  pasB 
through  these  two  glasses  hefore  it  reached  the  paper  beneath  them. 

Experiment  has  shown  that  the  aperture  can  be  completely  uncovered  in  less  than 
■^th  of  a  second,  and  closed  in  the  same  time ;  hence  no  appreciable  error  in  exposure 
arises  from  this  cause  when  the  exposure  lasts  several  seconds.  The  paper  is  placed 
on  a  grid,  running  the  whole  length  of  the  box  behind  the  flexible  shutter,  the  bars 
falling  between  the  aperture  and  different  portions  of  the  paper  are  exposed  by 
moving  the  block  A  into  different  positions.      These  positions  are  indicated  by  a 

Fig.  1. 


scale  engraved  on  one  side  of  the  frame,  a  mark  engraved  on  the  shutter  being 
moved  successively  to  each  division  of  the  scale.  As  there  are  ten  divisions  of 
the  scale,  it  will  be  seen  that  forty  different  exposures  can  be  obtained  on  the  same 
paper,  ten  through  each  aperture.  The  frame  is  closed  by  a  wooden  back,  lined  with 
velvet,  which  is  pressed  against  the  paper  by  means  of  a  couple  of  brass  springs 
working  against  buttons  fixed  to  the  frame. 

XXVIII. — Comjjartson  of  Results. 

In  order  to  get  a  scale  of  blackness,  by  which  to  measure  the  intensity  of  light 
acting,  it  became  necessary  to  have  some  means  of  exposing  similar  paper  to  light  of 
different  known  intensities.  From  the  blackness  so  produced  a  curve  of  blackness 
could  be  constructed,  and  the  blackness  produced  by  the  sun  with  different  exposures 
could  be  read  off.  Now,  increase  in  time  of  exposure  is  equivalent  to  increase  in 
intensity  of  light  acting,  at  all  events,  when  the  exposures  are  as  prolonged  as  those 
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given,  that  is,  if  the  unit  time  of  exposure  be  doubled,  the  same  result  will  be 
obtained  if  the  intensity  of  light  acting  be  doubled.  This  is  not  a  mere  theoretical 
assumption,  but  one  which  the  writer  has  amply  proved  with  very  munerous 
experiments.  To  obtain  such  a  scale,  what  is  known  as  Spurge's  sensitometer  was 
employed.  This  is  an  instrument  which  was  described  in  detail  before  the  Photo- 
graphic Society  of  Great  Britain  by  the  inventor.  It  is  only  needful  to  say  that  it 
consists  of  thirty  small  chambei-s,  2  centims.  in  height  and  1  centim.  square  section, 
placed  in  six  rows,  of  five  chambers  each.  A  brass  plate  covers  one  end  of  these 
chambers,  and  in  it  holes  are  pierced,  of  such  dimensions  that  the  area  of  each  hole  is 
exactly  v/2  greater  than  that  of  the  next  to  it  in  one  row.  One  of  these  holes  is 
pierced  in  the  plate  exactly  over  the  centre  of  each  chamber.  Thus  we  have  a  series  of 
graduated  intensities  of  1,  2*,  2*,  2,  2*,  2*,  4,  &c.,  falling  on  the  bottom  of  these  cham- 
bers when  the  light  falling  on  them  comes  from  a  large  and  equally  illuminated  surface. 

Paper  was  exposed  in  this  instrument  to  the  light  reflected  from  a  large  flat  card, 
uniformly  illuminated  by  sun  and  sky  light,  and  after  development  the  blackness  was 
measured.  The  paper  used  was  cut  from  sheets  specially  prepared  by  the  kindness  of 
Mr.  W.  Willis,  of  the  Platinotype  Company,  and  the  sensitiveness  of  various  parts 
was  tried,  and  if  found  to  be  constant,  the  rest  of  the  sheet  was  taken  to  be  com- 
parable with  those  tried.  The  care  with  which  this  paper  is  prepared  is  shown  by 
the  fact  that  with  several  varieties  of  paper,  procured  at  intervals  of  several  months, 
the  sensitiveness  showed  no  variation  in  gradation  of  tints.  Latterly  the  formula 
seems  to  have  been  a  little  changed,  and  the  sensitometer  curve  has  slightly  varied 
from  that  found  at  first ;  but  this  is  unimportant,  as  the  results  are  so  reduced  as  to 
be  comparable. 

The  term  "  developing  "  when  applied  to  this  paper  may  be  a  little  misleading.  It 
must  not  be  confounded  with  the  development  of  plates  contaiuing  silver  salts.  In 
the  case  of  this  sensitive  paper  the  amount  of  platinum  deposited  is  exactly 
dependent  on  the  amount  of  the  ferric  oxalate  reduced  by  light,  and  if  it  be  exposed 
to  the  developing  solution  after  the  ferrous  salt  has  reduced  the  platinum  salt  in 
contact  with  it,  no  more  platinum  will  be  deposited.  Hence  the  deposit  of  platinum 
is  an  exact  equivalent  of  the  iron  salt  reduced,  and  is  a  measure  of  the  intensity  of 
light  multiplied  by  the  time  of  exposure.  With  a  silver  salt  the  deposit  of  silver  is 
increased  according  to  the  time  during  which  the  developer  is  in  contact  with  it, 
and  there  would,  therefore,  be  a  necessity  of  exposing  and  developing  on  the  same 
plate  a  scale  of  density  together  with  that  produced  by  the  light  to  be  measured. 

It  is  evident  that  with  the  platinum  process  one  scale  will  suffice  for  a  batch  of 
paper  which  is  prepared  at  one  time. 

To  measure  the  blackness  of  the  paper  a  modified  Rumford  method  of  photometiy 
was  employed.  A  source  of  light  illuminated  a  small  square  of  white  paper  (the 
same  as  that  used  in  the  platinum  process  to  hold  the  sensitive  salt),  and  one  of  the 
blackened  squares  placed  alongside  it  as  in  fig.  2. 

A  rod  was  so  placed  that  its  shadow  fell  on  the  white  square.     A  mirror  was  placed 
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at  a  little  distance  to  one  side  of  the  source  of  light  and  the  reflected  beam  waa 
made  to  illuminate  the  shadow  falling  on  the  white  square,  and  itself  to  cast  a  shadow 
on  the  dark  square.  Thus  each  square  was  illuminated  by  the  same  light,  but 
coming  from  diiferent  points,  and  the  two  would  be  caused  to  be  of  equal  darkness 
by  placing  rotating  sectors  opening  and  closing  at  pleasure  in  front  of  one  or  other 
of  the  beams.  The  amount  of  light  cat  off  gave  a  measure  of  the  darkness.  Thus, 
in  one  case,  when  both  squares  were  white  the  sectors  had  a  total  aperture  of  80"  to 
make  them  equally  luminous ;  when  a  grey  platinum  square  was  substituted  for  one  of 
them,  tihe  aperture  of  the  sectors  was  45°.  The  grey  surface,  therefore,  only  reflected  fj 
of  the  light  that  the  white  sur&ce  reflected.  The  light  to  these  squares  was  admitted 
through  an  aperture  in  the  front  of  a  cl<»ed  box,  the  illumination  being  judged  through 
an  aperture  fixed  at  one  corner.  The  whole  apparatus  was  placed  in  a  darkened  and 
blackened  room  in  which  the  sole  light  was  that  used  for  the  measures. 

Figf.  2. 


The  two  following  scales  of  blackness,  or,  perhaps  more  accurately,  of  whiteness, 
were  obtained  by  this  plan,  one  or  other  of  which  will  apply  to  all  the  measurements 
given  in  the  paper : — 


Comparative 

intensities  of 

light. 

Carve  I.          [         Curve  11. 
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In  oi-der  to  obtain  from  these  measures  a  scale  of  the  darkening  obtained  by 
arithmetical  progression  in  the  intensity  of  light,  we  have  only  to  recollect  that  each 
hole  admits  y^2  times  the -light  that  the  next  smaller  admits.  By  easy  calculation 
this  scale  can  be  obtained,  and  Is  shown  in  the  diagram. 


1  have  shown  elsewhere  that  the  curves  of  blackness  on  platinum  paper  can  be 
represented  by  the  formula,  A'  =  A^"*"^  where  A'  is  the  amount  of  reflected  white 
light,  and  A  the  amount  reflected  from  the  white  paper,  fi  being  a  coefficient,  and  x 
any  power  of  2,     In  this  case,  for  curve  I.,  ft  =  '00302,  and  for  curve  II.,  /i  =  '0103. 

XXIX.  ^Method  of  finding  k. 

In  the  paper  on  Colour  Photometry  which  appeared  in  the  '  PhiL  Trans.,'  General 
Febtino  and  myself  proved  that  a  turbid  medium  prepared  by  dropping  a  solution  of 
mastic  dissolved  in  alcohol  into  water,  obeyed  Lord  Batleiqh's  law,  as  given  above. 
If,  therefore,  one  part  of  a  piece  of  platinum  paper  were  exposed  for  a  certain  time  to 
sunlight  after  passing  through  a  ceU  containing  pure  water,  and  a  simultaneous 
exposure  made  on  another  portion  of  the  paper  with  the  same  light  after  passing 
through  turbid  water  prepared  as  above,  the  measures  of  the  blackened  paper  would 
give  the  value  of  /i',  the  photographic  coefficient  of  absorption  in  the  formula 
r  =  le"'^!',  where  y  is  the  thickness  of  the  turbid  medium  in  any  unit  we  please. 
Further,  if  the  optical  values  of  the  light  transmitted  were  compared  when  passing 
through  the  same  media,  /i  could  be  found  aod  the  value  of  y  be  reduced  to  atmo- 
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spheric  thicknessea.  Now,  as  the  ray  is  known  which,  if  observed,  would  give  the 
same  alteration  in  luminosity  as  that  of  the  whole  speotram,  it  follows  that  with  these 
data  the  equivalent  ray  for  the  photographic  light  can  be  deduced  as  shown  in  §  XXV. 

Tig.  4. 


To  ensure  accuracy  several  sets  of  double  cells,  Ci  Cj,  were  prepared,  as  shown  in  the 
figure  (fig.  4).  The  top  cell,  Cj,  contained  turbid  water,  the  turbidity  being  caused  by 
suspended  mastic.  The  mastic  was  very  cautiously  precipitated  and  was  thus  held  in 
suspension.  As  a  matter  of  fact  turbid  water  of  different  turbidities  was  prepared 
nearly  two  years  before  it  was  employed ;  and  thus  any  coarse  particles  had  ample 
time  to  settle ;  for  the  vessels  containing  it  were  kept  undisturbed  during  that  period 
and  the  liquid  was  s3rphoned  off  as  required.  The  bottom  cell,  Cg,  contained  pure 
water.  Behind  the  cell  the  exposing  box  (fig.  1),  already  described,  wa«  placed,  and 
in  front  of  C,  sectors  which  rotated  by  means  of  clock  work.  The  sectors  could  be 
clamped  at  any  desired  aperture.  The  apparatus,  as  shown,  was  then  placed  on  a 
stand  at  such  an  angle  that  the  sun's  rays  fell  directly  on  the  platinum  paper  inside 
the  box  B,  when  the  exposing  apertures  were  open.  The  sectors  were  closed  to 
the  extent  which  it  was  judged  should  suffice  to  make  the  blackness  of  the  two 
exposed  squares  of  platinum  paper  approximately  the  same,  though  it  will  be  seen  by 
the  experiments  to  be  subsequently  described  that  this  was  not  always  attained. 
Exposures  for  different  lengths  of  time  were  given  in  each  experiment,  and  conse- 
quently any  small  error  in  measurement,  or  from  any  othei'  cause,  became  Insignificant 
when  the  mean  was  taken. 

XXX. — Examples  of  the  Method. 

The  following  are  examples  showing  the  accord  between  the  different  values  found 
for  A{-*. 

Experiment  I. — Sunlight — length  of  cell  (inside  measures),  315  inches;  breadth 

HDCCCXCIII. — A.  c 
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of  cell,  1  '7  inches.  When  hght  passed  through  length  of  cell  to  the  sensitive  paper  a 
double  sector  with  an  opening  of  12°  rotated  in  front  of  the  clear  celL  When  light 
passed  through  the  breadth  of  the  cell,  the  sector  opening  was  36°' 13. 

For  the  cells  placed  lengthways,  the  value  obtained  for  the  light  after  passing 
through  the  clear  cell  had  to  be  multiplied  180/12  =  15.  When  the  cells  were  placed 
breadthways,  the  value  for  the  light  passing  through  the  clear  cell  had  to  be  multi- 
plied by  180/36-13  =  4-982. 


! 

i 

1 

Ist  exposure. 

2nd  exposure. 

Cell. 

Mean  reading. 

Value 
from  scale. 

Mean  reading. 

Value 
from  scale. 

• 

47 
40 

White  =  4A. 

inAe=100. 

1 
White  =  45.  |  White  =  100. 

3*15  in.,  clear  water 
3*15  in.,  turbid    „ 

23 
25 

51 
55-5 

98 

84 

33                   73-5 
35                   78 

ls1 
2n 

b  Expooone 
d        „ 

action  through  clear  water  98        i  .i  /•/• 

action  through  turbid  water       84 

-  ^'^  -  1-175 
»f              >»                ~  40  ~ 

The  photographic  light  passing  through  the  clear  water  =  1-17  X  15  =  17*55  times 
that  passing  through  the  turbid  water. 

Using  the  formula  T  =  Ic  "  ''^^ 

log  17-55  =  2-86504  =  3-15/ii 

f*i  =  -911  for  each  inch  of  turbid  water. 


Cell. 

i 

1st  exposnre. 

2nd  exposure. 

( 

3rd  ezposare. 

Mean  reading. 

Value. 

147 
152 

1 

Mean  reading. 

Valne. 

Mean  reading. 

Valne. 

White 
=45. 

White 
=  100. 

White 
=  45. 

White 
=  100. 

White 

=  45. 

1 

White 
=  100. 

1'7  in.,  dear  water 
r7in., turbid  „ 

1 

37 
36 

72-5 
70-5 

32 
30-5 

63 
60 

172 
181 

26-5 
25 

52 
49 

•204 
212 
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^  action  fluough  clear  water 147  __      1 

*^  action  through  turbid  water       152       1*037 

«   J  172           1 
2nd 


3rd 


181       1052 
204  1 


212       1-055 
1 


Mean  = 


105 


4'982 
The  photographic  light  passing  through  the  clear  water  =  =  4*70  times  that 

passing  through  the  turbid  water. 

Using  the  formula  I'  =  Ic  "  ''»^ 

log  4-7  =  1-54756  =  1-7/Xi 

/^i  =  '910  for  each  inch  of  turbid  water. 

The  optical  measures  of  the  light  passing  through  the  clear  and  turbid  cells  in  the 
w  o  directions  were 

3*15  inches  clear  water,  48*5  ;  turbid  water,  182, 
1-7  „  „  48-5 ;  „  28-5. 

Taking  the  measurement  of  the  light  passing  through  the  3*1 5-inch  cell  as  lying  on 
the  curve  in  the  formula  I'  =  Ic"*"^, 

log  48'5  —  log  18-2  =  /x  X  3*15, 

ft  =311. 

If  we  take  the  measure  of  the  1  T-inch  water,  we  have 

log  48'5  -  log  28'5  =  /x  X  17, 

/x  =  -313. 
Mean  value  =  '312. 

Now  mean  value  of  fti  =  "9105.     Now 

Ar^  _  A-*  _  105 


Ml 
therefore 


» 


Ar*=-^X  105  =  306-6. 

0  2 
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Experiment  II. — Sunlight,  June,  1890,  midday.  Length  of  cell  (inside  measures), 
3  inches ;  breadth,  2*1  inches. 

When  light  passed  through  length  of  cell  to  the  sensitive  paper  a  double  sector, 
with  an  opening  36°,  rotated  in  front  of  clear  cell. 
.  When  light  passed  through  the  breadth,  the  sector  opening  was  67^ 

Thus,  with  cells  placed  lengthways,  the  value  obtained  had  to  be  multiplied  by 
180736°  =  5.  When  the  cells  were  placed  breadthways,  the  light  passing  through 
the  clear  cell  had  to  be  multiplied  by  180/67  =  2-686. 


1st  ezposnn 

Value. 

2nd  ex{X>8ore. 

3rd  exposure. 

Cells. 

Mean  reading. 

Mean  reading. 

Value. 

Mean  reading. 

1 

1 

Valne. 

1 

White 
=  78. 

White 
=  100. 

'  White 
i    =78. 

White 
=  100. 

White 
=  78. 

White 
=  100. 

3  in.,  clear      .     . 
3  in.,  tnrbid    .     . 

70 
55 

89-6 
70-5 

21 
39 

68 
M 

87 
65-5 

23-5 
44 

49 
32 

63 
41 

46 

1      85 

1 

,   .  r<  action  tliroush  clear  water 

Ist  Exposure  ---. — -r ?.    ,., — — 

^  actiou  through  turbid  water 


=  ::r  =  -538. 


2nd 


3rd 


21 
39 

23-5 


}> 


>> 


99 


=  =ff  =  -534. 


>» 


>1 


J> 


44 

46 
85 


■=  — =  -541. 


Mean  =  '538. 


Photographic  light  passing  through  the  clear  water  =  '538  X  5  =  2'69  times  that 
passing  through  the  turbid  cell. 


Using  the  formula  as  before, 


log  2'69       -98954 


Cell. 

Ist  exposure. 

2nd  exposure. 

3rd  exposure. 

Mean  reading. 

Value. 

Mean  reading. 

Value. 

McAm  reading. 

Value. 

White 
=  78. 

White 
=  100. 

White 

=  78. 

White 
=  100. 

White 

=  78. 

White 
=  100. 

2*1  in.,  clear     . 
21  in.,  tnrbid  . 

57 

48 

73 
61-5 

36 
48 

41 
82 

62-5 
41 

62 
85 

27 
20 

34-5 
26 

1 

106 
140 
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.   .  ^  action  throuch  clear  water        36         _„. 

iBt  Exposm-e  .etionthrongh  turbid  water  =  48  =  '^^''■ 


2nd        „  „  „  =  —  =  729. 


62 
85 


otd        „  ,,  „  —  j-g  —  *757. 

Mean  =  '745. 

Photographic  light  passing  through  clear  water  =  *745  X  2*686  =  2*00  times  that 
passing  through  turbid  water. 

Using  formula  as  before, 

log  200       -69315 

Mean  of  /x^  =  '330. 

The  optical  measures  of  the  clear  and  turbid  cells  in  the  direction  of  the  length 
were — 

3  in.,  clear  water,  "36 '5  ;  turbid  water,  26. 

Clear  water 


Tiurbid 
Using  same  formula 


=  1-4. 


The  mean  value  of  /x^  is  '330,  and  as 

Ai"*  =  ^  X  105, 
therefore 

^r^  =  T^  X  105  =  309-1. 
*  -1121 

Experinient  III. — ^Arc  electric  light ;  light  from  crater  of  positive  pole  alone  used 
— ^the  arc  being  cut  off  by  screens. 

Length  of  cell,  inside  measure,  3  inches ;  breadth,  1  *7  inch.  When  light  passed 
through  length  of  cells  a  double  sector  of  1 6^^  rotated  in  front  ot  the  cell  containing 
dear  water.     When  passed  through  the  breadth  of  the  cell  28^ 

For  the  cells  placed  lengthways  the  value  of  the  light  passing  through  the  clear 
cell  had  to  be  multiplied  by  180/16*5  =  10*91,  when  placed  breadthways  180/28  =  6*43 
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1st  exposure. 
Mean  reading. 

( 

2nd  exposnre. 

Cell. 

1 

Value. 

Mean  reading. 

Valne. 

White  =  78. 

Whit«  =  100. 

White  =  78. 

Whites  100. 

53 
70-5 

3  in.,  clear  .     . 
3  in.,  turbid 

40 
54 

51-5 
69 

63 

40 

clear  wat 
turbid  wal 

=  1-57. 

41 
53 

61 
39 

1st  Exposu 
2nd       „ 

action  thi'ough 
action  through 

Mean  = 

»r        63 
ter  ~"  40  "~ 

61 
~39~ 

1-575. 
1-564. 

Photographic  light  passing  through  clear  water  =  1*57  X  10*91  =  17*1  times  that 
passing  through  the  turbid  water. 


Taking  the  formula  as  before 


=  ^!3.11}.  _  *i2«20  ^  .y^g 


Cells. 

1st  exposure. 

2nd  exposure. 

3rd  exposure. 

Mean  reading. 

Mean  reading. 

Valne. 

Mean  reading. 

Value. 

22-5 
28 

White 

=  78. 

Value. 
White  ' 
=  100. 

Whit« 
=  78. 

57 
50 

White 
=  100. 

White 
=  78. 

White 
=  100. 

87 
82 

1*7  in.,  cleai* 
1*7  in.,  turbid  . 

54 
47 

69            40 
60            50 

73 
64 

36 
45 

68 
64 

^   ,  n«  action  throwrh  dear  water 

^^        action  through  turbid  water 


2nd       ,, 


3rd       „ 


99 


99 


>9 


99 


40 
60 

36 
45 

22-5 
28 


=  =^    =  -800. 


=  Ti     =  -800. 


=  "c.   =  -800. 


Mean  =  '800. 


Photographic  light  passing  through  clear  water  =  '8  X  6*43  =  5*058  times  that 
passing  through  the  turbid  water. 
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Usiug  formula  as  before 

log  506       1-62136 

The  optical  measures  of  the  clear  and  turbid  cells — 

3  inches,  clear  water  59,  turbid,  22'5, 
17  inch,  „  59,      „         34. 

Taking  the  light  through  the  3-inch  length  of  the  cell  as  lying  on  the  curve  and 
using  the  formula 

_  loK  59  -  log  22;5  _  177495  -  '81093  _  -96402 


«.» 


=  -321. 

Taking  r7-inch  breadth  of  the  cell 

_  log  59  -  log  34       1-77495  -  122377 
/*—  1-7  —  1.7 

-55118 
1-7 

Mean  of  these  values  =  '3225. 
Mean  of  y}  =  '950. 

M,  -950 

A^..  =  ^xl05  =  — X105, 

=  309-8. 

From  these  three  experiments  we  may  derive  a  very  good  approximation  to  the 
true  value  of  Aj.     The  following  are  the  values  obtained  for  A^"* — 

1st  experiment 306*6 

2ncl  „  309-1 

3rd  „  309-3 

Mean     ....  308*3 

Therefore 

A  =  4244  wave  length. 


That  is,  the  variation  in  the  intensities  of  the  spectrum,  as  photographed  on  platinum 
paper,  is  the  same  as  would  be  observed  if  a  ray  of  X  4244  were  isolated  and  the 
variation  in  its  intensity  were  observed  optically  or  otherwise. 
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Further,  it  must  be  observed  that  if  we  find  fii  from  the  photographs,  we  <»n  at 
once  find  /x  for  the  visual  intensity ;  for  since 


105 


105* 


therefore 


105 


/^  =  5n5 /^'  =  '341  fi'   or  /x  =  ^ft'  nearly. 


308 


Now 


and 


/x  =  kA"*  in  Lord  Raylkigh's  formula, 


—    ^A    — ♦ 


therefore 


/xi  =  kAi 


'^'^  105~  308* 


Thus  by  finding  either  /x  or  /x'  the  absorption  of  every  ray  of  the  spectrum  can  be 
determined. 

XXXI. — Absorption  of  the  Blue  Glass. 

As  the  platinum  paper  was  exposed  through  blue  glass,  it  becomes  necessary  to 
know  the  coefficient  of  absorption  of  the  glass  for  the  photographically  active  rays. 
Experiments  have  been  made  with  this  view,  and  exposures  have  been  made  simul- 
taneously through  the  blue  glass,  and  without  any  glass  intervening.  The  results 
obtained  were  that  the  same  blackness  would  be  produced  if  exposure  to  light  through 
blue  glass  to  that  without  were  as  2*15  to  1.  In  the  tables  ot  exposure,  which  are 
annexed,  it  follows  that  to  obtain  the  true  photographic  intensity  of  total  sunlight,  the 
values  given  must  be  multiplied  by  2 '15. 

Table  of  Sensitiveness  of  Platinum  Paper  to  the  different  parts  of  the  Solar  Spectrum 
when  the  exposure  was  made  through  blue  glass,  as  used  in  the  apparatus  with 
which  the  observations  were  made. 


1 

Scale  number. 

Belative  senntiyeness. 

Scale  namber. 

Relative  sensitiYeiiess. 

7 

0 

13 

86 

8 

4 

13-5 

70 

8-5 

10 

14 

56 

9 

20 

14-5 

42 

1            10 

50 

15 

30 

10-6 

66 

16 

16 

11 

84 

17 

6 

11-5 

95 

18 

2                  ! 

12 

100 

19 

1 

12-5 

97 

20 

0             ! 

1 

H  is  at  13*8 ;  6  at  11*1 ;  Li  at  9 ;  and  D  at  4*3. 
Scale  No.  1 2  has  a  wave  length  of  4260. 
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A  reference  to  the  spectrum  curve,  fig.  5,  will  show  that  this  wave  length  of  4244 
is  close  to  the  maximum  sensitiveness.  This  is  what  was  to  be  expected  when  it  is 
remembered  that  the  equivalent  ray  for  the  optically  observed  spectrum  was  close  to 
the  place  of  maximum  luminosity. 

We  are  now  in  a  position  to  reduce  all  the  photographically  measured  coefficients 
of  intensity  to  those  which  would  have  been  oteerved  optically. 

XXXII. — Places  of  Observation. 

It  has  been  the  object  of  these  observations  to  determine,  as  fiir  as  possible,  the 
different  coefficients  of  absorption  at  different  altitudes,  and  with  this  object  in 
view  the  instrumeut  has  been  taken  to  various  places  at  different  altitudes.  Thus, 
South  Kensington,  Weyboume,  Oxford,  Derby,  which  may  be  taken  as  places  at  sea 
level  Qrindelwald,  in  the  valley,  and  on  the  various  hills  surrounding  it,  up  to 
8900  feet  on  the  Faulhom. 

Como,  Perarola,  Cortina,  and  Interlaken,  also  Chamounix  and  Zermatt,  with  their 
surrounding  mountains,  have  also  been  observing  stations. 
Fig.  5. 


These  stations  are  at  various  altitudes  above  the  sea,  and  the  results  obtained  are 
such  as  to  show  that  the  loss  of  light  varies  enormously,  according  as  the  altitude  of 
the  observing  station  is  increased.  This  is  a  result  which  of  course  may  be  looked 
for.  The  observations  of  Langley  on  Etna,  and  at  Pike's  Peak,  show  such  to  he  the 
case ;  but  it  is  necessarily  more  marked  in  the  case  of  these  observations  owing  to 
the  part  of  the  spectrum  employed  being  that  which  suffers  most  loss  by  the 
scattering  action  of  small  particles.  The  blue  end  of  the  spectrum  for  this  purpose 
has  evidently  a  greater  advantage  over  the  red  end  and  darker  portions,  more  particu- 
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larlj  over  the  latter,  for  in  it  the  water  absorptions  play  such  an  important  rdle  that  the 
law  of  scattering  could  hardly  be  taken  into  account  also.  It  will  be  noticed  that  obser- 
vations have  been  made  at  all  times  of  the  year,  and  that  the  winter  observations,  when 
the  surface  of  the  ground  at  Grlndelwald  has  been  covered  with  snow  and  the  air  has 
been  intensely  Cold  (the  thermometer  sometimes  showing  as  much  as  40^  F.  of  frost ), 
give  the  coefficients  of  least  absorption.  The  writer  has  held  that  most  of  the 
scattering  particles  are  water  in  an  extremely  fine  state  of  division,  and  that  there  is 
a  probability  that  such  is  the  case  is  shown  by  the  fact  that  the  most  transparent 
atmosphere  is  that  in  which  there  is  most  warm  aqueous  vapour  present.  A  change 
in  the  summer  to  what  artists  call  an  ''  atmospheric  landscape "  invariably  shows  a 
higher  coefficient  of  absoi-ption.  Whatever  these  particles  may  be,  there  is  no  doubt 
that  they  are  in  the  same  volume  fewer  in  number  at  high  altitudes  than  they  are 
at  lower  ones  ;  as  the  coefficient  of  absorption  is  so  much  less  in  the  former  case  than 
m  the  latter.  Any  one  who  has  observed  the  sky  at  these  higher  altitudes  will  have 
observed  that  when  the  sun  is  brightest  and  highest,  the  sky  is  blackest,  that  is, 
that  there  are  fewer  scattering  particles. 

XXXIII. — Standard  of  Light 

It  is  somewhat  difficult  to  kuow  as  to  what  standard  of  light  to  refbr  the  light  of 
the  sun.  The  Author  has  made  many  ooittparisoiis  between  it  and  an  amyl  acetate 
lamp,  and  has  ocnne  to  the  conduumi  €hat  at  midday  at  sea  Ievel«  and  in  the  clearest 
atmosphere,  the  brightness  of  the  son  ezaetly  oveiliead  tvonld  be  close  upon  7000  such 
standard  lights  at  1  foot  distant  hom  ihtb  sererai,  wldoh  would  be  equivalent  to  5600 
standard  candles  at  the  same  distance,  t'or  the  purpose  of  this  paper,  it  is,  however, 
unnecessary  to  refer  the  light  to  any  particular  standatd,  since  all  that  was  sought  for 
was  to  obtain  a  compsrison  of  the  loaes  suflEered  on  any  one  day  by  the  light  after 
passing  through  various  thiokneiBes  <tf  atmosphere.  It  will  be  notined  in  the  various 
tables  that  the  calculated  Mgfatnesi  at  the  smith  varies  veiy  ccmaderafaly  even  at  the 
same  altitudes.  This  must  be  laid  down  to  one  of  three  causes :  (l)  rither  an  error 
in  calculating  the  coeBkk&aU ;  (S)  a  BBght  hlUBS  of  cosisd  partJcles  kiftsrvening;  or 
(3)  owing  to  a  varying  sensitiveiMn  in  the  piqper  used.  Where  the  actual  observed 
intensities  throughout  a  day  do  not  vary  mudi  more  than  those  calculated,  it  may  be 
presumed  that  the  eoeflbnent  18  not  very  fiur  from  the  truths  eadp  consequently,  the 
variation  will  in  all  probability  be  due  to  the  second  cause.  As  stated  before,  there 
was  a  change  made  in  the  paper  which  occurred  in  1889,  and  it  will  be  found  that 
the  intensities  are  practically  the  same  before  and  after  the  above  year. 

XXXIV. — Description^  Tabulation^  and  Discussion  of  Results. 

The  results  which  are  tabulated  do  not  show  by  any  means  all  the  observations 
made.  They  have  been  carried  on  for  four  years,  and  only  those  days  are  recorded 
in  this  paper  when  the  sky  has  been  practically  cloudless  whilst  the  observations  have 
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been  taken.  It  need  scarcely  be  said  that  the  observations  on  three  out  of  four  days 
have  been  incomplete  owing  to  atmospheric  conditions  not  remaining  constant.  Every 
one  of  these  has  been  tabulated,  however,  in  the  note  books,  and  a  check  has  thus 
been  introduced  in  estimating  the  relative  intensities  of  the  light  at  the  same  altitudes 
of  the  sun  above  the  horizon  at  the  same  observing  station,  for,  in  many  instances, 
two  or  three  observations  under  favourable  conditions  were  made,  the  remainder  being 
useless  for  the  purpose  of  obtaining  the  coefficients  of  absorption. 

Even  the  observations  which  are  recorded  are  apparently  so  discordant,  that  it  might 
appear  difficult  to  arrange  them  in  any  order  sufficient  to  get  any  empirical  law  which 
might  connect  barometric  pressure  with  the  exponential  coefficient  of  transparency. 
As  necessarily  any  approach  to  a  law  can  only  be  an  approximation,  it  has  not  been 
considered  necessary  to  enter  into  any  refinements  such  as  the  varying  distance  of  the 
sun  from  the  earth  at  different  seasons,  since  any  differences  due  to  difference  in 
atmospheric  condition  would  more  than  hide  any  alteration  due  to  that  cause. 

On  certain  days  remarks  are  made  that  the  atmosphere  is  exceptionally  clear,  and 
when  we  group  such  days  together  the  results  are  not  devoid  of  regularity. 

Taking  the  observations  at  Fa.ulhorn  when  the  barometer  was  21 '5  inches,  and 
when  the  day  was  noted  as  exceptionally  fine,  we  get  two  values,  '231  and  '235  /x'. 
These  are  winter  observations.  We  may  take  '233  as  the  mean  exponential  coefficient 
at  this  barometric  height  in  the  clearest  weather. 

We  also  have  on  similar  days — 


Bar. 

A*i- 

At  Derby  ....,- 

29-6 
26-6 
24*4 
28-3 
21-6 

•437 

•356 

•307  and  -307 

•275    „    -273 

•231    „     -233 

Above  Zweilotchinen  . 
„      Grindelwald 

Fanlhom 

In  addition  to  the  observations  given  in  the  tables  others  were  made  at  higher 
altitudes  up  to  12,000  feet  at  Zermatt  on  suitable  days.  It  was  not  practicable  to 
take  a  whole  series  of  readings  at  these  high  altitudes,  as  it  was  not  possible  under 
ordinary  circumstances  to  spend  sufficient  time  at  such  elevations  and  that  to  get 
a  difference  in  zenith  distance  sufficient  to  give  a  variation  in  air-thickness  of  such  a 
magnitude  as  would  give  a  reliable  coefficient.  As,  however,  the  expeditions 
were  made  at  such  a  time  of  the  dav  as  enabled  a  return  to  a  station  where  the 
lapse  of  a  few  hours  in  the  afternoon  sufficed  to  obtained  a  large  variation  in  the  air- 
thickness,  it  became  possible,  by  calculating  first  the  coefficient  of  this  station,  and 
thence  calculating  the  readings  which  would  have  been  obtained  at  the  time  when  the 
observations  at  the  higher  altitudes  were  made,  to  calculate  the  coefficient  for  the  latter, 
assuming,  of  course,  that  no  alteration  in  the  general  condition  of  the  sky  had  taken 
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place.  Thus,  at  the  Riffel  house  it  was  calculated  that  the  coefficient  at  a  barometric 
pressure  of  21*2  inches,  was  '222;  and  from  observations  made  with  the  barometer 
at  18*9,  it  was  calculated  the  coefficient  would  be  '1 82.  Similarly,  with  the  barometer 
at  19*9,  it  was  calculated  to  be  '196. 

It  will  be  seen,  if  we  take  the  Faulhorn  observations  as  a  standard,  that  we  get 
what  appears  to  be  a  very  close  approximation  to  the  law  that  the  exponential 
coefficient  varies  as  the  square  of  the  barometric  pressure. 
The  following  is  a  table  calculated  on  this  assumption  : — 


30  inches '453 

-423 

'394 

-367 

-340 

-314 

'289 

'266 

'244 

'222 

'201 

182 


29 

28 

27 

26 

.25 

24 

23 

22 

21 

20 

19 

« t 

It  will  be  seen  that  the  coefficients  obtained  on  these  exceptionally  clear  days  fall 
extremely  close  to  the  calculated  values.     The  calculation  for 


29'6  is  441, 
23-4  is  276, 


26'6  is  356, 
21-5  is  232. 


24-4  is  299, 


On  the  day  when  the  Faulhorn  observation  gave  a  value  to  the  coefficient  of  '261, 
the  sky  was  fairly  good.  If  we  take  this  as  a  starting  point  and  calculate  as  before, 
we  find  the  following  table  : — 


30  inches 

29 

27 

26 

25 

24 

23 

21'5  „ 


'509 

'477 
'412 
'381 
'353 
'325 
'297 
•261 
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The  following  coe£Scients  were  obtained  from  observations  made  on  days  which  were 

classed  as  ordinarily  bright. 


Barometer. 

« 

Observed. 

Calculated. 

21-5 
23-4 
26-6 
26-6 
29-7 

Faulhom 

Above  Gn'ndelwald     .     . 

Montanverfc 

Grindelwald 

Derby 

•261 

•290 
•384 
•400 
•514 

•261 
•306 
•870 
•400 
•497 

It  will  be  seen  that  on  such  days  the  same  oi-der  of  change  in  the  coefficients  is  to 
be  found. 

Other  coefficients  were  obtained  on  moderately  bright  days,  which  are  higher  than 
the  above  for  the  varying  heights  of  the  barometer.  These  observations  are  given  to 
show  the  great  variations  which  may  occur  owing  to  atmospheric  conditions. 

It  thus  appears  that  the  light  acting  on  platinum  paper  at  any  altitude  up  to  those 
observed  can  be  expressed  by 

where  h  is  the  height  of  the  barometer  and  /a^  is  the  coefficient  of  absorption. 

In  the  case  of  the  most  transparent  atmosphere  iii  =  '453  at  a  barometer  of 
30  inches  in  height. 

Therefore 


000608M» 


r  =  ic- 


The  coefficient  for  the  visual  absorption  is  '341fi^ 

where  A  and  A^  are  the  original  and  transmitted  lights. 
We  thus  arrive  at  the  following  results : — 


Barometer. 

a' 

u 

• 

a 

30 

•463 

•639 

154 

•853 

29 

•423 

•654 

144 

•866 

28 

•344 

•671 

134 

•875 

27 

•367 

•689 

124 

•884 

26 

•340 

•708 

116 

•891 

25 

•314 

•730 

■107 

•899 

24 

•289 

•746 

098 

•908 

23 

•266 

•763 

090 

•916 

22 

•244 

•787 

083 

•922 

21 

•222 

•800 

076 

•928 

20 

•201 

•819 

068 

•934 

19 

•182 

•833 

062 

•940 
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fjL  and  fL  are  the  exponential  coefficients  as  before,  a  and  a  are  the  constants  in 
the  formula,  la'  =  T,  z  being  the  air  thickness,  and  I  and  I'  the  intensities  before 
and  after  transmission. 

We  are  now  in  a  position  to  determine  the  constant  k  in  the  formula 

I'  =  Ic-**^- 
at  sea- level  with  the  barometer  at  30  in.  and  in  a  very  clear  sky,  for  as 

kA"*  =  III, 

therefore 

A*'        -453        ^^,  ,^ 


in  the  case  of  fairly  clear  skies, 


•497 


In  Part  I.  of  this  paper  the  minimum  value  of  k  was  found  to  be  '0013,  and  a 
mean  value'about  '0017,  so  that  these  observations  are  fairly  accordant. 

K  may  be  taken  to  be  a  measure  of  the  niunber  of  particles  the  rays  encounter, 
and  thence  it  may  be  concluded  that  the  number  of  particles  at  any  thin  layer  of  the 
atmosphere  is  ah.  The  formula,  therefore,  for  the  scattering  of  a  ray  of  any  wave- 
length at  any  altitude  becomes 

I'  =  l£-cM«^"* 

where  c  is  a  constant,  h  the  height  of  the  barometer,  and  x  the  air  thickness,  those  of 
the  zenith  being  "  unity." 

In  comparing  the  comparative  scattering  of  a  ray  at  the  same  zenith  distance,  but 
at  different  altitudes,  \olx  are  constants,  and 

where  m  is  a  constant  and  h  the  variable.     This  formula  and  that  of  the  law  of  error 
are  identical. 

XXXV. — Cancltisions. 

In  conclusion,  it  should  be  remarked  that  the  loss  of  light  as  light  from  trans- 
mission through  the  atmosphere  is,  and  must  be,  very  different  to  that  of  the  heating 
effect  of  the  solar  radiation.  The  latter  is  not  principally  dependent  on  scattering 
by  small  i)articles,  but  on  the  absorption  of  aqueous  vapour,  which  is  a  very  different 
matter.  Lanolet  has  shown  that  the  heating  effect  diminishes  much  more  rapidly 
as  the  barometric  pressure  is  diminished  than  is  usually  supposed,  and  this  is  not  to 
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be  wondered  at.  For  it  must  be  recollected  that  the  absorption  by  aqueous  vapour 
takes  place  principaDy  in  the  infra-red  region  of  the  spectrum,  and,  if  it  were  entirely 
confined  to  that  region,  the  presence  or  absence  of  the  aqueous  vapour  would  have  no 
practical  effect  on  the  luminosity  of  the  visible  rays  transmitted.*  The  absorption  by 
this  vapour  where  it  takes  place  is  large  and  follows  the  ordinary  laws,  as  already 
stated,  being  principally  in  the  infra-red  of  the  spectrum,  the  heating  effect  will 
^  therefore  diminish  much  more  rapidly  than  the  total  illuminating  value  of  sunlight  as 
increased  thickness  of  atmosphere  is  penetrated.  In  other  words,  the  amount  of  light 
transmitted  from  the  sun  bears  no  comparison  with  that  of  its  total  heating  effect. 

It  should  be  remarked  that  the  portion  of  the  spectrum  used  in  these  observations 
is  almost  free  from  any  absorption  by  aqueous  vapour,  and,  consequently,  the  scattering 
effect  of  the  small  particles  in  the  atmosphere  is  probably  almost  entirely  the  cause 
of  the  loss  of  light  from  it,  and  enables  a  factor  for  such  scattering  to  be  arrived  at 
without  much  difficulty.  The  measurement  of  the  amount  of  light  transmitted  through 
different  thicknesses  of  atmosphere  has  hitherto  been  almost  entirely  made  on  star  and 
moon  hght,  and,  for  reasons  given  in  Part  I.  of  this  paper,  the  coefficients  arrived  at 
are  probably  slightly  too  large  for  the  transmission  of  sunlight. 

The  results  of  these  observations  made  at  different  altitudes,  combined  with  others 
made  in  the  laboratory,  point  to  a  probability  that  the  particles  which  selectively 
scatter  light  are  due  to  water.  Their  dimensions  are  probably  very  closely,  if  not 
exactly,  the  same,  and  the  ^'  mist "  particles  are  large  compared  with  them. 


*  See   a  paper  in  No.  224  of  the  '  Proceedings  of  the  Royal  Society,*  1883,  by  General  Festino 
and  the  Author. 
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Introdicction. 

In  this  Paper  I  have  developed  a  method  of  dealing  with  questions  connected  with 

Anchor  Rings. 

If  r,  ^,  <^  be  the  coordinates  of  any  point  outside  an  anchor  ring,  whose  central 

circle  is  of  radius  c,  then 

r d^ 

Jo  \/(^'^  +  c^  -  2cr  sin  0  cos  <^) 

is  a  solution  of  Laplace's  equation,  finite  at  all  external  points  and  vanishing  at 
infinity.  Let  this  be  called  I.  Then  dl/dz  is  another  solution ;  and  two  sets  of 
solutions  may  be  found  by  differentiating  I  and  dl/dz  any  number  of  times  with 
respect  to  c.  These  solutions  are  symmetrical  with  respect  to  the  axis  of  the  ring. 
In  the  first  set  z  is  involved  only  in  even  powers  ;  in  the  second  set  in  odd  powers. 

Take  a  section  through  the  axis  Oz  of  the  ring  and  the  point  P,  (r,  0)  cutting  the 
central  circle  of  the  ring  in  C 


Let  CP  =  R  and  ii  OOP  =  x- 

When  R  is  less  than  c,  the  integral 


f 


d<l> 


0  y/{f^  +  c^  —  2cr  sin  0  cos  <f>) 
G  2 
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is  expanded  in  ascending  powers  of  R/c,  and  the  expansions  of  the  integrals,  obtained 
by  differentiating  this  with  respect  to  c,  are  deduced.  Section  I.  is  devoted  to  the 
discussion  of  these  functions,  and  some  similar  ones,  needed  in  hydrodynamic 
applications. 

In  Section  II.  the  potential  of  an  anchor  ring  at  all  external  points  is  found  in  a 
very  convergent  series  of  integrals.  The  expansions  of  Section  I.  are  not  needed ;  but 
the  first  few  terms  are  reduced  to  elliptic  integrals.  The  equipotential  surfaces  are 
drawn  for  the  ratios  h  h  h  h  ^  of  the  thickness  of  the  ring  to  its  mean  diameter. 

In  Section  III.  the  potential  of  a  conductor,  in  the  form  of  an  anchor  ring,  is  found 
at  external  points  ;  the  surface  density  at  any  point  of  the  ring  and  the  charge  are 
also  determined.  Section  IV.  consists  of  a  discussion  of  the  motion  of  an  anchor 
ring  in  an  infinite  fluid ;  the  velocity  potential  or  stream  line  function  for  motion 
parallel  to  the  axis,  perpendicular  to  the  axis,  &c.,  being  first  determined.  The 
kinetic  energy  is  determined  in  the  several  cases ;  and  in  the  case  of  the  cyclic  motion 
through  the  ring,  the  linear  momentum.  In  this  last  case,  the  solid  angle  subtended 
by  a  circle  at  a  point  near  a  circumference,  is  incidentally  found. 

In  Section  V.  the  annular  form  of  rotating  fluid  is  discussed,  when  the  thickness  of 
the  annulus  is  small  compared  with  its  mean  radius. 

It  is  shown  that  the  form  of  the  cross  section  may  be  represented  by 
R  =  a  (1  +  i^j  cos  2^  +  Ps  ^os  3x  +>  &c.),  where  jSg,  ^83,  &c.,  are  of  the  second,  third, 
&c.,  order  in  a/c.     Their  values  are  found  as  far  as  {(^/c)\ 

To  the  second  order 

The  method  employed  throughout  the  paper  has  not  the  analytical  elegance  of 
Mr.  Hicks'  Toroidal  Functions,  but  it  has  many  advantages.  The  potential  of  an 
attracting  ring  takes  a  very  simple  form.  The  boundary  conditions  to  be  satisfied  in 
hydrodynamical  applications  are  very  simple.  The  results  are  obtained  in  terms  of 
R  and  x^  the  quantities  most  obviously  connected  with  a  ring. 

I  am  greatly  indebted  to  Mr.  Herman,  Fellow  and  Assistant  Tutor  of  Trinity 
College,  Cambridge,  for  the  careful  manner  in  which  he  has  read  over  much  of  the 
work,  and  the  many  errors  he  has  corrected.  In  consequence,  the  papfer  wiU,  I  think, 
be  found  free  from  any  serious  mistakes. 
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Section  I. — Preliminary  Analysis. 

§  1.  Take  a  fine  ring  in  the  plane  of  x,  y,  centre  at  the  origin,  and  consisting  of 
attracting  matter  of  density  k  cos  n  <^',  where  <^'  is  the  azimuth  of  any  point. 


The  potential  of  this  ring  at  a  point  P.  whose  coordinates  are  r,  ^,  <^,  is 


r 


k  COS  n<f/  cd<f>' 


0  \/{^  +  <?  ~-2cr  sin  ^  cos  (<^  —  <^')} 


Put  ^'  =  ^  +  i/i,  then  the  potential 


=r 

Jo 

=  COS  n^ 

Jo 


ck  (cos  710  COS  n^  —  sin  n0  sin  n^)  d^ 
\/{?^  +  c^  —  2cr  sin  ^  cos  -^j 


cA  COS  71-^  d^ 


V^{r*  H-  c*  —  2cr  sin  ^  cos  -^1 


as  the  second  integral  vanishes  between  the  limits. 
Therefore 

COS  710  d<f> 


,  f» cos  719  gy 

COS  710  j^.  y(r2  +  c«  -  2crsinecos0) 


or 


cos 


Jo 


cos  710  d<f> 


0  v/(-s^  H-  c*  —  2cw  cos  0  +  w*) 


is  a  solution  of  Laplace's  equation. 


/ 
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Similarly 

,  f  cos 


,  .  coSTubdd) 

Sin  "^-^  '    ^   ^ 


0  %/(^  -f  c*  —  2cxa  cos  0  +  w*) 
is  a  solution. 

Let  V  stand  for  either  of  these  integrals.     Then 


dcPdzt 


is  also  a  solution  of  Laplace's  equation. 


For  different  values  of  p  and  q  the  solutions  are  not  all  independent :  as  it  is  easily 
seen  that 


i 


cos  n^  d<t> 


Q  \/{z^  4-  c*  —  2cOT  cos  0  H-  w^) 

satisfies  a  linear  partial  differential  equation  of  the  second  order  in  c  and  z. 

But  two  independent  sets  of  solutions  are  obtained  by  giving  different  values  to  jp 
.    d^V       .  Id\p    fdV\ 

The  only  cases  considered  in  this  paper  are  when  t?  =  0  or  n  =  1 .     That  is  the 
solutions  of  the  forms 


d<f) 


i\  » 


\ncj    Jo  y/{z^  4-  c«  -  2cm  cos  0  4-  m^) 

/d\P  d  f» d^ ^ 

\dc)  dz  Jo  ^/{z^  +  c^  -  2m  cos<f>  ■{■  oi»)  ' 


cos  <b  dd> 
COS  ^  '       '    ■  —  7-    T- 


*(l)l 


0  x/(2^  +  C2  _  2CW  COS  <^  +  (?)  ' 


and 


cos<f>lci{6 
COS  ^  •      "         ■ 


,  ( d\P  d_  T' cos<5^ 

^\dc)    dzloy/i^  +  c2-  2cR 


cm  cos  <^  +    BT®) 


3\  » 


as  these  cover  all  the  cases  to  which  the  functions  are  applied  in  this  paper. 
It  is  easily  seen  that 

f ' cos  <f)  d<f>     

Jo  s/(^  4-  c^  —  2cm  COB  0  4-  ^^) 

and,  consequently, 

d  \p  f '  cos  <t>  d<f> 


w 


)'i 


^1    •  0  %/(«^  H-  c*  —  2cm  cos  0  H-  oi*; 
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are  solutions  of  the  equation 


ds?         dta^  m  dm 


For  putting  %($  =  far<^,  this  equation  becomes 

d?A    .   d*<f)    .    1  d^        1  ^ 

— t-  -1.  — i-  J- _  —  q> 

ds?        dm^        m  dm        m^ 

that  is,  $  cos  ^  is  a  solution  of  Laplace's  equation. 


=  0, 


§  2.  Expansica  of  the  Functions. — Let  the  plane  through  the  axis  of  the  ring  and 
a  point  P,  cut  the  ring  in  the  two  circles  whose  centres  are  C  and  C^. 


^ 


Let 


and  the  angle 


CP  =  K;     CiP  =  Ki;     OC  =  c; 


Also,  for  convenience,  put 


and 


OCP  =  X. 


R 

0 


7       1      8c       ^ 


When  K  is  less  than  c  the  above  integrals  may  be  expanded  in  ascending  powers 
of  R/c  or  5. 


I, 


d^ 


0  v/{^  +  c*  —  2cr  sin  ^  cos  (f>} 


2    r,      4R,   ,    1»  R«  A      4R,         2  \    ,    1»3«  R*  /,      411,         2  2  \  1 


234«1VV"*   R 

[Cayley,  *  Ell.  Func.,'  p.  54.] 
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COB<f>cUf> 


0  \/{^  +  c'  —  2er  sin  0  cos  ^} 

_   2  p;        (2  cos*  <^  -  1)  d<^ 
—  Ell       J.      E,«-R« 


i;        (2co3''<fr- 
_^(l2(cosV-^;^,)-l  + 


2EiS 


R,«-E» 


v/{l-^ 


«-R« 


COS^^ 


} 


#, 


R' 


E.fl 


[{logf' +  ^|1  (logf*  -  j^)  +  . . .  } 


-{^+^f»0°gf'-o)+IH^O°gf' -1^-3^4) +•••}] 


R 
1»R» 


2  r,      4R,   ,   l»RVi      4R,         2  \    ,    I'.S*  R* /,      4R,         2  2  \   ,  1 

-  R4^°sir+2-«Rirgir-iT2;  +  2r4»vr^  R  -i;2-3:4J+"-} 


[CAYT.KY,  '  Ell.  Func.,'  p.  54.] 


2!,      4Rj       ^   .  R«  ^  ^"g  R 


4Ri  _ 


«;r^^ 


+- 


« 162  log  ^  -  225 


1 


128 


+  &C. 


Now 


Therefore 


,      4Ri 


Ri^  =  4c2  —  4cR  cos  X  +  R*^ 
=  4c«(l-?cosx  +  5) 
=  4c*  ( 1  —  s  cosx  +  t). 

,      8       «  s*  co82y       «>  cos  3y        , 

=  log  -  -  r  C08X  -7— ?r^  -  5--^  -  Ac. 


4      2 


8      3 


i  +  2—  5COSX  —  sC08  2x-^C08  8x  —  Ac. 


8 


24 


R« 
4Ri« 


16  +  i«°°«X+^(l  +  2co8  2x)  +  &c. 


16 


64 
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Substituting  in  the  above  expansions 

r d^ 

Jo  v/{^  +  c^  —  2cr  sin 0  cos ^} 


+  ^V~2048-  +  l28"  c««  2x  -  i^f  COS  4x j  +  .  .  . 

f' cos  <f>  d^ 


2cr  sin  0  cos  if>} 


Now 


,     ./322i  +  35    ,    20/-3        „  ,  \   .  1 


2         1/  ,    A-* 


1  f ,    .    « cos  Y   ,     ,  /  1     ,     3         „  \    .     ,  /  3  ,5  „   ^ 

=  jjl  +      2     +  •'  (l6  +  i6*^^«2xj  +  ^''(e^cosx  +  ^C08  3x 


Therefore 

d^ 


.     4/   9      .     20  o      ,     35  .   \    ,  1 

+  *il024  +  l024^'2x  +  j024CO8  4xj  +  ...| 


f 


0  \/{»"^  +  «*  —  2«'  sill  5  cos  ^} 


=  ;|^  +  2  +  »  —2  COS  X  +  «*  (^  ^g  +  15  COS  2xj 
+  «*  (-^^  cos  X  + -793- cos  3x j 


+ 


,  /105/  +  27    ,    60/  +  13         „      ,    105/  +  34         ^   \    ,    .      1 
*A^048-  +  ~"768~  °^  2x  +  -^072"  °^' *X'  +  ^'  J 


And 


i 


coa  <j)d^ 


0  \/{»^  +  c*  —  2<T8iii  tf  cos  <f>} 


If,,      /-I  ,     ,/6/  +  l    ,    3/-4         „  \ 

.    »J  /33^  +  1    ,    15/  -  23         .    \ 

,  ./540/  +  27  ,  240/ -23    „   ,  105/  -  176    ,  \  ,  .   1 
+  ^  i  "2048- + -^68- "^^^  2x  +  — 3072— 008  4x j  +  &c.  I 


MDOCCXCIII.  — A .  H 
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5  3.  To  obtain  the  expansion  of  ,        -rrr — o     v^ — .    n 'r^ 

^  ac  U  v/{r^  +  r-  —  2c7'  sm  0  cos  4>} 

of     ,  the  corresponding  expansion  of       //  3  ■    9  _ 


in  ascending  powere 


must  be  differen- 


2er  sill  0  cos  0} 

tiated  with  respect  to  c,  R  and  x  being  considered  as  fiinctions  of  ?•,  0,  and  c. 
Now 

R  cos  -^f^^z  c  --  r  sin  tf  =  c  —  tsr 

R  sin  X  =^  ^  ^^s  ^  =  2: 
Therefore 

cosx9;:-Rsmx9J=l 


3R 


sin  X  a,  +  R  cos  X  3^. 


?^  =  0 


Solving  these  equations 


OR 


I^'^?=-8"'X- 


Again 


and 


8inx3^  +  Rcosx|=lJ 


or 


Solving  these  equations 


g^=sinx;     Rv)*  =  cosx. 


From  these  formulse  it  follows  that 


and 


and  that 


and 


Let  us  write 


d 


-r  (R"  cos  nx)  =  «R"~'  cos  (>i  —  1)  x 


de 


d  /co3nv\  cos  («  +  1) X 

dc\    If    j  —  ""  "       "r.  +  i 


—  (R*  cos  nx)  =  —  nR"  ^  sm  («  —  I )  x 


> 


dz 


d   /cos  n 


dz  \    E 


TO  sin  («4  l)x 


<;<^ 


^'"')ov'('^  +  <^- 


2cr  sin  0  cos  <^) 


dc 
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I,  hiis  been  expanded  as  a  function  of  K,  \,  and  c. 

The  expansion  of  dly/dc  may  therefore  be  found  by  differentiating  this  by  the  rule 

rf        9    ,  ?        aiii  y  3 

•    =  v  +  cos  Y  57r  —      „      -^  * 

dc       cc  ^  dR  K     3x 

It  is  rather  simpler,  to  use  the  formulae  for  d/dc  (R*  cos  iix)  proved  above. 
Take,  for  example,  the  term 

19/ +  3   .. 

This 

9/  +  •^  R2  -- 

/9M^K«  \        (9/  +  3)  K^  d  ,,,  .,^  fi   f(9/  +  3)Kn 

_(9/  +  3>li^       Rcos'x  S    f/n;.    oXR2-(    .R'^  008x3  p+3' 
~         64c*        +      64c^     3R  ^^''^  +  ^;  i^-  J  +       64       dc\     c*    , 

In  performing  the  partial  differentiations  with  respect  to  K  and   c,  it  must  be 
remembered  that  I  =  log  8c/R  —  2,  and  is  a  function  of  R  and  c. 
Let 

I   —  ^  +  ^    1    L+i  Jtcosx        r(2/  +  l)R3       (3/  +  2)  R^  cos  2^  ] 

,     f  (9/  +  3)  R»  cos  X   ,    (15/  +  7)  R»  cos  3x1     ,    . 
"•"  t  64c*  +  192c*      "      J  "^  *°- 

rfl,  _  _  cos_x  _  1  +  ?03  2x   ,    J  (S^j:-  3)  R  cos  x  _  3R  cos  3x1 
dc  ~  cli  "  4c»'        "^  I  32c<"  32c'«      J 

f  (18/  -  3)  R«       (18/  -  8)  R^  cos  2x  _  5R^  cos  4x1    i 
"'"1       128c*        "■"  128c*  "l28c*      |+*"- 

/+  1       (3/  +  2)  R  cos  X    ,     f  (9/  +  3)  R^       (15/  +  7)  R»  cos  2x1     , 
"^    2c»    "^  8c»  "^  1       64c*        ■*"  64c*  j  +  •  •  • 

_  ^  +  1      (2/  +  1)  R  cos  X  _  f(6/  +  1)R^       (9/  +  3)  R^^  cos  2x1 

c»  2c»  t        16«*  16<^  I  +  •  •  • 

—  _  cosx  __  /'2/  +  3       cos  2x\         [(20/  +  11)  R  cos  x   ,   3R  cos  3x1 
""  cR         \    4c»     "^     4c'   /        1  32c»,  "^       32c»   '  \ 

__  f  (12/  +  5)  R»       (12/  +  9)  R^  COS  2x    ,    511^  cos  4x1    _  ^ 
t       128c*        "^  64c*  "*"       128c*      J 


h2 
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From  this  (PlJcUr  might  be  obtaineil,  and  then  (Pljdc^,  &c.,  but  in  the  question  of 
an  attracting  ring  there  is  a  special  advantage  in  using  functions  of  the  form 

[      cdcl       ^1- 
Call  this  I«.     Thus 

Also  denote 

1  dX"-^  C'  C06 «l>d<f> 

c  dcj       jQ\/{r'  +  c*  — 2crsintf  C08^} 
by  J«. 

The  values  of  the  functions  are  collected  here  for  the  sake  of  reference. 

(A) 


+  [~6r  cos X  +  -^92" °°^  ^XJ* 

+  (^048- + -768- "^'^  2x  + -^OT^cos  4xj  .*  +  .  .  .  I 

T  1    f  1    /2i+3    .   co8  2x\      ,    /12/  +  11  ,     »  -   \    „ 

^2  =  ^  Y^X  +  [—r~  +  ~l    I  *  +  \~li2~' '^X  +  ^  COS  3xj  S" 

,    mi +  5   .    12/ +  9        „      ,      s_         .   \  jj    .  1 

+  (-128~  +  "~64- ''^^    X  +  rb  cos  4x  j  «»  +  •  •  .| 


^3  -  ,^  Y°^  2x  +  (|cos  X  +  i  cos  3x)« 


,    736/  +51,,        „.,  .   \    ■,   ,  1 

+  (  "~3^ H  f  cos  2x  +  VV  cos  4x1 «-  +  .  .  .| 


l4  =  -^{co83x  +  (|co8  2x+icos4x)»+  .  .  .} 


«>  t 


l6  =  ^4{cos4x+  ...}. 

(B) 

dli  _ 


~  "eH  I**"'  X  +  i  sin  2x  «  +  [~^^'  «'"  X  +  -31.-  sin  3xj  Jr 

+  (— ^  sin  2x  +  tIi- sin  4  X  j  s* 

.    /6/  +  3  .         ,   120/ +  101  .    „      .      ,B     .    ^  \   4.  ,  1 

+  V256"^"'X  +  ~2048-"^'''^X  +  ^M8sm5xj«*+...| 
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+  ( --yj  -  sill X  +  raV sill  3x  +  t5 g  sin  5x js*  +  .  •  •  | 

-^  -  -  ^j  (siu  3x  +  (I  Bin  2x  +  i  siu  4x)  *• 

+  (H  sin  X  +  il  sin  3x  +  A  si"  5x)  «^  +  •  •  •  j 

rfl  3 ' 

^*  =  -  ~  {sin  4x  +  (1-  sin  3x  +  i  sin  5x)s+  ..  .  ] 


^="?S^^^'''^x+---}- 


(C) 


,    /33/  +  1  15/  -  23         .,   \   ., 

+  (-64"  """^  X    - 19^  cos  3xj  s^ 

,    /540/+27   .    240/ -23         ,      .    105/ -  176         .    \    i    ,  1 

+  ("2048       +        768~  """^  '^X  +  '    3072       ^'^^  ^x)  «*+•••} 

Ja  =  gij[  {cos  X  +  (— ^     +  i  cos  2xj  s  +  f ^2-  cos  x  +  a'^  cos  3xj  «' 

"•"  1^~1^   ~  "'^64^-  °^  ''^X  +  -rls  cos  4xj  8* 

,    /18/  +  1                 35/  +  32        „      ,      ,,  c   \   *    ,  1 

+  \    256     '^'^  X 256"  ^^  ^X  "*"  ^»^«  ^^'^  ^XJ  *+•••[ 

J3  =  ;,3Ti  jcos  2x  +  (f  cos  X  +  i  cos  3x)  s 

+  y—^ h  i  cos  2x  +  A  cos  4x)  6-' 

+  ( 34-  C08X+ VWcosSx  +  rkcosSxls*  +  .  .  .| 

•^4=  ^  {cos  3x  +  (|co8  2x  +  icos  4x)  « 

+  (fj  cos  X  +  |-a-  cos  3x  +  is  cos  5x)  6"  +  .  .  . } 

3! 
J5  =  3^*  {cos  4x  +  (Hcos  3x  +  i  cos  5x) *'  4-  . .  •} 


c^R* 


4' 
•^«  ~««R=  {°*'^^X+  •  ••}• 
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(D) 

'''^               If-          .     1    •     «         ,    /       12/  +  11    .  ,     3     •     o   \  ^ 

—'.-=--  |8in  X  +  i  8in  2x  «  4  (^ 3^-  sm  x  +  ti  "»  3xj  ** 

,    /      30/  + 9   .  360/ +  123    .'  ,      ,,      •     ^   \   4   i  1 

+  ( "  ~l56~  «"'  X  -  —2048""  ^"'  ^X  +  ^8  8'"  5x j  s*  +  .  .  .  I 

''^'  =  -  ^  {»^"  2x  +  (I  siu  X  +  i  sin  3x)  s  +  (i  sia  2x  +  A  sin  4x) »» 

+  (-       f^—  sin  X  +  tIs  sin  3x  +  tIs  sin  5x)  s*  +  •  •  .} 

dz  ~  ~  c^i"  ^®"*  ^X  "^  ^^  ^"^  2x  +  i  sin  4x)  s 

+  {\l  sin  X  +  H  sin  3x  +  i^j  sin  5x)  «^  +  .  .  •} 
d.J^ 


dz  "^  ~  ^  '^^"^  ^^  "•"  ^*  **"'  3x  +  i  sin  5x) «  +  .  .  .} 
-      =  —    .-,-  [sill  5y  +  .  .  .  c. 


The  following  formulj©  are  usetul  for  questic)iis  involving  the  stream-line  function. 
They  are  obtamed  by  multiplying  the  expansions  just  given  for  J^,  J^,  &c.,  by  isr  or 
c(l  —  if  cos  x)' 

(E) 

,       /  +  1  ,    /2/i+  5         /  „  \   .,   .    /3/  +  5  3/  -  1         „  \   , 

Ji«r  =  Z  -  ^-C08x«  +  (^-^g-  -  j^  cos  2xj  s- +  (^  -g-^-  cosx  -    jgg    cos3xj«^ 

,    /12/+  I]    ,    12/ +  17         .,  ir,/-8         ,   \    I   , 

+  (,"2048"    +    ~768  "    ^'^^  ^X  -     3072    ^^"  ^^)  '   +  '  '  * 

W               ,   ('^l-''>        1         o   \      .    /      20/ +17  ,  „   \   , 

Jjw  =  ^  I  cos  X  +  (^-4 i  cos  2x ) «  +  ( — —  cos  X  -  h  cos  3x )  »- 

,   /20/  +  47       8/  + I        „  ,  \    , 

+  \    T28"~  -     04     *'*''*  2>^  "  ^ "^"«  *'•''  ^ V 

,     /18/  +25)  n/  +   I  „  .  r     \     4.     .  1 

+  (      256     °^  ^ 25(; "  ^"^^  ^X  ~  *»^  ^'^^  ^XJ  «*  +  •••  I 

^^"^  ~  ?W  r^  "^^  "^  ^*  cos  X  -  d  cos  3x)  6-  +  y-^  32  '-   -  |  cos  2x  -  it  cos  4xj  .-r* 

^/      124/  +  101  ..  „  .  -No.  1 

+ 1 g4 cosx  —  rtVcos  3x  —  Tis  cos  oxj*"  +  .  .  .J- 
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2! 


'^4«'=^{«>8  3x  +  (2cos2x  — ico8  4x)s  +  (?icosx  — McosSx  — irS-cos5x)s'  +  .  •  •} 


c»R« 


3! 


^s^  =  mW*  i^^  ^X  +  (H  cos  3x  -  i  cos  5x  )  s  +  .  .  .} 


c*R* 


OaVT  


G 


4! 


{cos5x  +  •••]• 


These  five  sets  of  formulje  will  be  referred  to  as  (A),  (B),  (C),  (D),  (E). 


Section  11. — The  Potential  of  an  Anchor  Ring  at  an  External  Point. 

§  4.  The  potential  of  an  anchor  ring  at  a  point  on  its  axis  may  be  easily  found  in 
several  ways.  One  simple  method  is  to  divide  the  ring  into  elements  by  spheres, 
having  the  given  point  as  centre. 


Let  QAR  be  a  circle  which  by  revolution  round  OP  generates  an  anchor  ring. 
Let  C  be  its  centre,  and  let  00  be  perpendicular  to  OP. 

With  centre  P  describe  circles,  dividing  the  circle  QAR  into  elements  ;  let  QK  and 
Q'R'  be  two  of  these  circles. 

By  revolution  of   the  figure  round  OP  we  obtain   an  anchor  ring  divided  into 

elements. 

Iiet 

AC  =  a.        OC  =  c.         PO=R     PQ  == />. 

/.  PCQ  =  y\$  I  OOP  =  a. 


5G 
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Then 


Therefore 


/3-  =  R-  +  a^  —  2(iR  cos  \ff. 
p  dp  =  oR  sin  \ff  dxjf. 


The  volume  formed  by  the  revohitioii  of  QRR'Q'  is 


The  potential  of  this  at  P 


2Trp(Ip.LM. 


27rpdp.LM 


allfliii^.rf'^2asiii'^.cas« 


=  2w 


=  iwa^c 


^{B2  +  a2_2aRcos^} 
a  sin-  ^  dyp" 


v/{E--  2rrRcosi^  +  (r} 


Therefore  tlie  potential  of  the  whole  ring 


"■     7  Joy{Pr  -  : 


sin°  '^  ^Z'^ 


v/{Pr-2^Reos^H-«2} 


where  M  is  the  mass  of  the  ring. 


Let  tliere  be  two  anclior  rings  of  different  nxdii,  but  of  equal  generating  circles, 
having  the  same  axis  and  centre. 

Let  C  and  C  be  the  centres  of  the  generating  circles. 

Let  P  and  P'  be  points  on  the  axis  such  that  CP  =  CT'. 

If  the  densities  of  the  rings  be  inversely  proportional  to  the  distance  of  the  centres 
of  their  generating  curcles  from  the  axis  of  revolution,  that  is,  if  the  densities  be 
made  such  that  the  masses  of  the  rings  are  equal,  then  the  above  formula  shows  that 
the  potential  of  the  C  ring  at  P  is  equal  to  the  potential  of  the  C  ring  at  P'. 
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§  5.  The  integral 


f 


sin^  yjr  dy^ 


0  v/{K-  -  2aK  cos^  +  a^} 


may  be  reduced  to  elliptic  functions. 
Let  it  be  called  I.     Then 


=-f 


sin'^rf(cos'^) 


0  ^{R3  -  2aR cos  ^  +  a^} 

1  f 


= -\  cos  \lfy/{R^  —  2aR  cos  xjf  +  a^}  c^i/r 

(tli  Jo 

l^  f'  (R^  +  gg)  008  -i/r  -  2aR  (1  -  sin»  ^)  ^  , 

"■        aR  J 0  v/{R*  -  2aR  cos  yjr  +  a^ 


Therefore 
31* 


-4 


dir 


0  v/{R3  -  2aR  cos  f 


+  a3}        Va  +  r)  J, 


cos  -^rf^ 


0  ^{B?  -  2aRcos  ^  +  a^} 


Writing  a  for  a/R, 


i=-^r 


e;^ 


3RJo\/{l-2aCOSi|r  +  a^} 


-a^("  +  «)fo 


cos  '\jr  dyjr 


y/{l  -2«cosi^  +  a^} 


These  integrals  may  be  transformed  by  putting 

sin  (<^  —  i/r)  =  a  sin  (f>. 


This  gives 


«  cos  <^       1 
""  v/cos(</>-'^^)J 

a  cos  ^ 


}• 


Also 


Therefore 


or 


Therefore 


or 


sin  <!>  (cos  1^  —  a)  =:  cos  (f>  sin  i^. 

sin^  <f>  (cos  i/r  —  a)^  =  cos^  ^  sin^  i/r, 
COS^  i/r  —  2a  cos  i/^  +  a^  =  cot^  ^  —  COt^  <^  COS^  xjf. 

cos^  i/r  cosec^  <^  —  2a  cos  i/r  +  a^  =  cot^  ^, 

(cos  i/r  —  a  sin-  <^)^  =  cos^  ^  ^  or  sin*  <^  +  a^  sin*  ^ 

=  cos^  <^  —  a^  sin^  <^  cos"  4>. 


•  This  method  of  reduction  was  given  by  one  of  the  Referees. 
MDCCCXCIII. — A.  I 


58  MR.  F.  W.  DYSON  ON  THE   POTENTIAL   OF  AN  ANCHOR  RING. 

Therefore 

cos  i/r  =  a  sin^  (f>  +  cos  (f>  ^/(  1  —  a^  sin^  (f>). 
Therefore 

1  —  2aeosi/r  +  a^  =  1  +  a^  —  2a2sin^<^  —  2aco8<^-/(l  —  a^sin«<^) 

=  [v/(l  —  ot,^  sin^  ^)  —  a  cos  ^]^. 
Therefore 

v/(l  —  2a  cos  i/r  +  a^)  =  {-^/(l  —  a^  sin^  <^)  —  a  cos  <^}. 


Thus 


d'^  d<f> 


and 


v/(l  -  2«  cos  yjr  +  «-)         i/(l  -  cL^  sin*  <^) 

cos  yfr  dsjr  a  sin  ^  +  008  <5  v/(l  —  «*  sin*  ^)    ,  , 

v/(l  -2«co8^  +  a2j  ~  v^(l  -  a3  sin«  4>)  ^' 


giving 


Therefore 


r ^ 2    f' ^ 2F 

Jo  v^(l  -  2a  cos  y  +  ««)  ~        Jo  v/(l  -  «'  8in« ^)  ~ 

iox/0-  -  2«cosV'  -f  a*")  ~        Jo  v^(l  -  «^8m»^)  ~  «^'        ^'' 
Therefore  the  potential 

v=^{(.-i.)^+(.+i.)4 

Now 
and 

Substituting,  we  find 

^■"liT        8  64  1024  *^-        '^2*.4»...(2n-2)8.(2»)«.(2M  +  2)'*  **'7 

~       LR      8  R»  ""  64  II'      1024  R7      *°-       ^  2«.42 . . .  (2n - 2)2.(2»)«.(2»  +  2)  R*-+»     ,      °*  J 

This  series  is  less  than  the  series  whose  general  term  is 

1     rt«- 


2?l2  R«»+>  * 


and  is  therefore  convergent  if  a  =  R  or  a  <  K. 
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§  6.  To  find  the  potential  of  an  anchor  ring  at  any  external  point. 
When  a  =  0,  that  is  when  the  generating  circle  of  the  ring  is  infinitesimal,  the 
potential  at  the  point  r,  0  is 

Mr  d4> 


Mr 

ir  Jo 


'f  Jov/l^*^  +  c^  -.  2crsin5cos^} 

When  ^  =  0,  and  r  =  2;,  i>.,  for  a  point  on  the  axis,  the  expression  reduces  to 
M/tt  WR,  t.6.,  to  M/R. 

d  y  r d^ 

c  dc)   J 0  v/{^*^  +  c^  —  2cr  sin  5  cos  ^} 

satisfies  Laplace's  equation,  and  at  a  point  on  the  axis  of  the  ring  becomes 


\edc)   Jo 


1^— -  =  (-  |)».7r  1.  3.  5  .  .  .  (2n  —  1) 


1.  3.  5  ...  (2«  -  1) 


=  (-l)-.7r 


R2-+1 


Now  at  any  point  on  the  axis  of  the  ring 


IR      SR"      64R5      1024R7      *°*         23.4^.  .(2m-2)«.(2«)».(2»  +  2)  R2-+1       *"^'J* 


Therefore,  at  any  externa)  point  r,  6, 


rf^^ I  ?^  _^  r ^^ 


0  A^  +  (^  —  2crsm tf cos </>)    '    8  crfc Jo\/(^  +  c^  —  2c?- sin 5 cos 4>) 

_  a^  M  Y  r d^ .  4^ 

192  \cdej  }o\/(i^  +  c2  -  2cr  sin  ^ cos ^)  ^       " 

.  /     1A-+1  J^kMi:zl2«jri)/jLV  r ^^ 4.&C  1- 

^^      ^      2n  +  2    22.42.63...(2m)»  \cdc/   J o v/(r«  +  c» - 2ct- sin ^ cos ^)  ^        J 

For  this  series  is  finite  at  all  external  points,  satisfies  Laplace's  equation,  vanishes 

at  infinity,  and  agrees  with  the  value  of  V  on  the  axis.     The  series  is  very  convergent, 

as  is  seen  by  the  next  paragraph. 

§  7.  The  integral 

/  d  Y  r d^ 

\cdc/   Jo\/(^  +  c^  —  2crsin5cos^) 

takes  a  simple  form  at  points  in  the  plane  of  the  central  circle.     For,  putting  ^  =  -77/2, 

it  becomes 

d^ 


f-Vf 

\cdc/    J, 


0  v/(^^  +  c^  —  2fr  cos  if}) 
I  2 
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Now 

f' d^ r»  fl<t> 

Jo  \/(^  +  c3  -  2er  cos  <^)  ~"  Jo  \/0^  -  c^  siir"^) 
when  7'>c,  and 

^r__d±___ 

when  7*<c. 

Therefore  at  points  in  the  plane  of  .r,  y,  further  from  the  axis  than  the  ring, 

V  =  ^ir ^*__         1  l'  r      sin^  4> #       _  o  ^ 

TT  1 J  0  \/(f^  -  .c2  8iii2  <^")  "^  8  J  0  0-2  -  c2  sin«  </>)«       ^  ' 

,    ,_     .    1*^^  .  .(2/1  ~  3)«  (2n  -  1)  2a2»    T' Hm^d4> .     «,     1 

■^  ^       ^    23.43 .7.  (271  -  2>  (2w)2  (271  +  2)  Jo  (r»  -  c^sin^  </>)»■-*  "^  *^- J  * 

And  at  a  point  in  the  plane  of  xy  between  the  axis  and  the  ring 


""  •^lJov/(c^- ^sin2 </>)""  8   Jo(c2- r2sinV)t 

12.3*  .  .  .  (2n  -  3)2  (2n  -  1)  2a^*    (» 


—  &c. 


1)  2a^»    r  d4>  ^         1 

2n  +  2)  Jo  0*2  -  7-2  sin3 <^)'»+*         *^-  J ' 


22. 4«  .  .  .  (2n  -  2)2  (27i)2  (2 

[*  The  series  in  its  general  form  must  converge  at  about  the  same  rate  at  which 
these  two  particular  cases  do.     Their  convergency  is  easily  discussed.     For 

0  (!•«  -  f?2  sin2  <^)»+4  ^  (r2  -  ^)«+* ' 
and  r  is  >  a  +  c. 

Thus 

sin2'»  ff)d<f>  IT  TT 


f 


0  (r2  -  ^2  sin2  4,)»+*  "  a"+*  (2c  +  ^O"""*     ^'"'■*  (2c)  -+* 

Hence  at  all  points  in  the  plane  of  the  central  circle,  beyond  the  ring,  the  series  is 
more  convergent  than  the  series  whose  general  term  is 

/         1X«        2a2-  1 

^  '   27i  (2n  +  2)  2^a^(f  ' 

i.e.,  than  the  series  whose  v}^  term  is 

n  (w  +  1)  \2c/  • 

Similarly  at  points  within  the  ring,  in  the  plane  of  the  central  circle,  the  series  is 
more  convergent  than  the  series  whose  general  term  is 


M  (n  +  1)  \2<'  -  a  J   -■ 


*  This  consideration  of  the  convergency  was  inserted  at  the  suggestion  of  one  of  the  Referees, 
August,  1892. 
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§  8.  For  the  purposes  of  calculation,  it  is  convenient  to  transform  the  integrals  of 
§  6  by  Landen's  theorem. 

[' # o  {I ^ 

.'o  \/{»-»  -  2cr  sin  ^  cos  ^  +  c»}  ~      hy/W  -  W  -  ^')  sin'  4>}  ' 

d<}> 


_  2   f2- |f-^^ 


_      4F 

~  R  +  R.  • 
where 


0  \/l  —  /A*  sin  ^  0  ' 

and 

_  El  -  E 

R  and  Rx  ^^^^g  the  least  and  greatest  distances  of  the  point  r,  ^,  from  the  circular 

axis  of  the  ring. 

Now, 

f?¥  _dF  dfM_E  -^/i/^  dfM 

e  dc       dfjL  c  dc  MM'"      ^1^^' 


and 


c  (/<;       dfi  cd/i  fi       c  dc 


>  . 


[Oayley,  *  Ell.  Func./  p.  48.] 


But 


W  =  1^  +  c^  ""  2cr  sin  ^. 


Therefore 

dR  _c-  rsin  6       4c*  +  R«  -  R,* 

Similarly 

dc  ~         R         ~           4<R 
.^R,  _  c  +  »•  sin  e       4c»  +  R^  -  R* 

Therefore 

de   ~         R         ~           4cR 

./M_(R.  +  R)(^;-^)-(R.- 

(R,  +  Rf 

dR^           dR 

=  2^    rfc   "■^'  rfc, 
(R,  +  R)* 

_  Ri  -  R  R«  +  R,«  -  4c« 
~  Ri  +  R         2cRR, 

=  -  cos  \l/ : 

e          ^ 

■«)(f  +  f), 

where  ^  is  the  angle  between  R  and  R^. 
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Hence 


ulv  Jo 


d4> 


\/{'t^  —  2n*  sin  0  cos  <^  +  c^} 


d_ 
cdc 


U  +  1^/ 

1  r-,R  +  R. 


Differentiating  again  we  shall  find 


4F 
It  +  R, 


CDS'*  f 


?}■ 


# 

sin  ^  cos  ^  +  r^} 


_E(R  +  R,)  r 


2c« 


cos^  »/»  —  4  cos  y^  +  jj,,-  cos 


2^} 


F 


+  ^(11  +  E  )  JS  +  8  cos  i/r  -  cos-  i/r  -  4  cos^  i/r  - 


4^ 
RR 


1 
-  COS  2y\f>. 


Therefore,  at  any  external  point, 


y¥8  ^4 


4c* 
5  +  8  COS  \\/  —  cos^  i/r  —  4  cos^  \\f  —  -3—  cos  2i/r 


+  Ac.  V 

+       RR,   ^'|8^cos^-Tiir7[2cos^V'-4cosV>+KR;*^°"^^J  +  ^*^-|> 

where  y\f  is  the  angle  between  R  and  R^,  and  the  modulus  of  the  elliptic  functions  is 

R^-R 
Ri  +  R  * 


] 


0 


I  have  calculated  the  value  of  V,  retaining  only  the  terms 


-  |,_,^-„^,|U 


E  (R  +  R,)  ^ 
irRi        8c« 


cosi/^. 


for  the  values 


e    2c    St*    4c 

^  ""  ^'   K'  T>  'n»    r,'  ^> 
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and  drawn  the  equipotential  surfaces.  The  method  consisted  in  drawing  circles  of 
known  radii,  with  centres,  C  and  C, ;  and  finding  the  value  of  V  at  their  points  of 
intersection. 

In  the  most  unfavourable  case,  where  a^=  c,  the  value  of  the  potential  is  not  more 
than  three  per  cent,  in  error  at  any  point,  the  introduction  of  the  terms  in  a^/c* 
reduces  the  error  to  less  than  one  and  a  half  per  cent.  When  a  <  c,  the  approximation 
is  considerably  nearer. 


Fig.  I. 


I  cm     1-071  in*     1176    )270 


■8(7      7f5     -MO        -Sai        530 


Equipotential  sarfaces  of  ring  formed  by  the  ferolation  of  the  poiut  C  abont  O;. 
and  OC  =  c  J  e 
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'&65        H)05        1S39    MfilHIS 


Section  of  Equipotential  anrfaces  of  tlie  ring  formed  by  revolntioD  of  shaded  Q  round  Ot. 
Mass  =  M.        00  =  c 
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■M577;ri(  -ess 


■S55         ■»+         -998 
KDCOCXCni.— A. 


7i*  '659  'Brt  in  -540  sio    -*■ 
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Section  III. — Electnc  Potential  of  an  Anchor  Ring. 
§  9.  The  potential  at  any  external  point  may  be  taken  to  be 

For  this  is  a  solution  of  Laplace's  equation,  finite  at  all  points  outside  the  ring, 
and  vanishing  at  infinity. 

The  constants  are  to  be  determined  by  the  condition  that  at  the  surface  of  the  ring 
the  potential  is  the  constant  Vq. 

Using  the  expansions  of  §  3  (A.),  we  have  that  at  any  external  point 

2/  +  3    .   12Z  +  5   o1    .    A     486/ +  51 

3<^ 


32 


+  cc«2x{A,(-jtl,.  +  ??L^*^)  +  A^^(i  + 


12/ +  9  3 
64     *■ 


+  A3<r*(j4-f)+Ax|} 
+  COS  3x  {a,  ^^^  +  A,<r»|  +  k.a^l  +  A,<r«  J} 

+  cos  4x  {a,  55^2^  '''  +  ^2<^  tIs  «-  +  A3<r*  ^  +  A*<.''  ^^  +  k.a^  ^}- 

All  terms  have  been  retained  which  will,  when  R  is  put  =  a  or  5  put  =  o-,  be  of 
the  order  cr* 

dn        dR       a 

s  being  put  =  cr,  after  differentiation. 
Therefore 


+  <r««x(Ai(j  +  ^a»)  +  A,(-I  +  !^,r»)-!A,,r'} 
+  <^  COS  2x  JAi  ~^g-  +  -^2"^  <r2  j  +  Aj  — ^^—  a*  -  2A3  -  lOA^o^l 
+  (r3cos3x{A/^''g+-^+A3-A-A3i-A,6} 
•+  o-^cos  4x  {a,^^-*  +  A,  -A  -  A,  -  24A,}. 


K    2 
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1  dV 

The  density  at  any  point  ^  ""  JZ  T"  • 


The  charge 


=-h\\-^ 


dn 
'^  r«»  1   dSf 

0  Jo 

0 


This  value  is  evidently  correct,  for  the  potential  at  a  great  distance  is  A^J^  or 


^  Jo  \/»^  +  c*  —  2cr  siu  d  cos  ^  r 


Putting  «  =  o"  in  the  expression  for  V,  we  find 


.                 .     /\  +  1        12\»  +  23X  +  8     ,\ 
^=-^i(-2 64 n 

A    _        k    Ih       12X»  +  21\  -  1  JX 
As  -  -  Ai  ^^g  -25g  <7*y 


A5=-Ai 


128 

5X-  6 
6144 


Substituting  these  values  we  find  that 

,,        Ai  r.     ,   „       4\»  +  8\  +  5    ^   ,    192\'' +  416\«  +  448X  +  171     .    .     "I 
and 


Ii        /2X  +  1        24x1+7    ,\/«r»    ,  \ 


_  Jl.^_  A-Ii  _  /2>-  +  1  _  24X«  +  7 
4ir  dw        4nrac 


/8X  -  1       36X»  +  X  +  13     A    »        „          16X  -  3    ,         „  11  (8X  -  1)     .         ,1 

-  \-[-Q -^^8 *^j  *^  *^°«  2x ^^  <7»  cos  3x  -    -  io24~  '''^  ^XJ- 


[The  capacity  ((7) 


/  f  X    .0       4X»  +  8X  +  5     ,    ,    192X»  +  416X»  +  448X  +  171     .1 
=  ^^|X  +  2 j-^ a^  + 2048 n 
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When 

o-  =  1    X  =  2-3820    —  =  4-3820  -  '0286  +  -0003 

o-  =  2    X  =  1  -6889    --  =  3-6889  -  -0798  +  '0022 

i 

<r  =  3         X  =  1-2834         —  =  32834  -  -1229  +  -0073 

2 

ire 

<r  =  4    X  =  -9957    -  =  2-9957  —  -1691  +  -0152 

'I 

irc 

a- =5         X=    7726         —  =  27726  - '1818  +  '0260 

The  numbers  are  given  which  arise  from  each  term,  as  they  serve  to  indicate 
roughly  the  convergency  of  the  series. 
They  give 

q=    7216c  for  o-=  1, 

q  =    -87000  for  o-  =  2, 

q=    -99170  foro-  =  3, 

q=  VlOGc  for  0-  =  4, 

q=  V200c  for  cr  =  5, 

which  agree  with  some  figures  given  by  Mr.  Hiceb  in  the  '  Phil.  Trans./  1881.    Aug., 
1892.] 

Section  lY. —Motion  of  an  Anchor  Ring  in  an  Infinite  Muid. 

§  10.  All   cases   of  motion   of  an   anchor    ring    in    a    fluid    may  be   found   by 
compounding 

(i.)  Linear  motion  parallel  to  the  axis  of  the  ring, 
(ii.)  Linear  motion  perpendicular  to  the  axis  of  the  ring, 
(iii.)  Rotation  round  a  diameter  of  the  central  circle, 
(iv.)  Cyclic  motion  through  the  ring. 

Let  *  be  the  velocity  potential  in  cases  (L),  (ii.),  or  (iii.),  and  ^  be  Stokes'  stream- 
line function  in  cases  (i.)  or  (iv.). 

Then  (a)  O  and  ^  are  single-valued  fiinctions ; 

(6)  They  and  their  differential  coefficients  are  finite  and  continuous  at  all 

points  of  the  fluid,  and  vanish  at  infinity ; 
(c)  O  satisfies  the  equation  V^*  =  0,  and  ^  satisfies  the  equation 

—       ,      f^   _    1  ^  —   A   . 

ds?         dxa^        m  dw  ' 
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(d)  d^jdn  has  a  definite  value  at  the  surface  of  the  ring ; 
^  has  a  definite  value  at  the  surface  of  the  riiig. 

The  diflTerent  cases  must  be  considered  separately. 

Let  the  figure  represent  a  section  of  the  anchor  ring  through  the  axis  O2;,  at  an 
azimuth  <^. 


Let  P  be  a  point  on  the  surface  and  let  ^  OOP  =  x- 
(i.)  When  the  ring  moves  parallel  to  O::^,  with  velocity  w  ; 


-T"  =  tt;  sm  V. 
an  ^ 


(ii.)  When  it  moves  parallel  to  Ox  with  velocity  u, 


d^ 


—  •=,  —  u  cos  X  cos  <^. 


dii 


(iii.)  When  it  rotates  round  Oy  with  angular  velocity  Oo, 


rf4> 


—   =  —  Cct)j,  sin  x  cos  <^. 


dn 


The  stream  function  for  motion  parallel  to  O2:,  with   velocity  tr,  satisfies  at  the 

surface  the  equation 

(1.)  ^  =  C  +  ^  it?  (c  —  a  cos  x)^. 

For  the  cyclic  motion, 

(iv.)  ^  =  C  at  the  surface  of  the  ring. 

The  formulas  of  Section  I.  show  that  we  may  take 


*  = 


'9'-^  +  A3a*^'  +  &c.}inca8e(i.) 


{AjJi  +  A^a^Jjj  +  Aga^Jg^  +  &c.}  cos  <^  in  case  (ii.) 
=  -{  Aj  ^-^  +  Aj^a*  -7-  +  A^a*  ~-  +  &c.  [  cos  6  in  case  (iii.), 


*  = 


^ 
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and  that  we  may  also  take 

•*  =  r  sin  ^  {AiJi  +  AoCI^Jq  +  Aga^Jj  +  &c.}  in  cases  (i.)  and  (iv.). 

Aj,  Ag,  &c.,  are  constants  which  must  be  found  separately  in  each  case. 

§  II.  Motion  Parallel  to  the  Axis  of  the  Ring. 
Let  the  ring  move  with  velocity  i/;  parallel  to  its  axis. 
The  value  of  the  normal  velocity  is  tv  sin  ^  ^t  the  surface  of  the  ring. 
At  the  surface  of  the  ring  R  =  a. 

Let  a  =  a/c  =  value  of  ^  or  R/c  at  the  surface  of  the  ring. 
Let  X  =  log  8c/ a  —  2  =  value  of  I  or  log  8c/R  —  2  at  the  surface  of  the  ring. 
Let  us  assume  that 

Then  A^,  Ag,  &c.,  are  to  be  chosen,  so  that 

dd> 

-~  =z  w  Sin  V, 

dn  ^' 

dd> 

-^  =z  cw  sm  X' 
Differentiating  the  formulae  (B)  of  §  3,  we  find 

18^  +  3   .         .   360^  +  183   . 


256 


,   360^  +  183   .     o      1     los     •     R  \  4       t,    \ 
^^^X+      ^8      sin  3x  +  90  A  sin  5x ) «  -  &c.  | 


l(S)  =  .^/{2«^2x  +  (|8inx  +  i8in3x) 


-  (— 64~  sin  x  +  AV sin  3x  +  rf ysin  5xj  «*  —  &c.| 


^(S)  =  l;^{3«^3x  +  (|sin2x  +  i8in4x) 


+  (If  sin  x  +  M  sin  3x  +  A  sin  5x)s*  +  &c  I 


f©  ~  ^  r  ^''^  *X  "*■  ^^  "°  3x  +  I  sin  5x)s  +  .  .  . 
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At  the  surface  of  the  ring  5  =  cr  =  ajc :  and  we  have  the  following  equations  to 
determine  the  constants  : — 

-  ^f  Aj  +  As  -i-  24A4  =  0 
These  equatious  give 


12X+1 
128 


Aj  =  — ttt;;^ —  cra^cw. 


A»  =  el(^  +  -^-')«'- 


A5  =  2,-4  a  c«'- 


Thus 


*  =  "^"'U^  + -32-'^  +  - •  •)  ^+ n[28-^«'^  + •  •  •} 


The  kinetic  energy  is  given  by  the  equation 
=  —  pie;  27r       (c  —  a  cos  x)  sin  ^  ^  «c?X 

Jo 

=  —  2npacw       (sin  X  ~  o  ^^^  ^x)  ^  <^x 
where  M  is  the  mass  of  the  fluid  displaced. 
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§  12.    Velocity  Potential  for  a  Ring  woving  at  Right  Angles  to  its  Axis. — The 
velocity  potential  O  is  of  the  form 

{A^Jj  +  Aja^Jj  +  Aja^Jj  +  •  •  •}  cos  <]*. 

The  constants  are  to  be  determined  from  the  condition  that  the  normal  velocity  at 
the  surface  of  the  ring  is  —  u  cos  x  ^-'os  ^. 
Thus 

-r-  =  —  M  cos  Y  COS  <p 

d<P 

—  =:i  —  CU  COS  X  cos  <}>. 

Now  the  formulae  (C)  of  §  3  give  on  differentiation 
rfj.       If      ,    .   i  -  2  ,    m-1    ,   61-11        „   \   „ 

,    mi -ZO  .15^-28         „    \    , 

+  [      64       °Q»X+   -6r~*^^^XJ«' 

.    /135i-27    .    240/ -83         „      .  420/ -  809  ,    \   .    ,  1 

+  i"l28- +  ""T92~  *^"  2x  +       3072       cos  4xj.*+ .  •  •}• 

=  ^  {- cosx  -  ^  -  (— |j- cos  X  -  A  cos  3xj  s2 

.   /12/-1       12/  +  13        o     j^    B         .  \^ 
+  (^—64 ^^  cos  2x  +  ifecos  4xj  s* 

,    /54/-  15                 105/ +  61         o       ,     lOB  c   \  4  .  1 

+  (,     256      '^^ 256~  ^^  ^X  +  ^^  ^^^  5xjs*  +  .  .  .  [• 

=  ^  |-  2  cos  2x  -  fi  cosx  +  i cos  3xjs  -  -V^.?* 

+  {-  -  —^4 —  cosx  +  -ftVcos  3x  +  rfycos  5xW  +  •  •  .j- 

rff  =  ^  {-  6  cos  3x  -  (10  cos  2x  +  cos  4x)  s 

—  (^  cos  X  +  H  cos  3x  +  T^  cos  5x)  +  .  .  .}. 


dJj 
da 


da 


d.h         1 


— '  =  ^  {-  24  cos  4x  -  (A^cosSx  +  f  co8  5x)«  -  • .  •]. 


d.\        1 


;ir  =  ^{-l20cos5x-..  .}. 

MDOOCXCni. — A. 
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Therefore,  the  equations  giving  Aj,  Aj,  &c.,  are 

/X-2       99X-30      \  /  4X  +  17    ,       64X-15      N 

^^\     2     ^        64  .         ;  +  ^2  \       ^  32      '^  ^       256      "^ ) 

+  Aso^(-  I  -  -^4—  <r«)  -  ^A,<r*=  -  c»t*. 
A,(^  +  ?^^<r»)  +  AX(--^^-^)-2A3-10a«A,  =  0.  ^ 


+  A^  (-  6  -  H  <^)  -  -^  <^  Ab  =  0. 


Ai^^^^^^+^A,-A,-.24A,  =  0. 


3072 

2%  As  +  xk  A3  -  A  A,  -  i  Afi  -  120Ae  =  0. 

These  equations  give 

A3  = ^—  <^  c^w- 

^*  -  V64  384      *^j  *'  ^• 

■^8  ~  384  ^*"' 

A     _A    2 

The  kinetic  energy  is  given  by  the  equation 

d4f 


{ A^Ji  +  A^a^J  + . . . }  cos  <^  li  cos  X  cos  <^  (c  —  a  cos  x) « c?x  d<l> 

0  Jo 

=  Twcti  r  (AjJi  + . . .}  jcos  X  "*  I  ~  J  ^^s  2x|c?x- 


MB.  ¥.  W.  DYSON  ON  THE  POTENTIAL  OP  AN  ANCHOR  EING. 


75 


This  is  evaluated  by  picking  out  the  coefficients  of  cos  Xi  <^>  ii^  the  expansions  of 
Ji,  Jj,  ice.,  given  in  §  3  (C),  and 


r'att  I Ai  (- ^^  <r  +  ^^  <r3j  +  A2  ^<r - 


20\  +  17    ,   ,    18X  +  29    A     ■ 


32 


256 


M«»r  12X  +  5    e       144\«  +  24X  +  57     ^l 

2    1  16  "^  512  *^  J 


+  A,io^  +  A,^a'] 


§  13.  i?m(7  rotating  about  a  Line  through  its  Centre  in  the  Plane  of  its  Central 
Circle. — The  velocity  potential  O  may  be  taken  to  be  of  the  form 


JAif +  A,a«f '+...}  cos  <^. 


The  constants  Aj,  Ag,  &c.,  are  determined  by  the  boundary  condition 


=  —  co)ti  sin )( cos  <^, 


or 


1* 

ds 


--  =  —  c^ctij  sm  X  cos  <p. 


Differentiating  the  formulae  (D)  of  §  3, 


+  (— 3§—  si"  2x  -  •jff  sin  4xj  a* 


,    /90/-3    . 
+  (-256- "'^  X  + 


1080i  +  9    . 


2048 


sin  3x  -  tWff  sin  5xj  s*  } 


£(f)  =  ^{2«-2x+(f8inx+i8in3x) 


H 


-g^sinx-xfif  Bio3x-Tf?sJn5x)«'  +  -    • 


d  fdi 
da 


(%)  =  h^^  ^'^  ^X  +  (5  Bin  2x  +  sin  4x)  s    . 

+  (Jgt  sm  X  +  H  sin  3x  +  A  sin  5x)  s*  +  .  .  .} 

I(f)  =  ^^24sin4x  +  (¥8in3x  +  |sin5x)a  +  ...] 
I(f)  =  ^120sin5x+.. 


L  2 


76  MB.  P.  W.  DYSON  ON  THE  POTENTIAL  OP  AN  ANCHOR  RING. 

The  equations  to  determine  Aj,  Aj,  &c.,  are,  therefore, 

+  Ascr*  \^  =  —  aVwg 
A,  ^-^\p  <7^  +  2  A,  +  5  A3«r2  =  0 

Ai(--/^  +  ^-^oy-V)  +  A3a  I 

-  -e'V  Ai  +  A3  +  24A^  =  0 

Tb~ts  A]       Tag-  Aj  +  •i'y  A3  +  3^  A^  +  120  A5  :=  0  J 

These  equations  give 

A  /i        12X-l_e   .    144X»  -  168X  +  21     A    », 

A,    ob\  +  7     o     00 


A,= 


-(^*-'^ll2^^)«'^''"^' 


^i=  —sh  o?(^<ai ', 

-^6  =  -  §n  «*<'^<"«- 

The  kinetic  energy  is  given  by  the  equation 


=  j   £  ca»2  sin  X  (c  —  a  003  x)  (Aj  -^  +  A^a*  — '  +  .  .  .  I  cos*  «^  a  dx 
=  Trac'wj  j^  (sin  X  -  I  sin  x)  (a^  -^  +  •  •  •)  <ix 


-.  c^o.,'  r ,         12X+  7  _2    ,    18X^  -  3X  +  5     ^  I 
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§  14. — Stream  Line  Function  for  a  Ring  moving  'parallel  to  its  Axis^  and  for  the 
Cyclic  Motion  through  the  Ring. — Let  the  velocity  of  the  ring  be  w^  and  the  circula- 
tion be  K. 

Let  t/r  be  the  stream-line  function. 

Then 

d^         dm^        ro  dm 

at  all  points  of  the  fluid. 
At  the  surface  of  the  ring 

^  —  ^WVlP'  =  coi\st., 

or 

xjj  =  Ak  +  wc^  ( B  —  cr  cos  x  +  7  ^^s  '^XJ- 

We  may  therefore  assume  ^  to  be  of  the  form 

Using  the  values  of  Jjcr,  Jgisr,  &c.,  given  in  §  4  (E), 
The  equations  giving  the  constants  A^,  Ag,  &c.,  are 


A,(-^  +  l 


+  2i^  ^)  +  A.  (l  -  ?5^V)  +  Aa -' =  — ^ 


^»  ~l92  32  "  T  "^  ''^^  ~  " 

.    15X-8        Aj        Aj       A,  _ 

'^l    3072     "  128  "■  32  ~  2'  "•"  "^^  ~  "' 

Another  equation  is  found  by  using  the  fact  that  the  circulation  is  k. 
Integrating  round  a  circle  concentric  with  the  crosss-ection  (radius  <  c),  we  have 

«=r(-^i)i*<'x 

Jo 


^ 
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Differentiating  the  equations  of  §  3  (E), 


dR 


(Ji«r)  =  ||-l-2«C08x  +  (-^  -  =—"  cos  2xjs2 


.    /9/  +  12  3/ -2         »  \  .a   .    /3/  +  2    .    6/  +  7         _  60^  -  47         .Nxl 

+  (-eT-^X  -  -64-C08  3xj«»  +  (^-i2g-  +  -96-C08  2X  -  ^072" ^« *X j «* | 


^ 
(^E; 


(Jjw)  =  --  j-  cosx  -  I  -  \32~  co»X  +  ^cos  Sxjs* 


+  \      64  ^    ~  ^l6^^^  '-^X  -  Acos4x)«8  +  . .  .| 


J  1 

^(Ja^^)  =  ^i  {-  2  cos  2x  -  (|co8x  -  icos  3x)s  -  ^^. .  •}• 


Also 


=  -(1  -acosx)"^ 


c  —  R  cos  X       0 

=  cll+-2+   8+2cosx2(1  +  T  +  t) 

+  2  cos  2x  4-(  1  +  s«)  +  2  COS  3x  g  +  . . .  I 
Therefore 


2w 

c 


Similarly 


T'-l/T    X      ^dx      _  2Tr 
~JorfR^'^«"'c-Rco8x~  c» 

JodR^*''»''^-Rco8v-^  c« 


X 
&c. 


Therefore 


=  ^f{A.  +  ^  +  3V:  +  ...} 


=  ^  {Aj  +  Ajo^  +  SAjcr*  +  &c.}. 
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Thus  we  have,  in  addition  to  the  equations  above,  for  the  determinations  of 

•^l>  •**-8>  wC., 

A,  +  Aj<r«  +  SAjo-*  +  &c.  =  ^ . 
Solving  the  equations 

A,  =  ^.^(l  +  ^V)  +  e  (l  -  ^-±i  o^  -  ^±:^  ^) 


^=_^(.+-ti<.)  +  ^(^_±i  + 


4X«  -  19X  -  18 


64 


■•) 


12X  —  1    .    KC  /3X-\-2    .    12X*  +  X  +  1 


A,  =  -  UH^a^  -----  +  ^ {—^  + 


256 


^) 


A,=  - 


A5  = 


„   1     ,     KC  9X  +  10 
«'^^+  2^-384- 


^^'^i?  + 


/cc  SIX  +  56 
2ir     18432 


Substituting  these  values  we  obtain 


B 


4X»  +  8X  +  1 
16 


_o       2X»  +  9X»  +  6X  -  44     .1 

"^ 64 — -n 


2X  +  3   .   4X»  +  5X-2 


+ 


64 


1- 


The  kinetic  energy  is  given  by  the  equation 

Aic  +  i/'c^  (B  —  a  COS  Y  +  -T  COS  2y)  , , 

^^ ^-^ ^t«^x 

0  c  —  a  COS  X  dR        ^ 

=  ">r{*'+-'(«-i-T)}(-ii)«'''< 

fa- 

Jo 
=       it/jAk*  +  W/OC*  ( B  —  i  —  —  j  K  u> 


irpacw 


4- wV"^  ] -^1  ( 1  ~ 


X+1    -  ,  3X  +  5    .\ 


Aj — 32 — <r*  +  iA3<r* 


^ 
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« 

Ths  coefficient  of  kw  vanishes,  as  it  necessarily  should  (Basset,  '  Hydrodynamics,' 
vol.  1,  art.  171),  and  the  kinetic  energy  of  the  forward  motion  and  the  cyclic  motion 
is  given  by 


2T 


=  M«;2(l  +  ^^<r»+... 


The  first  part  of  this  result  agrees,  as  far  as  it  goes,  with  the  result  of  §  1 1 . 

§  15.  As  the  cydic  motion  through  a  ring  is  of  considerable  interest,  it  seems  worth 
while  to  give  other  proofs  of  some  of  the  above  results. 

To  find  the  circulation  we  may  integrate  the  velocity  along  the  axis  of  the  ring 
from  —  00  to  00 ,  and  then  along  a  semicircle  from  oo  to  —  oo . 

^  =  {AiJiw  +  Aga^  Jjtnr  +...}.* 

The  velocity  of  the  fluid  at  any  point  on  the  axis  is  the  limit  of  -  ^,  where  cris 

indefinitely  small. 

Consider  the  part  arising  from  the  term  k^i^m  or 


1    tar  001 


.  w  COS  0  dif> 

^  ^         //^     L    -2    -2WCC0S<^-|-C2j* 


A^   c?    I  m  CGI 

Jo 


T.          1.     .,      « Ai    c?    I                     xaGOBd>dd> 
It  =  hmit  ot  —  —  •    -^^ 


2mc  cos  0  4-  c^ 


,.     .       ^  r          Aj  (2^ -f  c^  —  roccos^)  .    ,. 

=  hmit  of  I   —7---      V     o A       QNi  cos  <6  dip 

Jo 


Jo 


ttAjC 

We  may  notice  tluit  at  the  centre  of  the  ring  this 

7rA| 

•  As  we  are  only  considering  the  cyclic  n^otion,  only  the  parts  of  Aj,  Aj,  Ac,  which  involve  *,  are 
denoted  l>y  these  lettera  now. 
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Again,  the  part  of  the  velocity'  of  the  fluid  arising  from  the  term  A^Jicr  in  the 
stream  function  along  an  arc  of  a  very  great  circle  whose  centre  is  at  the  origin,  is  the 

limit  of---(AiJicr) 

,.    .,     -  A,      ['' sin  0  (c^  —  a*  sin  0  COB  6)  ,    ,, 

=  hmit  of r^       .  o  .    o — 7, ^— B 1^1  cos  <^  rf<^ 

r  sin  0  }q  (f^  -\-  (T—  2cr  Bin  0 cos 0)*         ^    ^ 

ir  A^c  sin  0 

Therefore,  the  part  of  the  circulation  rising  from  the  teim  AiJiw  of  the  stream 
function  is 


L,-?^.*+£l^'-<'* 


2'7r   . 

=  —  Ai. 

c        ^ 

Now  the  part  arising  from  A^a^Jocr^  or  —  A^a^  —  {'^1^)9  ^s  obtained  by  differentia- 

C  ttC 

tion  with  respect  to  c,  and 

=  A^a^  -J  • 

Therefore,  the  circulation  is  given  by 

K=  y^JAi  +  Agcr^+l  .3A30-*+  1.3.5.A4  0^+  .  .  .1, 

agreeing  with  the  result  already  obtained. 

We  also  see  that  the  velocity  of  the  fluid  at  the  centre  of  the  ring  is 

IT  A I 


C2 


-  A,a^-^^(^)  +  .  .  .  =5  {A,  +  2crSA2+  8cr^A3+  . . .} . 


The  kinetic  energy  of  the  cyclic  motion  may  he  obtained  simply  in  the  following 
way— 


« = '>  if « t^- 


the  integral  being  taken  over  a  barrier. 
This 


=  ''11'^^^'^^''^^ 
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where  xff^  denotes  the  value  of  t/r  at  the  surface  of  the  ring  and  i/r^  at  the  axifl.     This 
result  applies  to  the  cyclic  motion  through  a  circular  ring  of  any  cross-section. 

We  have  taken  i/^a  to  be  zero,  and  called  i/tr,  A  :  so  that  we  have  T  =  irpic  A. 

The  Linear  Momentum  of  the  Cyclic  Motion  is  parallel  to  the  axis  of  the  ring  and 


=p\\\l£'''^'''^'''^'- 


the  integral  being  taken  all  over  the  fluid. 
This  integral 


VJ 


=  47r/)  I   (t/»„  —  V'a  +  'An-  —  "Aa)  d^  +  Airp  f  {i/».  —  V'a)  dz. 

Jo  Ja 


We  have  taken  t^^^  =  0. 

^  is  constant  on  the  ring,  so  that 


^B'  —  ^B  =  0. 


oo 


Therefore,  the  resultant  linear  momentum 


J  a 


=  4ir/)  J    ^^  dz, 


where  xft^  means  the  value  of  i/r  at  an  infinite  distance  from  the  axis. 
Consider  first  the  part  of  i/r^  arising  fronx  the  term  AiJitnr. 
This  is  the  limit  of 


where  vr  is  infinite. 
This 


.     r* w  cos  ^  d<f> 


2tjc  cos  ^  +  tar") 


=  ^^  fo  7(^^  {'  +  7^}  ~'  '^  ^^ 


.     TT       cm 
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Therefore  the  momentum  of  the  cyclic  motion  is 


4irp|(AiC  -  A^l"- A3^  -  I.3.A4.I  +...) 


=  2it^pc{A^  -  Asjcr^- A30-*-  1.3.A4  0-6  ^  I.3.5.A5  o^  +  .  . .} 
=  u^Kpc  |l  -  (X  +  ])  cT^  -  ^^'  "^32^  ""  ^  ^*  -  &c.|. 

§  16.  The  cyclic  motion  might  have  been  started  by  applying  an  impulsive 
pressure  Kp  at  all  points  of  the  aperture  of  the  ring,  this  would  produce  an 
impulsive  pressure  at  all  points  of  the  ring.  To  determine  this,  the  velocity 
potential  of  the  cyclic  must  be  found  at  these  points.  It  is  easy  to  find  an 
expression  for  the  velocity  potential  at  .points  not  far  from  the  surface  of  the  ring. 

For 

d<^  1    d^' 

1  // 

=•"■;;;  ^  {AjJiw  +  A^a^  Jgw  +  A^a^  J3BT  +  . . .} 


w  dR 


Ai 


cR  (1  —  s  cos  x) 


[,    ,1  [1  +  2       21-1        „  \  . 

f  91+12  SI -2        „    \., 


(U  +  2   ,   6/ +  7        -  60/  -  47    '        \   4  \ 

■M'  r  ■    «   .    /20i-3  .     ,  „    \   , 

+  c'R«(l-3C03x)  i°<>«X  +  2  +  {^2-^«X  +  ^C083x)«* 

/20/  +  37       SI -I        „        ■  .   \   ,    .      1 

~  i"~64 T6~*^  ^X  -  (^C08  4XJ  A  &<?•  I 


A,o* 


+  ^i^(rf7^^(2co82x  +  acosx-ico83x)^-¥^} 

A  «• 
+  g*R4(iJ,gco8x)  ( 6  cos  3x  +  (8  cos  2x  -  cos  4x) s]  +  &. 

Expanding  t-^ in  ascending  powers  of  or,  and  multiplying,  d^/dx  is  easily 

expressed  in  cosines  of  multiples  of  x 
The  term  independent  of  x  is  kI2v 
On  integration,  we  obtain 

M  2 
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<t>  =  const  +  ^  X 

5/ +  4 


+ 


32"  «*  «i"  3X  +  — 1024      ^  ^'^  M 


,    AjcrS  //  20/  +  37    j\    .  ,    /«    .    16/  +  21    ,\    .     . 

+  iftrs*8in  3x  +  -rfFS^sin  4x1 

A  <T* 

+  "^{"y^«8inx  +  (l  +  i  «*}  sin  2x  +  i  «  sin  3x  +  1^ «*  sin  4x} 
+  7?  l^^  *  ^'"  2x  +  2  sin  3x  +  ^  sin  4x| 
+  -^4sm4x. 

This  holds  only  at  points  not  far  from  the  surface  of  the  ring. 
At  the  surface  of  the  ring  «  =  cr.     Substituting  the  values  of  the  constants  given 
in  §  14,  we  find  that  here 

.          K    \          /2X  -f  3        ,    8X2  +  28X  -h  11     „\    .         ,    16X  +  15     .    .     „ 
^  =  2^  |X  +  (^-  cr  + g^  -    -  orsj  sinx  +  —^-  a^sm  2x 


I    57X  +  49  _^   .     o    j_  1,    1 


This  gives  the  impulsive  pressure  at  any  point  on  the  surface  of  the  ring. 

The  momentum  of  the  cyclic  motion  may  be  deduced. 

It 


=^  n  {c  ^  ay  Kp  —    ^  sin  X  c?S 


iTKp  {c  —  a)*  —  2rra      <I>  sin  X  (^  ""  ^  ^^  x)  ^X 


0 

'2w 


=  VKp  (c  —  af  —  2J^27rac  j     (sin  X  —  2  ^^^  ^x) 

/      ,     r2X  +  3       ,    8\>  +  26X  +  11  _.l    .         ,    16X  +  15  _o    •     „  \  j 
\X+  \'~T~<^+ 64 o^|8mx  +  — 32 — a*8m2xjrfx 

2J1        o      1   _2   .   /o  «^\       _s /2X  +  3    ,    8XMJ6X  +  U    ,\  ,    16\  +  15     .1 

=  ir»c/)c"|l  —  (\+  l)o•2  — 


4x2  +  5X  -  2     . 
32 "" 


which  agrees  with  the  result  already  obtained. 
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If  the  cross-section  of  the  ring  is  very  small 

and 

*  *.*J./^  +  2.   3/4-2    ,\    .         ,   /6/  +  7  ,   .    15  +  7   A    .     . 

+     32~  «*  «'^.  ^X  +         i"^24^  **  sin  4x  +  . . .}  . 

But  in  this  case  ^  is  proportional  to  n  the  solid  angle  subtended  by  the  ring  at 
any  point. 

Hence  the  solid  angle  subtended  by  a  circular  ring  at  a  point  near  it  is 

n'^  -  X  -  (^-  ^  +  -  64    ^) '"'  X  -  (-32-  '  +  TsT"  ^ j  «'^  ^X  -  &c-  j 

§  17.  The  kinetic  energy  of  the  fluid  has  been  calculated  for  the  different  motions  of 
the  ring.  To  find  the  kinetic  energy  of  the  solid  ring,  its  moments  of  inertia  round 
the  axis,  and  round  a  perpendicular  to  the  axis  through  its  centre  must  be  found 

Let  p  be  the  density  of  the  ring,  and  M'  be  the  mass  of  the  ring. 

The  moment  of  inertia  round  the  axis,  is 

rr2irp'(c-  Rcosx)*RcCRdx 

=  4ir2p'  r  (c»  +  I  cTl»)  R  dR 

Jo 

=  M'  (c^  + 1  a^). 
The  moment  of  inertia  round  a  perpendicular  axis  is 

f'p27r/)' (c  -  R  cos  x)  J(irA2??-X)!  +  R2  sii^s  ^ Jr  ^r  ^^ 

§  18.  Therefore,  p  being  the  density  of  the  fluid,  M  and  M'  the  masses  of  the  fluid 
displaced  by  the  ring,  and  of  the  ring,  respectively,  the  kinetic  energy  is  given  by 

2T  =  P  (u^  +  v^)  +  Rw;^  +  A  {^.^(^  +  o^i)  +  Ccog^  +  Kir, 


86  ME.  F.  W.  DYSON  ON  THE  POTENTIAL  OF  AN  ANCHOR  RING. 

where 

^       M  /,        12X  +  1  _»    ,    144X«  +  24X  4-  57     A    ,    i^,, 

A  =  M^(^1 16—'^  + 64^ or*j  +  M2(l  +  |<r2), 

C  =  M'c*  (1  +  I  o^), 

„  /.        4X»  +  8\  +  1  _s       2X.»  +  9X'  +  6X  -  e     A 

Also  the  linear  momentum  of  the  cyclic  motion  is  given  by 

§  1 9.  The  motion  of  a  ring  iu  an  infinite  fluid  is  discussed  in  Basset's  *  Hydro- 
dynamics/ vol.  1,  pp,  196-208. 

It  is  there  shown  that  if  a  ring  be  set  rotating  with  angular  velocity  (o  about  a 
diameter  of  its  circular  axis,  it  will  make  complete  revolutions  if 


>z^/ 


0,        -  K 


AP(R-P)' 
but  will  oscillate  if 

R  "~ 
AP  (R  -  P)  ■ 


(O 


<z^/ 


Putting  in  the  values  of  the  constants,  a  very  fine  ring  will  make  complete 
revolutions  if  

and  will  oscillate  if  

A  possible  steady  motion  of  the  ring  occurs  when  it  moves  with  velocity  w  parallel 
to  the  axis,  and  has  also  an  angular  velocity  a  round  its  axis.  It  is  shown  that  this 
motion  will  be  stable  if 

(Rw  +  Z)[(n-T)w  +  Z]  +  ^P 

is  positive. 
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Substituting,  we  see  that  the  motion  will  be  stable  for  any  value  of  il  if 

Therefore  the  motion  is  stable  for  all  positive  values  of  w,  and  for  all  negative 
values  numerically  less  than 

iCC  p 

or  numerically  greater  than 

KC 

The  motion  is  stable  for  values  of  w  between  these  values  if 

The  greatest  value  the  right-hand  side  can  have  is  •  • 

i(^(^  p  (3p  +  2p0 

Therefore  the  motion  is  always  stable  if 

J^       /PJ3P±M. 

« 

Another  possible  steady  motion  of  the  ring  is  for  it  to  move  round  in  a  circle,  as  if 
it  were  a  rigid  body  attached  to  an  axis  in  the  plane  of  the  ring.  Mr.  Basset  shows 
that  if  T  be  the  time  of  a  complete  oscillation,  and  r  the  radius  of  the  circle  described 
by  the  centre  of  the  ring,  then  r  =  T/m .  Z/R.  When  the  ring  is  very  fine  this 
becomes 

T      CK       p 

^'  ~  167r«  a^  p  +  p'' 


Section  V.—  AnniUar  Form  of  Rotating  Fluid. 

§  20.  In  order  that  a  surface  may  be  a  possible  figure  of  equilibrium  of  rotating 
fluid,  it  is  neceesary  that  V  +  ^h"^  sin*  d  should  be  constant  over  the  boundary. 

Let  us  assume  that  p  =  a  (1  +  ^i  cos  x  +  A  ^^s  2^  +  ^3  cos  3x  +  •  .  .)  is  the 
equation  to  the  cross-section  of  the  annulus,  and  that  /S^,  /S^  &c.,  are  small  quantities. 
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Then,  by  making  C  the  centre  of  gravity  of  the  cross-section,  we  obtain  the 
equation  fi^  +  fiifii  +  1^2^^  +  .  •  .  =  0  ;  so  that  fii  vanishes  compared  with  fi^* 

We  shall  show  that  ^2  ^s  ^^  order  o^,  ^83  of  order  o^,  &c.,  where  a-  denotes  a/c,  and 
is  taken  fairly  small. 

To  the  first  order  of  the  small  quantities  ^Sg,  ^83,  ^84,  the  potential  of  the  ring  is  the 
potential  of  the  solid  ring  r  =  a,  together  with  the  potential  of  a  distribution  on  the 

ring  of  surface  density  a  (fi^  ^^^  ^X  H"  A  ^^^  ^X  "^"  ^4  ^^^  ^x)»  ^^  ^^^  ^  most  con- 
venient to  find  the  potential  in  this  way,  Hud  take  account  of  the  terms  arising  from 
$2^  separately. 


§  21. — To  find  the  Potential  of  a  Surface  Distribution  afi^  cos  2;(  on  the  Ring  at 

a  Point  on  the  Axis. 

Let 

Z  OCQ  =  X'  ^  OOP  =  a:  z  PCQ  =  f 

OC  =  c  :  CQ  =  a  :  CP  =  K 
Then 

V  -  9„n^  r  (c-acos  x)  A  COS  2^     ,  . 
~  Jo  v/(K'  -  2aR  cos 0  +  a«)  "^^ 

_  27r^p|^^g  2  (<^  +  a)  -  I  cos  (<^  +  a)  -  J  COS  3  (<^  +  a)| 


=  — ^  —  I    ^  COS  2<f>  COS  2a  —  -  COS  0  cos  a  —  -  cos  30  cos  3 


-} 


{i  +  JPi  +  gP^H-...}^^. 
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since  such  integrals  as 

I   s\n  2(f)  P„  (cos  <^)  dff} 

Jo 

vanish .     Therefore 


""     R 


art'  a*  a*  1 

—  cos  2(f>  Po  +  —  cos  2(f)  ?^  +  —  cos  2<^  Pft  +  .  .  .  W/<^ 


+  -^  A  cos  aj    |-  I  i^cos  <f>  Pi  -  ^  ^,  cos  <^  Pi  -  .  .  .|c/<^ 
+     Er^«  ^^®  ^^0  I       2  R^  ^^^  3<^  P3  -  2  R5  ^^®  ^"^  ^B\d<f> 

=  ^2  "iT"^^®  ^"^  r  i^  +  ^^  Ri  +  ^^  R«  "•■  •  •  J 

""  ^«^~  2  °^  "Ik  +  ^r^  +  •  •  •} 

-A      r"    2^^^^''l^R^  +  ^^R^'*"  ••  •}' 

the  integrals  being  found  at  once  by  using  the  expansions  of  P^,  Pg,  &c.,  in  cosines 

of  multiples  of  <^. 

c  2c^  ,       4^        3c 

Substituting  now  -  for  cos  a,    -  —  1  for  cos*2a,  tTJ  —  ^  for  cos  3a  :  we  find  for  the 

value  of  the  potential 

Similarly,  the  surface  density  afi^  cos  3x  gives 

V  =  2,ra«c/83  {-  ¥f  +  I  pf  -  flf  +  .  .  .}  . 
and  the  surface  density  afi^  cos  4;^  gives 
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To  find  the  part  of  the  potential  involving  )8/. 


The  j)otential  of  the  ring  at  P  is  given  by 


V  = 


np 
{c  —  r  cos  y)  r  dr  d^ 
0 

Jo 


U-fl' 


+     ::!  -r°««X 


/J,  (COS  «^) 


+ 


...} 


^'X- 


Now 


therefore 


/3  =  «(l   +^oCOS2x+   .  .  .). 

p2  =  a«  |l  +  2i8.,cos  2x  +  .  .  .  +  1'  +  f '  cos  4x  +  . .  . 

p^  =  aS  |l  +  3)82  cos  2x  +  •  •  •  +  ^f '  +  ^f '  cos4x  +  ...}. 

&c. 

Therefore,  the  terms  wliich  will  give  rise  to  terms  of  highest  order  in  fi^  at  surface 
of  ring  are 


0 

=  ^-^iH^i  j^^^  +  i  .  If  COS  4a  1^1 

=  2^aW{^R  +  Wf}. 
Collecting  these  results,  the  potential  of  the  ring  at  P  is  given  by 

Js  =  n  (•  +  f )  + 11  (- 1  -  iv)  +  *  { -  S  +  A  (I + .V)  -  «^a} 


+  &C. 


-  /aWiS^  -  M<^)83 + ¥)84  +  VM»} 
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§  22.  The  potential  at  any  point  external  to  the  ring  whose  polar  coordinates  are 
r,  0^  is  found  by  writing 


If ^A &c. 

ttJ  0  \/(^  -h  c^  —  cr  sin  5  cos  ^) '        * 


instead  of  1/R,  1/R\  &c.,  as  in  Section  II.,  §  5. 
Instead  of  1/R,  l/R^  1/R^,  &c.,  we  write 


Ii         I2  I3  I.  I5 


TT  '        TT  '        Zir'        S.S-tt'        3.5. Ttt* 


Therefore,  the  potential  at  any  point  outside  the  ring  is  given  by 


V 

-5-  =  AJi  +  A2  oc  lo  +  AgaV  I3  +  &c., 


where 


27ra^c 


Aj  =  -  J  -  J  "ft 


(T* 


^  3  =  -  ri)2  +  ^^  ^ '  +  '^^«  °"'^  - « ^^3 


A    —  ^-{  —    '^ 


^;4-^«^^.  +  ii83) 


*       ''  \      2"        25G         32  "•"  8  "''   32 

Using  the  expansions  given  in  §  3  (A),  the  potential  at  a  point  R,  ^  near  the  surface 
ot  the  ring  is  given  by 

2W  -  A,  (^<  +  2  +      jg     .s   +       2048      *  j  +  A^o-^     _^      +     ^^g     «  j  +  ^3(7-      ^^ 

+  cosx  JA,  ('-|-'  .  +  '^^y  *«)  +  A,<r  (^-  +  ^^^^)  +  A3or2£} 

+  cos  2x  |A,  (^— -  8'  +  -^^^  «*j  +  k,^\^  +      ^^      «- 

+  A3<r«  (^  +  1)  +  A.cr*  II 
■V  cos  3x  { Ai  ^'-+ ^*  ««  +  A,(r  -33,  .  +  A3<r=  \^  +  A.c^  |} 

+  cos4x{A,^^^^^^^^5^+A,<r,f8«-^  +  A3<r^A  +  A,cr«2^,+  A,<r*^ 

where  as  before,  I  stands  for  log  (8c/R)  —  2,  s  for  R/c,  and  o-  for  ajc  . 

N  2 


92  MR.  P.  W.  DYSON   ON  THE  POTENTIAL  OF   AN   ANCHOR  RING. 


§  23.  At  the  surface  of  the  ring 

v  + 

is  constant.     Therefore 


€ol^m^ 


CO* 


y  +  -lc^^cosxf 


2 


is  constant  at  the  surface  of  the  ring,  or 

is  constant,  when 

«  =  o-  (1  +  ySj  cos  2x  +  ^8  cos  3x  +  yS^  cos  4x). 


Let 


be  called  /{a). 
Then 


V      ,     arV   .,  ^ 


/(.)=/(o-)+/(<r)<r(y8,cos2x  +  .  .  •)  +  4/"(<r)<r»i8,*^^^'*^. 


Now 


,'W  =  A,(-l  +  |,)-A^|  + 


47ra* 


s 


and 


+  C08x|A,---^-— ,|C08X 

+|cos2x|A,-^« ^+W*J 


Therefore,  tr/"  (<r)  (^j  cos  2  x  +  &c. ) 

/         6\+l  A        I      «'«"      '^\/9 

,    /.     X  Aj        ftr^c*      \  ^ 

+  {(*' J  "  -  ¥  -  S  "■)  ^' -  •*'A}  o<»  3% 

+  {(a,  ^\t '  "^  -  A.  +  S  f )  ft  +  (a,  ^  -  t  -  £i  -)  A  -  A  a}  -  4x. 
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and 

All  terms  which  are  of  order  higher  than  cr*  have  been  neglected ;  and  throughout, 
it  has  been  assumed  that  6>V/47ra^  is  of  zero  order  in  o",  ^82  of  the  second  order,  ^83  of 
the  third,  and  so  on — an  assumption  which  will  be  justified  by  the  result. 

The  value  of 


at  the  surface  of  the  ring  is 

+  A3|<r  +  ^J,(-2cr-<r^ 

+  cos  2x  { A,  ('-^'V  +  ?^^  <r*  - /8,  +  ^cr^^^  +  ^  ^^83) 

+  A,(J+ '^gf  V -^i8,  -  ^^83)+ A3(l  +  |<r«) 

+  A34  +  2A,-— ,<r^,} 

+  COS  4x  I Aj  (  — 3524"  "^  "*■      32     ^^^^  +  3  '^Ps  "  P*  +   4- 

+  Aa  (xf?  CT»  -  J  ^83)  +  A3  (jAf  (T*  - /g^) 

+  A4+6A3  +  ^(f^,-<r^3)}- 

Equating  the  coefficients  of  cos  ^y  cos  2;j^,  cos  Sj^,  cos  4;)^  to  zero,  we  obtain  four 
equations  to  find 


47ra^ 
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Substituting  the  values  of  Aj,  Aj,  &c.,  these  equations  are 


4X  +  3    .    12\  -  1 


4X-1 
16 


)8.  =  0, 

4X  +  1 


16 


<r« 


64 


+K^-:^)i^^-^^«=«' 


/So^      ,     6>»c2/ff2 


+  ^^i?  ^*  -  4  ^» 


=  0. 


These  equations  give 


0) 

TT 



(X  +  |)cr= 

-i(X  + 

1!)  <-* 

i8, 

= 

$(\  +  T7^)a^+  A(X- 

-H)<^* 

1  - 

-  (X  +  i)  «^ 

i83 



if  8   {^  - 

fi. 

mmZ 

75X-  4-  SOX 

+  21     ^ 

where  a  =  a/c  and  X  =  log^  (8c /a)  —  2. 

The  result  6>7^  =  (X  +  |)  o-^  is  given  by  Mme.  Kowalewski  in  a  paper  on  Saturn's 
rings  in  the  '  Astronomische  Nachrichten  '  for  1885.  She  finds  iS^  =  ^  (X  +  |)<r^. 
M.  P01NCAR6  also  gives  a)^/ir  =  (X  -f  |)  o^,  and  finds  ^^  =  |  (X  +  |)  o-g.  Both  papers 
are  given  in  Tisserand's  *  Mdcanique  Celeste/  vol.  2.  The  value  found  above  has 
been  kindly  verified  for  me  by  Mr.  Herman,  Fellow  of  Trinity  College,  Cambridge. 

The  numerical  values  of  (ir/n,  P^y  ^^-y  ^^^  given  below  when  a  =  ^q,  -j^,  1%. 


=  -1 


cr=-2         X=  1-6889         ^^  = '0570         ^3  = '0004         ^^='0023 


O) 


3 


X  =  2-3820         15,2  =  -0189         ^3  =  -0001         fi^  =  -0003  ~  =  '0313 


cr=-3         X=  1-2834         ^2= '1268         ^3=0010         ^4=0078  —  =-1836. 


irp 

a 

wp 

w 

irp 


=  -0970 


A.  figure  is  given  for  the  case  of  o"  =  '3. 

The  cross-section  is  roughly  an  ellipse  whose  major  axis  is  perpendicular  to  the  axis 
of  the  ring.     The  eccentricity  of  this  ellipse  increases  with  the  angular  velocity. 
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[When  the  paper  was  read,  numerical  results  were  given  for  larger  values  of  o". 
The  above  method   cannot,    however,    \te   employed   in    such   cases.      For,   as    the 


eccentricity  of  the  cross-section  increases,  the  expression  given  for  the  potential  at 
external  points  will  hecome  divergent  at  the  extremity  of  the  minor  axis  of  the  cross- 
section.  A  similar  result  will  occur  if  the  potential  of  an  elliptic  cylinder  be  found  at 
external  points,  considering  it  as  an  approximation  to  a  circular  cylinder.  In  this 
case  it  is  easy  to  show  that  the  eccentricity  must  he  <  l/v'S.  Assuming  the  same 
result  for  the  case  of  a  ring,  it  will  be  seen  that  $2  =  '2076,  the  value  the  above 
method  gives  for  a-  =  '4,  gives  the  cross-section  of  too  great  eccentricity  for  the  serieo 
to  be  convergent.  That  the  series  were  divergent  for  large  values  of  j8j  was  also 
suggested  by  one  of  the  Referees.     Aug.,  1892.] 
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« 

[Plate  J.] 

Cap.  I. — Introduction. 

The  experiments  described  in  this  memoir  were  undertaken  with  two  objects  :  in  the 
first  place,  to  obtain  information  concerning  the  course  of  chemical  change  pursued  by 
reacting  gases ;  and,  secondly,  to  examine  the  nature  of  the  "  explosion- wave  "  in 
gaseous  mixtures  discovered  by  M.  Berthelot. 

The  idea  of  using  the  rate  of  explosion  as  a  means  of  determining  the  course  of  a 
chemical  reaction  occurred  to  me  in  1877,  when  investigating  the  influence  of  steam 
on  the  imion  of  carbonic  oxide  and  oxygen.  If  steam  acts  as  a  carrier  of  oxygen  to 
the  carbonic  oxide  by  a  series  of  alternate  reductions  and  oxidations,  an  increase  in 
the  amount  of  steam  present,  beyond  that  required  to  initiate  the  reaction,  should  be 
accompanied  by  an  increase  in  the  rate  of  combination  up  to  a  certain  limit. 
Attempts  were  therefore  made  to  detect  such  an  increase  by  measuring  the  velocity 
of  the  flame  in  a  tube.*  But  while  the  difierence  in  the  rate  of  explosion  between 
the  nearly  dry  and  the  moist  gases  was  well  marked,  the  attempts  to  directly 
measure  the  rate  of  the  explosion  of  the  moist  gases  failed,  owing  to  the  great 
rapidity  of  the  flame.  In  the  spring  of  1881  I  attempted  to  measure  the  rate  of 
explosion  of  carbonic  oxide  and  oxygen  with  varying  quantities  of  steam  by  photo- 
graphing on  a  moving  plate  the  flashes  at  the  beginning  and  end  of  a  closed  tube 
20  feet  long.  The  two  flashes  appeared  to  be  simultaneous  to  the  eye,  but  no  record 
of  the  rate  was  obtained,  for  the  apparatus  was  broken  to  pieces  by  the  violence  o\ 
the  explosion.  Shortly  after  this  attempt  was  made  the  first  of  the  brilliant  series  o1 
papers  by  MM.  Berthelot  and  Vieille,  and  by  MM.  Mallard  and  Le  Ch atelier, 
was  read  before  the  French  Academy  of  Sciences.  The  work  of  these  French  chemists 
has  opened  a  new  era  in  the  theory  of  explosions. 

*  *  Phil.  Trans./  1884,  Pt.  XL,  p.  635. 
MDCJCCXCIIL — A.  O  3.3.03 
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Thirty -five  3^ean5  ago  Bunsen^  described  a  method  of  measuring  the  rapidity  of  the 
flame  in  gas  explosions.  Passing  a  mixture  of  explosive  gases  through  an  orifice  at 
the  end  of  a  tube  and  igniting  the  gases  as  they  issued  into  the  air,  he  determined  the 
rate  at  which  the  gases  must  be  driven  througli  the  tube  to  prevent  the  flame 
passing  back  through  the  opening.  By  this  method  he  found  that  the  rate  of 
propagation  of  the  ignition  of  hydrogen  and  oxygen  was  34  metres  per  second,  while 
the  rate  of  ignition  of  carbonic  oxide  and  oxygen  was  less  than  1  metre  per  second. 
BuNSEN  ajyplied  these  results  to  the  rate  of  explosion  of  gcLses  in  closed  vessels :  his 
results  were  accepted  without  cavil  for  four  and  twenty  years. 

By  1880  facts  began  to  accumulate  which  seemed  inconsistent  with  Bunsen's 
conclusions.  For  instance,  between  1876-80  I  had  several  times  observed  that  the 
flame  produced  by  igniting  a  mixture  of  moist  carbonic  oxide  and  oxygen  travelled  in 
a  long  eudiometer  too  quickly  to  be  followed  by  the  eye.  Again,  Mr.  A.  V. 
HARCOURT,t  in  his  investigation  of  an  explosion  of  coal-gas  and  air,  which  happened 
in  a  large  gas  main  near  the  Tottenham  Court  Road  in  1880,  was  led  to  the  conclusion 
that  the  flame  travelled  at  a  rate  exceeding  100  yai'ds  per  second.  In  the  winter  of 
1880-1  I  was  startled  by  the  rapid  increase  of  velocity  and  violence  as  a  flame  of 
carbon  bisulphide  with  nitric  oxide  travelled  down  a  long  glass  vessel. 

In  July,  1881,  two  papers  appeared  in  the  'Comptes  Rendus,'  one  by  M.  Berthelot, 
the  other  by  MM.  Mallard  and  Le  Chatelier.  Both  papers  announced  the 
discovery  of  the  enormous  velocity  of  explosion  of  gaseous  mixtures.  Other  papers 
quickly  followed  by  the  same  authors.  M.  Berthelot  made  the  important  discovery 
that  the  rate  of  explosion  rapidly  increases  from  its  point  of  origin  until  it  reaches  a 
maximum  which  remains  constant,  however  long  the  column  of  gases  may  be.  Each 
mixture  of  gases  has  a  definite  maximum  velocity  of  explosion.  The  rate  of  explosion 
thus  forms  a  new  physico-chemical  constant,  having  important  theoretical  and  practical 
bearings.  The  name  "  L'Onde  Explosive  "  is  given  by  Berthelot  to  the  flame  when 
propagated  through  an  explosive  mixture  of  gases  at  the  maximum  velocity. 

While  Berthelot,  associated  with  Vieille,  was  measuring  the  rate  of  the 
**  explosion- wave "  for  various  mixtures  of  gases,  Mallard  and  Le  Chatelier 
continued  the  study  of  the  preliminary  phenomena  of  explosion  which  precede  the 
formation  of  the  "  wave.*'  They  showed  by  photographing  on  a  revolving  cylinder : — 
(1)  that  when  a  mixture  such  as  nitric  oxide  and  carbon  bisulphide  is  ignited  at  the 
open  end  of  a  tube,  the  flame  travels  a  certain  distance  (depending  on  the  diameter 
and  length  of  the  tube)  at  a  uniform  velocity ;  (2)  that  at  a  certain  point  in  the  tube 
vibrations  are  set  up,  which  alter  the  character  of  the  flame,  and  that  these  vibrations 
become  more  intense,  the  flame  swinging  backwai'ds  and  forwards  with  oscillations  of 
increasing  amplitude  ;  and  (3)  that  the  flame  either  goes  out  altogether,  or  the  rest  of 
the  gas  detonates  with  extreme  velocity.     Again,  when  a  mixture  of  gases  was  fired 

*  *  Gasometriscbe  Metboden,*  1857. 
t  Report  to  the  Board  of  Trade. 
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near  the  closed  end  of  the  tube,  they  found  the  velocity  of  the  flame  regularly 
increased,  as  &r  as  their  instruments  were  able  to  record  the  rapidly  increasing  pace. 
Mixtures  of  coal-gas  with  air,  and  of  fire-damp  with  air,  show  phenomena  of  the 
first  and  second  kind.  Ignited  at  the  open  end  of  a  tube  these  mixtures  burn  at  a 
uniform  rate  for  a  certain  distance,  and  then  the  flame  begins  to  vibrate.  The 
vibrations  acquire  greater  or  less  velocity  according  to  the  nature  of  the  mixture  and 
the  conditions  of  the  experiment ;  but  the  third  rSgime  of  uniform  maximum  velocity 
is  not  set  up.     In  narrow  tubes  the  explosion  soon  dies  out. 

Cap.  it. — Berthelot's  Experiments.  , 

Berthelot's  experimente  were  made  partly  with  a  tube  of  lead,  and  partly  with  a 
tube  of  thick  caoutchouc,  usually  5  ram.  in  internal  diameter.  The  rate  of  explosion 
was  determined  by  making  the  flame  break  two  strips  of  thin  tin  stretched  across 
the  tube,  each  carrying  a  current.  The  interval  between  the  interruption  of  the  two 
circuits  was  measured  by  a  Le  Boulengd  chronograph.  The  gases  were  fired  by  an 
electric  spark  near  one  of  the  interrupters.  To  ensure  the  fracture  of  the  strips  of  tin 
a  gi'ain  of  fulminate  was  placed  in  a  fold  of  the  metal.  The  tube  was  40  metres  lonjg, 
and  was  supported  on  a  wooden  screen  in  horizontal  layers. 

The  following  are  the  chief  conclusions  reached  by  Berthelot  concerning  the 
propagation  of  the  explosion- wave  in  gases  : — 

(1)  The  propagation  is  uniform.  Measurements  made  in  tubes  of  20,  30,  and 
40  metres  length  show  the  same  velocity  for  the  same  mixture. 

(2)  The  velocity  is  independent  of  the  material  of  the  tube :  the  explosion  travels 
at  the  same  rate  in  tubes  of  lead  as  in  tubes  of  caoutchouc. 

(3)  The  velocity  is  independent  of  the  diameter  of  the  tube  above  a  small  limit : 
the  explosion  travels  at  the  same  rate  in  a  tube  of  5  mm.  diameter  as  in  a  tube  of 
15  mm.  diameter. 

(4)  The  velocity  is  independent  of  the  pressure  :  the  explosion  travels  at  the  same 
rate  when  the  gas  is  under  a  pressure  of  560  mm.  as  it  does  under  a  pressure  of 
1 580  mm. 

(5)  The  velocity  of  the  explosion  equals,  or  approximates  closely  to,  the  mean 
velocity  of  translation  of  the  molecules  at  the  moment  of  combination,  on  the 
supposition  that  they  retain  all  the  heat  developed  in  the  reaction.  The  rates  of 
explosion  of  some  twenty  different  mixtures  agree  with  the  theoretical  rate  calculated 
by  the  formula  of  Clausids  : — 

0=  29-354  /y/|, 

where  T  is  the  absolute  temperature  reached  in  the  explosion,  and  d  the  density  of 
the  products  of  combustion  referred  to  aii'. 

o  2 
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In  the  following  tables  the  rates  of  explosion  of  simple  mixtures  as  measured  by 
Berthelot  are  compared  with  the  theoretical  velocity  of  the  products  of  combustion 
calculated  from  Clausius'  formula.  The  temperature  T  is  calculated  on  the  supposi- 
tion (1)  that  the  gases  are  heated  at  constant  pressure,  and  (2)  that  the  specific  heat 
of  a  compound  gas  is  the  sum  of  the  specific  heats  of  its  constituents. 

Table  I. — Bbrthelot's  Experiments.     Combustible  Gases  with  Oxygen. 


Gases. 

i 

Velocity  in  mel 
Calculated. 

/res  per  second. 

Found. 

Hydrogen 

2831 

2810 

Carbonic  oxide 

1940 

1090 

Marsh  gas 

2427 

2287 

Ethane 

2483 

2363 

Ethylene 

2617 

2210 

Acetylene 

2660 

2482 

Cyanogen 

2490 

2195 

Table  II. — Combustible  Gases  with  Nitrous  Oxide. 


Oases. 


Hydrogen 


Carbonic  oxide 


Cyanogen 


Velocity  in  metres  per  second. 


Calculated. 


2260 


1897 


2198 


Pound. 


2284 


1106 


2036 


Berthelot  observes  that  the  formula  does  not  apply  to  mixtures  of  carbonic  oxide 


PROFESSOR  H.  B.  DIXON  ON  THE  RATE  OF  EXPLOSION  IN  GASES.         101 

either  with  oxjgen  or  with  nitrous  oxide.     It  is  to  he  noticed  that  Berthelot  worked 
with  dry  gases. 


Table  III.  — Mixtures  of  Combustible  Gases  with  Oxygen. 


Ckses. 

• 

Velocity  in  metres  per  second. 

Calculated. 

Found. 

Hydrogen  and  carbonic  oxide. 

(1)  Hg  -f  CO  -f  O2     .     .     .     . 

(2)  8H2  +  200 -f  Og     .     .     . 

2286 
2321 

2008 
2170 

Ethylene  and  hydrogen. 

(1)  C2H4  -h  Hg  -h  O7       ... 

(2)  CfgH^  -h  2H2  +  Og    .     .     . 

2551 

2588 

2417 
2579 

Ethane  and  hydrogen. 
CaH^  +  Hg-hOg 

2522 

2250 

With  mixtures  of  hydrogen  and  carbonic  oxide  the  formula  is  found  to  hold  good. 
Berthelot  explains  this  by  saying  that  "  the  hydrogen  communicates  to  the  carbonic 
oxide  a  law  of  detonation  analogous  to  its  own." 

The  general  concordance  between  the  observed  velocities  and  the  calculated  rate  of 
translation  of  the  molecules  shows,  according  to  Berthelot,  that  dissociation  plays 
but  a  small  part  in  these  phenomena,  perhaps  because  of  the  high  pressiu'e  developed  : 
a  result  which  is  confirmed  by  the  fact  that  the  velocities  are  found  to  be  independent 
of  the  pressure. 

A  comparison  is  next  made  between  the  rates  of  explosion  of  "  isomeric  mixtures," 
i.e.,  mixtures  of  different  gases  which  yield  the  same  products  of  combustion.  For 
instance,  the  rate  of  explosion  of  marsh  gas  and  oxygen  is  compared  with  the  rate  of 
explosion  of  a  mixture  of  ethylene,  hydrogen,  and  oxygen  yielding  identical  products ; 
the  object  being  to  eliminate  the  influence  of  the  individual  gases  burnt.  The  some 
conclusions  are  drawn. 
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Table  IV. — Combustible  Gases  with  Oxygen  and  Nitrogen. 


Oases. 

Velocity  in  metres  per  second. 

Calculated. 

Found. 

Hs  +  0  +  N, 

H,  +  0  +  N, 

(Air) 

1935 
1820 

2121 
1439 

CO  +  O  +  Nj 

GO  +  O+N, ■.    . 

1661 
1236 

1000  P 
r  Detonation  not 
\     propagated 

CH^  +  0^  +  Nj 

CH^+0^  +  N« 

CH,  +  0*+N,5 

(Air) 

2002 
1744 

1450 

1858 

1151 
r  Detonation  not 
\     propagated 

CjNj  +  0,  +  Ns 

CgNj  +  O4  +  N^ 

CjNg  +  0,  +  Ng 

2334 
21.52 

1920 

2044 

1203 
r  Detonation  not 
\     propagated 

When  the  explosive  gases  are  mixed  with  an  inert  gas,  nitrogen,  which  takes  no 
part  in  the  reaction,  the  same  law  holds  good — except  when  the  nitrogen  is  added  in 
excess.  .Before  the  gases  are  diluted  sufficiently  to  stop  the  explosion,  there  is  found 
a  marked  falling  off  in  the  velocity.  The  formula  gives  the  theoretically  highest  rate 
the  explosion  can  attain — a  maximum  reached  in  few  cases  only,  but  approached  in  a 
large  number. 

Berthelot^s  Conchisions. 


These  results  show,  according  to  Berthelot,  that  the  velocity  of  the  explosion- 
wave  constitutes,  for  each  inflammable  mixture,  a  true  specific  constant.  The  wave  is 
propagated  by  the  impact  of  the  products  of  combustion  of  one  layer  upon  the 
unburnt  gases  in  the  next  layer,  and  so  on  to  the  end  of  the  tube  at  the  rate  of  move* 
ment  of  the  products  of  combustion  themselves.  In  a  word,  the  mean  velocity  of 
translation  of  the  gaseous  molecules  retaining  the  total  vis  viva  w^hich  corresponds 
to  the  heat  developed  in  the  reaction  may  he  regarded  as  a  limit  representing 
the  maximum  rate  of  propagation  of  the  explosion-wave  (*  Sur  la  Force  des  Mati^res 
Explosives,'  1,  p.  159). 

Tf  this  theory  is  true,  it  accounts  not  only  for  the  extreme  rapidity  of  explosion  of 
gaseous  mixtures,  and  gives  us  the  means  of  calculating  the  maximum  velocity 
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obtainable  with  any  mixture  of  gases,  but  it  also  affords  us  information  on  the  specific 
heats  of  gases  at  very  high  temperatures,  and  it  explains  the  phenomena  of  detonation 
whether  of  gases  or  of  solid  or  liquid  explosives. 

Cap.  III. — Repetition  of  Berthelot's  Experiments. 

§  1.   Objects  in  View. 

A  consideration  of  Berthelot's  results,  published  in  the  *  Annales  de  Chimie '  *  in 
1883,  led  me  to  think  it  would  be  useful  to  repeat  and  extend  these  experiments.  The 
close  coincidence  between  the  rates  of  explosion  of  hydrogen,  both  with  oxygen  and 
with  nitrous  oxide,  and  the  calculated  velocities  of  the  products  of  combustion  showed 
that  the  formula  held  good  foi?  gases  which  could  readily  be  prepared  in  a  pure  state  ; 
and,  again,  the  great  discordance  between  the  found  and  calculated  rates  for  carbonic 
oxide,  both  with  oxygen  and  nitrous  oxide,  was  what  I  should  have  expected  from  my 
own  experiments  on  the  part  taken  by  steam  in  the  oxidation  of  carbonic  oxide.  On 
the  other  hand,  Berthelot's  contention  that  the  gases  are  heated  at  constant 
pressure  appeared  improbable,  and  his  results  obtained  with  the  addition  of  an  inert 
gas  seemed  to  vary  capriciously.  The  chief  objects  I  had  in  view  in  continuing  these 
experiments  were : — 

(1)  To  determine  as  accurately  as  possible  the  rate  of  the  explosion- wave  for  some 
simple  mixtures  under  varying  conditions,  e.t/.,  diameter  of  tube,  initial  pressure,  initial 
temperature. 

(2)  To  measure  the  rate  of  the  explosion- wave  in  carbonic  oxide  and  oxygen  with 
different  quantities  of  steam. 

(3)  To  compare  the  effect  of  inert  gases  and  of  excess  of  one  or  other  of  the  reacting 
gases  on  the  rate  of  explosion. 

§  2.     Methods  and  Apparatus  used. 

The  mixtm*es  of  hydrogen,  carbonic  oxide,  and  marsh  gas  with  oxygen  were  pre- 
pared in  a  graduated  5-feet  iron  gas-holder  over  water  ;  the  mixtures  containing 
ethylene,  acetylene,  cyanogen,  and  nitrous  oxide  were  prepared  in  a  1-foot  iron  holder 
over  mercury ;  the  mixtures  of  hydrogen  and  chlorine  were  passed  directly  from  the 
generating  and  purifying  apparatus  into  the  explosion  tube. 

The  gases  were  driven  from  the  holders  through  drying  vessels  into  the  explosion 
tube  by  placing  weights  upon  the  holders.  When  all  air-traps  were  avoided  in  the 
drying  tubes  and  connections,  very  little  difiusion  was  found  to  occur  in  driving  out 
the  air  by  the  explosive  mixture.  One  **  Drechsel"  washing  bottle  and  three  towers 
packed  with  pumice,  all  containing  boiled  oil  of  vitriol,  were  usually  employed  as 
drying  vessels.     When  the  explosive  mixture  contained  either  ethylene  or  acetylene 

•  'Ann.  Ghim.  et  Phys.,*  [V.]  vol.  28  ;  also  *  Snr  la  force  des  Mati^res  Explosives/  vol.  1.,  chap.  7. 


104        PROFESSOR  H.  B.  DIXON  ON  THE   RATE  OF  EXPLOSION  IN   GASES. 

the  gas  was  driven  from  the  mercury  holder  through  one  washing  bottle  containing 
strong  aqueous  potash  and  through  two  towers  packed  with  lumps  of  caustic  potash. 
The  cyanogen  mixtures  were  passed  direct  from  the  mercury  holder  into  the  explosion 
tube,  the  gases  having  been  dried  in  preparation. 

The  explosion  tube  was,  in  most  of  the  experiments,  a  leaden  pipe,  100  metres  long 
and  9  mm.  in  diameter.  With  some  of  the  more  violent  explosives — e.gr.,  cyanogen 
and  acetylene,  a  leaden  tube  of  6  5  mm.  was  used;  and  in  the  chlorine  experiments 
straight  wrought-iron  pipes  lined  with  glass  were  employed. 

The  leaden  tube  was,  in  most  cases,  coiled  on  a  drum,  2  feet  in  diameter,  which 
was  immersed  in  an  iron  vessel  containing  water.  By  heating  the  water  and  pumping 
dry  air  through  the  tube,  the  apparatus  could  be  quickly  dried  after  an  explosion  in 
which  water  was  formed.  For  determinations  of  the  rate  of  explosion  of  gases  at 
100°  C.  this  arrangement  was  also  suitable.  Two  inconveniences  arose  from  this  dis- 
position of  the  pipe  :  (l)  the  diflSculty  of  determining  its  exact  length,  and  (2)  the 
uncertainty  whether  the  explosion-wave  was  propagated  along  the  axis  of  the  coiled 
pipe,  or  whether  it  followed  a  shorter  path  nearer  to  the  inside  wall 

It  was  found  impossible  to  coil  a  small  leaden  pipe  without  lengthening,  it  appreci- 
ably ;  the  outside  of  the  tube  was  therefore  measured  after  each  coil  was  wound  on 
the  drum,  and  the  length  of  the  axis  of  the  pipe  calculated.  After  a  series  of  experi- 
ments the  coils  were  then  unwound,  by  rolling  the  di'um  along  a  corridor,  and  the 
length  was  measured  directly.  ITie  length  so  obtained  did  not  vary  more  than  an 
inch,  or  at  most  two,  from  that  calculated  on  winding. 

To  determine  whether  the  flame  was  propagated  centrally,  or  whether  it  took  a 
shorter  cut,  measurements  of  the  rate  of  explosion  of  samples  of  oxygen  and  hydrogen 
from  the  same  mixture  were  made  alternately,  in  a  leaden  pipe  9  mm.  in  diameter 
(1)  coiled  on  the  drum,  and  (2)  lying  straight  on  the  floor.  The  experiments  were 
thrice  repeated,  and  no  appreciable  difference  in  the  rate  could  be  detected  ;  from 
which  it  may  be  concluded  that  in  a  pipe  of  this  bore  the  wave-front  travels  quickest 
along  the  axis.  Possibly  in  the  experiments  with  tubes  of  a  larger  diameter  the 
curvature  may  have  slightly  affected  the  results. 

In  the  experiments  made  under  reduced  pressure,  the  tube  was  filled  from  the  holder 
in  the  ordinary  way.  The  steel  stopcock*  near  the  second  bridge  was  closed,  and  the 
gas  was  then  sucked  from  the  tube  by  a  powerful  pump,  maintaining  a  vacuum  of  about 
26  inches  of  mercury.  A  gauge  showed  when  the  desired  reduction  of  pressure  was 
reached.  The  other  stopcock  was  then  closed,  and  the  spark  immediately  passed.  In 
the  experiments  made  under  increased  pressure,  the  gases  were  driven  into  the  tube 
from  a  strong  reservoir,  either  by  water  or  by  mercury,  according  to  the  nature  of  the 
gaseous  mixture.     In  all  cases  the  gases  were  fired  by  an  electric  spark  near  one  end 

•  These  steel  stopcocks,  made  for  me  by  Mr.  J.  J.  Hicks,  of  Hatton  Garden,  have  stood  many  hundreds 
of  explosions  without  leaking.  The  gun-metal  stopcocks  employed  at  first  were  indented  by  the  explo- 
sions and  soon  leaked. 
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of  the  tube ;  about  four  feet  from  the  firing  point,  the  flame  broke  a  piece  of  silver 
foil  stretched  across  the  tube,  the  moment  of  rupture  being  marked  on  a  moving  plate 
by  an  electro-magnetic  style.  On  reaching  the  further  end  of  the  tube,  the  flame  broke 
a  second  strip  of  silver,  the  moment  of  rupture  being  recorded  by  a  second  style.  To 
eliminate  errors  due  to  retardation  of  the  electro-magnets,  a  blank  experiment  was 
made  immediately  before  filing  the  gases.  The  plat^  of  the  chronograph  passed  over 
two  breaks,  which  could  be  adjusted  so  as  to  be  broken  by  it  at  the  same  instant. 
In  the  preliminary  experiment,  the  cu'cuits  of  the  two  magnets  were  completed 
through  these  two  breaks,  and  were  thus  broken  simultaneously,  the  two  styles 
registering  their  marks  on  the  moving  plate.  The  magnets,  without  their  position 
being  altered,  were  then  connected  with  the  silver  bridges  across  the  explosion  tube, 
and  the  gases  were  fired  by  the  moving  plate  striking  one  or  other  of  the  two  breaks. 
The  flame  travelling  down  the  tube  broke  the  two  silver  bridges  in  turn,  releasing 
the  two  styles,  which  again  registered  their  marks  on  the  moving  plate.  The  two 
marks  made  by  the  first  style  gave  the  interval  of  time  between  the  spark  and  the 
breaking  of  the  first  bridge,  independently  of  the  error  of  the  electro-magnet ;  for 
both  marks  were  equally  affected  by  any  error  of  retardation.  In  the  same  way,  the 
two  marks  made  by  the  second  style  gave  the  interval  of  time  between  the  spark  and 
the  breaking  of  the  second  bridge,  independently  of  the  error  of  the  electro-magnet. 
The  difference  between  the  intervals  was  the  time  taken  by  the  flame  to  travel 
between  the  two  bridges. 

This  method  of  cutting  out  the  errors  of  the  chronograph  is  only  valid  when  the 
current  flowing  through  the  electro-magnets  is  constant.  A  small  resistance  coil  was 
interposed  in  the  preliminary  experiment  in  each  chronograph  circuit,  to  match  the 
resistance  of  the  silver-bridge  and  connections  used  in  the  actual  determination*  The 
current  was  supplied  by  a  storage  cell  (Elwell  and  Parker)  to  each  electro-magnet, 
and  the  time  between  the  preliminary  and  the  final  experiment  was  never  more  than 
one  minute.  In  all  the  later  portion  of  the  work  a  confirmatory  experiment  was 
made  after  the  gases  were  fired,  the  connections  being  made  as  in  the  preliminary. 
In  most  cases  the  styles  passed  absolutely  over  the  preliminary  marks — merely 
deepening  the  lines,  thus  showing  that  nothing  had  been  displaced.  In  some  cases 
the  preliminary  and  confirmatory  marks  were  just  visibly  separated  ;  in  these  cases 
the  mean  position  of  the  two  was  used  to  calculate  the  rate.  In  the  few  instances  in 
which  the  confirmatory  did  not  closely  agree  with  the  preliminary  marks  the  experi- 
ment was  rejected.  In  order  further  to  eliminate  errors  of  the  instrument  a  second 
experiment  was  always  made  as  soon  as  possible  after  the  first,  the  connections  of 
the  chronograph  being  all  reversed — the  first  style  being  connected  with  the  second 
bridge,  and  vice  versd.  The  mean  result  of  the  two  experiments  is  taken  as  one 
determination. 

The  chief  differences  between  my  apparatus  and  that  employed  by  Berthelot  were 
the  following : — 

MDCJCCXCUI. — A.  p 
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a.  The  explosion  tube  was  longer  and  wider. 

6.  The  interrupters  or ''  bridges  "  were  of  silver  foil,  and  no  fulminate  was  used. 

c.  A  longer  space  was  allowed  between  the  firing  spark  and  the  first  "  bridge  " 
where  the  record  of  the  rate  was  begun.  This  was  found  essential  in 
several  cases,  especially  when  the  mixture  was  fired  under  reduced 
pressure,  or  in  presence  of  inert  gases,  in  which  cases  the  explosion  does 
not  reach  its  maximum  rate  for  some  feet. 


§  3.  On  the  Constant  Velocity  of  the  Explosion  Wave. 

Experiments  on  the  rate  of  explosion  of  hydrogen  and  oxygen  in  a  leaden  tube, 
55  metres  long  and  8  mm.  in  internal  diameter,  gave  a  mean  rate  of  2817  metres 
per  second.  In  a  tube  of  the  same  diameter  and  100  metres  long,  the  mean  rate  was 
2821  metres;  and  in  a  tube  100  metres  long  and  13  mm.  diameter  the  mean  rate 
was  2819. 

The  general  mean  of  these  experiments — viz.,  2819,  is  in  close  agreement  with  the 
mean  result  obtained  by  Berthelot  in  a  shoiter  tube — viz.,  2810. 

The  constancy  of  the  rate  of  the  explosion-wave,  under  ordinary  conditions  of 
temperature  and  pressure,  was,  therefore,  fully  confirmed. 

In  the  course  of  this  investigation  I  have  made  many  measurements  of  the  rate  of 
explosion  of  hydrogen  and  oxygen  under  ordinary  conditions.  Some  of  these  were 
made  with  more  precautions  than  others,  so  that  in  arriving  at  the  most  probable 
value  of  the  rate,  I  have  given  greater  weight  to  some  sets  than  to  others.  The  sets, 
each  of  which  consists  of  from  eight  to  ten  distinct  measurements,  are  lettered  in  the 
following  table  A,  B,  C,  etc.,  in  the  order  in  which  they  were  made : — 

Table  V. — General  Mean  of  Ho  +  O  Rates. 


Date. 

Sets. 

Mean. 

1884, 1885 
1888 
1889 
1890 

A +  B  +  C 

D 
B  +  F  +  G 

H 

2819 
2822 

2824 
2818 

2821 

The  details  of  these  experiments  will  be  found  in  the  Appendix. 


§  4.  Tlie  Injluence  of  Pressure  on  the  Velocity  of  the  Explosion  Wave. 

Preliminary  experiments  on  the  rate  of  explosion  of  hydrogen  and  oxygen  under 
500  mm.  and  1000  mm.  pressure  having  shown  an  appreciable  difference,  careful 
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measurements  of  the  rate  were  made  at  pressures  varying  from  200  mm.  to  1500  mm. 
at  a  temperature  close  to  10"  C.  In  the  experiments  at  low  pressures  it  was,  of 
course,  essential  that  the  firing  tuhe  should  be  absolutely  gas-tight ;  the  tube  was 
therefore  tested  before  each  experiment.  An  important  fact  concerning  the  develop- 
ment of  the  explosion-wave  was  detected  in  these  experiments.  As  the  pressure  was 
reduced  the  flame  was  found  to  travel  a  greater  distance  before  its  rate  became  con- 
stant ;  so  that,  although  four  feet  start  was  allowed  before  the  first  measurement  was 
taken,  this  distance  was  found  insuflficient.  Accordingly  a  tube  20  feet  long  was 
interposed  between  the  firing  point  and  the  first  bridge,  after  it  had  been  shown  that 
the  flame  acquired  its  maximum  velocity  in  this  distance  under  the  lowest  pressure 
used.  Electrolytic  gas  can  be  exploded  under  lower  pressures  than  200  mm.,  but  the 
flame  travels  irregularly.  At  100  mm.  pressure  the  flame  went  out  in  the  tube,  and 
at  150  mm.  the  rates  found  were  not  constant. 


Table  VI. — Pressure  Experiments.     Hg  +  O. 


Pressure. 

200  mm. 

300  mm. 

500  mm. 

760  mm. 

1100  mm.    1500  mm. 

Mean  rate  .  . 

2627 

2705 

2775 

2821 

1 

2856       2872   i 

These  figures  show  that  the  rate  of  explosion  increases  rapidly  with  increase  of 
pressure  from  200  mm. ;  that  the  rate  of  increase  diminishes,  and  that  the  velocity 
becomes  nearly  constant  at  two  atmospheres  pressure.  This  effect  of  pressure  on  the 
rate  is  plainly  seen  when  the  results  are  expressed  graphically  (see  Plate  1 ). 

Bebthelot's  conclusion  that  the  explosion-wave  is  independent  of  the  initial  pres- 
sure of  the  gases  is,  therefore,  not  strictly  accurate.  At  lower  pressures  the  rate 
falls  off*,  but  above  a  certain  crucial  pressure^  which,  in  the  case  of  hydrogen  and 
oxygen,  seems  to  be  about  two  atmospheres,  the  velocity  is  independent  of  the 
pressure. 

It  will  be  observed  that  the  mean  rate  of  explosion  of  hydrogen  and  oxygen  at 
1500  mm.  pressure  is  appreciably  higher  than  Berthelot's  6 — the  calculated  rate  of 
translation  of  the  steam  moleculea  But  Berthelot,  in  his  calculation,  has  not  taken 
into  account  the  fact  that  the  gases  are  not  at  absolute  zero  to  start  with.  Assuming 
that  he  worked  at  about  13°  C,  the  theoretical  rate  would  be  2900  metres  per 
second. 

Analogous  results  were  found  in  experiments  with  other  mixtures  under  varying 
pressures.  With  hydrogen  and  nitrous  oxide  the  rate  is  slower  at  500  mm.  than  at 
760  mm.,  but  no  increase  is  found  on  raising  the  pressure  to  ICOO  mm.  The  crucial 
pressure  is  in  this  instance  below  the  atmospheric  pressure.  The  same  was  found  to 
be  the  case  with  marsh  gas,  ethylene,  acetylene,  and  cyanogen  exploded  with  oxygen. 

p  2 
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In  the  following  table  some  of  these  results  are  shown  : — 

Table  VII. — Pressure  Experiments. 

Ho  +  NoO. 


Pressure. 

500  mm. 

760  mm. 

1000  mm. 

Meau  rate      .     . 

209-4 

2307 

2302 

CH,  +  0,. 


Pressure. 

600  mm. 

760  mm. 

1000  mm. 

Mean  rate      .     . 

2280 

2322 

2319 

CH^  +  O3. 


Pressure. 
Mean  rate      .     . 

500  mm. 

760  mm. 

2418 

2470 

1000  mm. 


2488 


C2N2  +  O2  (in  5  mm.  tube). 


Pressure. 

500  mm. 

760  mm. 

1000  mm. 

Mean  rate      .     . 

2536 

2677 

2671 

§  5.  Injlvsnce  of  Temperature  on  the  Velocity  of  the  Explosion-  Wave. 

Berthelot  has  published  no  experiments  on  the  influence  of  initial  temperature 
on  the  explosion -wave;,  but,  if  the  wave  is  propagated  in  a  manner  analogous  to  a 
sound  wave,  it  might  be  anticipated  that  an  increase  in  the  initial  temperature  of  the 
gases  would  increase  the  velocity.  The  reverse  effect  is  found  in  the  explosion  of 
hydrogen  and  oxygen.  Experiments  made  at  10°  C.  and  100°  C  showed  a  small,  but 
distinct,  loweiing  of  the  rate  at  the  higher  temperature.  The  experiments  were 
made  alternately  at  the  high  and  low  temperature,  in  order  to  eliminate  the  efiJect 
which  might  be  produced  by  any  mistake  in  the  mixture  or  error  in  the  chronograph. 
The  comparative  experiments  made  at  10°  agreed  with  those  previously  obtained 
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under  the  same  conditions,  so  that  the  iresults  found  at  100°  must  be  accepted.^     A 
similar  lowering  of  the  rate  at  100°  was  found  to  occur  at  low  and  high  pressures. 


Table  VIIL 
Temperature  Experiments.    Hj  +  0, 


Tomperatnre. 

10°. 

100°. 

Mean  rate     .     . 

2821 

2790 

Ho  +  0  at  100^  C.  at  diflferent  pressures. 

Pi'essnre. 

390  mm. 

500  mm. 

760  mm. 

1000  mm. 

• 

1450  mm. 

Mean  rate     .     . 

2697 

2738 

2790 

2828 

2842 

When  the  rates  at  100°  and  varying  pressures  are  compared  graphically  with  the 
rates  found  at  10°  and  varying  pressures,  it  is  seen  that  the  two  curves  run  parallel 
one  with  the  other  (see  fig.  1  on  Plate  1). 

The  explosion-rates  of  ethylene  and  oxygen  at  10°  C.  and  100°  C.  were  also  com- 
pared. Samples  of  the  same  mixture  were  exploded  alternately  at  the  low  and  at  the 
high  temperature.  Five  concordant  determinations  at  10°  C  gave  a  mean  velocity 
of  2581  metres  per  second;  four  concordant  determinations  at  100° C.  gave  a  mean 
velocity  of  2538  metres  per  second.      Similar  experiments  were  made  with  cyanogen. 

Table  IX. 
Bate  of  Explosion  of  Ethylene  and  Oxygen.     C^H^  -f  2O2. 


Temperature. 

10**  C. 

100"  C. 

Mean  rate     .    . 

2581 

2538 

Bate  of  Explosion  of  Cyanogen  and  Oxygen.     C2N3  -f  Ojj. 


Tomporatnre. 
Mean  rate      .     . 

10' C. 

100°  C. 

2728 

2711 

*  The  ezpausion  of  the  metal  tube  is  taken  into  account  in  calculating  the  i*ates  at  100"  C. 
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The  small  differences  in  the  rate  of  explosion  of  hydrogen  and  oxygen,  and  of 
ethylene  and  oxygen  at  10°  and  at  100°  show  that  the  effect  of  ordinary  atmospheric 
changes  of  temperature  may  be  neglected. 

§  6.  Comparison  of  the  Rate  of  Explosion  of  different  Gaseous  Mixtures 

with  Berthelot's  results. 

The  results  obtained,  under  ordinary  conditions  of  pressure  and  temperature,  with 
hydrogen  and  oxygen,  with  hydrogen  and  nitrous  oxide,  and  with  marsh  gas  and 
oxygen,  in  exact  proportions  for  complete  combustion,  were  in  close  accordance  with 
the  mean  results  of  Berthelot  ;  for  ethylene,  acetylene,  and  cyanogen  my  numbers 
differed  appreciably,  but  in  no  case  differed  by  more  than  7  per  cent,  from  the  rates 
observed  by  Berthelot.  In  the  following  table  our  measurements  for  the  same 
mixtures  are  compared  : — 

Table  X. — Mean  Velocity  of  Explosion  in  Metres  per  Second. 


Bebthelot. 

Dixon. 

Hydrogen  and  oxygen Hg+O.     . 

2810 

2821 

Hydrogen  and  nitrous  oxide Hg+NjO  . 

2284 

2305 

Marsh  gas  and  oxygen CH^-fO^  . 

2287 

2322 

Ethylene  and  oxygen CgH^+Og. 

2210 

2364 
2391 

Acetylene  and  oxygen CoHg+Og. 

2482 

Cyanogen  and  oxygen ^%^%  +  O4  . 

2195 

2321 

The  general  agreement  between  these  measurements  leaves,  I  think,  no  room  for 
doubt  about  the  substantial  accuracy  of  the  results. 


Cap.  IV. — The  Influence  of  Steam  on  the  Rate  of  Explosion  of 

Carbonic  Oxide  and  Oxygen. 

The  results  already  described  show  that  the  formula  proposed  by  Berthelot 
expresses  with  a  close  degree  of  approximation  the  rates  of  explosion  of  several  gaseous 
mixtures.  The  formula  fails*  for  the  explosion  of  carbonic  oxide  with  oxygen  or  with 
nitrous  oxide.  This  was  to  be  expected  if,  in  the  detonation  of  carbonic  oxide  in  a 
long  tube,  the  oxidation  is  effected  indirectly  by  means  of  steam — as  it  is  in  the  ordi- 
nary combustion  of  the  gas.  Measurements  of  the  rate  of  explosion  of  carbonic  oxide 
and  oxygen  in  a  long  tube  showed  that  the  rate  increased  as  steam  was  added  to  the 


PROFESSOR  H.  B.  DIXON  ON  THE   RATE   OF  EXPLOSION  IN   GASES.        Ill 

dry  mixture,  until  a  maximum  velocity  was  attained  when  between  5  and  6  per  cent, 
of  steam  was  present. 

The  experiments  were  conducted  in  the  following  way  : — In  the  "dry'*  experiments 
the  coil  of  pipe  was  heated  and  a  current  of  dry  air  drawn  through  it.  The  mixture 
of  carbonic  oxide  and  oxygen  was  passed  into  the  dry  coil  through  drying  apparatus, 
consisting  of  two  wash-bottles  and  three  pumice  towers  containing  boiled  oil  of  vitriol, 
and  then  two  long  tubes  packed  with  anhydrous  phosphoric  acid.  The  mixture  under 
these  conditions  is  called  "well-dried";  it  readily  transmits  the  explosion.  In  the 
next  experiments  the  phosphoric  acid  tubes  were  omitted;  the  mixture  is  called 
"  dried."  For  saturating  the  gases  with  steam  the  mixture  was  led  through  water 
in  three  small  wash-bottles  before  entering  the  coil.  The  first  wash-bottle  was  kept 
about  5°  C,  the  second  about  3°  C,  and  the  third  exactly  1°  above  the  temperature 
at  which  the  mixture  was  to  be  exploded.  The  last  bottle  and  the  connections 
between  it  and  the  coil  were  kept  entirely  surrounded  by  water.  The  gas,  on  its 
passage  through  the  wash-bottles,  carried  over  steam,  which  was  partly  condensed  in 
the  cooler  wash-bottles  and  in  the  coil.  While  the  gas  was.  being  admitted  to  the  coil 
the  water  jacket  was  kept  about  '5°  above  the  final  temperature  required.  When  the 
tube  was  full  the  source  of  heat  was  removed,  and  the  water  in  the  jacket  well 
stuTed.  When  the  exact  temperature  was  reached  the  stop-cocks  were  closed  and 
the  gases  fired.  This  arrangement  ensured  that  the  gases  were  saturated  with 
moisture,  and  prevented  any  accumulation  of  liquid  in  the  coil  which  might  have 
retarded  the  explosion. 

In  the  following  table  the  mean  results  obtained  with  the  dried  and  with  the 
moistened  gases  are  given  : — 

Table  XI. — Hate  of  Explosion  of  Carbonic  Oxide  and  Oxygen  saturated  with  Steam 

at  Difierent  Temperatures, 


Condition. 


Welld 

Dried 

Satort 

[ried 

tted  at  10° 

C 

20° 

C 

28° 

C 

35° 

C 

45" 

C 

66° 

C 

65° 

C 

76° 

C 

Per  cent. 

of 

Mean  rate  in 

steam  present. 

metres  per  second. 

•  • 

1264 

.  • 

1305 

1-2 

1676 

2-3 

1703 

37 

1713 

5-6 

1738 

9-5 

1693 

15-6 

1G66 

24-9 

1526 

38-4 

1266 

The  maximum  rate  was  obtained  when  the  mixture  was  saturated  at  35*^  C. — 1.6., 
contained  5*6  per  cent,  of  steam.     Excess  of  steam  slowly  retards  the  rate,     A  few 
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experiments  were  made  above  and  below  the  atmospheric  pressure,  which  showed 
that  the  maximum  rate  always  occuiTed  when  the  same  percentage  of  steam  was 
present.  Under  1100  mm.  pressure  the  fastest  rate  was  found  when  the  mixture 
was  saturated  at  43° — i.e.,  contained  5*6  per  cent,  of  steam;  and  under  400  mm. 
pressure  the  fastest  rate  was  found  when  the  mixture  was  saturated  at  25° — i.e., 
contained  5' 6  per  cent,  of  steam.  Increase  of  pressure  increased,  and  diminution  of 
pressure  diminished,  the  rate  of  explosion  of  moist  carbonic  oxide  and  oxygen. 
Under  300  mm.  pressure  the  explosion-wave  was  not  propagated  in  the  mixture  of 
carbonic  oxide  and  oxygen  saturated  at  10°  C.  In  one  experiment  the  flame  reached 
the  end  of  the  tube,  taking  about  30  seconds  to  travel  100  metres.  Under  400  mm. 
pressure  the  explosion-wave  was  propagated. 


Table  XII. — ^Eate  of  Explosion  of  Carbonic  Oxide  and  Oxygen. 

1.  Under  1100  mm.  pressure. 


Condition. 


Saturated  at  26**  C. 

43°  C, 
53"  C, 


Per  cent,  of 
steam  pi*esent. 


2-3 
5-6 
9-5 


Mean  rate  in 
metres  per  second. 


1737 
1782 
1742 


2.  Under  400  mm.  pressure. 


Condition. 


Saturated  at  L0°  G. 

25°  C. 
33°  C, 


Per  cent,  of 
steam  present. 


2-3 
5-6 
9-5 


Mean  rate  in 
metres  per  second. 


]576 
1616 
1570 


These  results  are  shown  graphically  by  curves  on  %.  2,  Plate  1,  in  which  the 
ordinates  are  the  rates  of  explosion/and  the  abscissse  the  percentages  of  steam  present 
in  the  mixture. 

These  curves  show  the  very  marked  increase  of  the  rate  of  explosion  on  adding 
1  or  2  per  cent,  of  steam  to  the  dried  gases.  Now  the  addition  of  steam  to  other 
dry  gaseous  mixtures,  such  as  hydrogen  and  oxygen,  ethylene  and  oxygen,  cyanogen 
and  oxygen,  has  been  found  to  lower  the  rate  of  explosion.  I  think  these  result-s, 
therefore,  are  strong  evidence  that  at  the  extreme  temperatures  of  the  explosion-wave, 
as  well  as  in  ordinary  combustion,  carbonic  oxide  is  oxidised  by  the  steam,  and  not 
directly  by  the  oxygen. 
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Ca.p.  V. — The  Mode  of  Burning  of  Gaseous  Carbon. 

§  1.  The  fact  that  carbonic  oxide  is  not  acted  on  directly  by  oxygen,  even  in  the 
explosion- wave,  points  to  the  possibility  that  the  carbon  in  gaseous  hydrocarbons,  and 
in  other  volatile  carbon  compounds,  is  ilot  oxidised  directly  to  carbonic  acid  when 
these  gases  are  burnt  with  an  excess  of  oxygen.  When  cyanogen,  for  instance,  is 
exploded  with  oxygen,  the  carbon  may  bum  in  one  or  in  two  stages.  Each  atom  may 
either  combine  directly  with  two  atoms  of  oxygen  to  form  carbonic  acid,  or  each  atom 
may  combine  first  with  a  single  atom  of  oxygen  to  form  carbonic  oxide,  which  after- 
wards combines  with  a  second  atom  of  oxygen  to  form  carbonic  acid.  If  the 
oxidation  is  effected  in  two  stages,  the  chemical  change  first  occurring,  viz.,  the 
oxidation  of  the  carbon  to  carbonic  oxide,  must  take  place  in  the  presence  of  an 
excess  of  oxygen.  Will  this  excess  of  oxygen  influence  the  velocity  with  which  the 
initiation  of  the  chemical  change  is  propagated,  i.e.,  the  rate  of  explosion  ?  The 
interest  of  tracing  the  course  of  any  chemical  change,  and  the  scientific  importance  of 
this  particular  reaction,  led  me  to  study  the  influence  of  the  presence  of  an  excess  of 
oxygen,  and  of  an  inert  gas,  on  the  rate  of  explosion  of  gaseous  mixtures — with  a 
view  to  obtain  evidence  on  their  mode  of  burning. 

§  2.   The  Retardation  of  the  Wave  caused  by  Inert  Gases. 

When  electrolytic  gas  is  mixed  with  oxygen,  nitrogen,  or  steam,  the  explosion- 
wave  is  retarded,  the  oxygen  having  most  effect,  the  steam  least.  For  instance,  the 
addition  of  one  volume  of  steam  to  three  volumes  of  electrolytic  hydrogen  and  oxygen 
reduced  the  rate  of  explosion  to  2494  metres  per  second  in  experiments  made  at 
65®  C.  At  the  same  temperature  the  addition  of  one  volume  of  nitrogen  to  three  of 
electrolytic  gas  reduced  the  rate  to  2402  metres  per  second.  According  to 
Berthelot's  formula  a  retardation  of  this  order  was  to  be  expected — the  greater 
specific  heat  of  the  steam  being  more  than  counterbalanced  by  the  greater  density  of 
the  nitrogen.  Expermients  made  with  hydrogen  and  oxygen  at  ordinary  tem- 
peratures, with  successive  additions  of  oxygen  and  of  nitrogen  respectively,  showed 
that,  so  long  as  the  explosion-wave  was  propagated  in  both  cases,  the  retarding 
influence  of  nitrogen  was  less  than  that  of  an  equal  volume  of  oxygen.  Three 
volumes  of  electrolytic  gas  can  be  exploded  with  five  volumes  of  nitrogen,  but 
with  seven  volumes  of  nitrogen  the  explosion  is  not  propagated  through  a  long  tube  ; 
whereas  three  volumes  of  electrolytic  gas  can  still  be  exploded  when  mixed  with 
eight  of  oxygen.  But  so  long  as  the  volume  of  nitrogen  added  is  not  sufficient  to 
stop  the  explosion,  the  addition  of  this  inert  gas,  incapable  of  taking  part  in  the 
chemical  change,  produces  less  effect  than  the  addition  of  oxygen,  one  of  the  reacting 
substances. 

MDCOOXCin. — A,  Q 
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Some  experiments  published  by  Berthelot  in  1885*  seem  to  be  at  variance  with 
this  statement.  When  electrolytic  gas,  largely  diluted  with  oxygen,  was  exploded  in 
a  bomb,  the  flame  traversed  the  bomb  more  quickly  than  when  an  equal  volimtie  of 
nitrogen  was  used  as  a  diluent.  But  the  rate  measured  in  this  case  was  not  that  of 
the  explosion -wave  ;  it  was  the  mean  rate  of  the  flame  from  the  point  of  inflamma- 
tion to  a  point  about  250  mm.  distant.  On  the  other  hand,  with  a  smaller  volume  of 
diluent  gas,  Beethelot  found  the  rate  of  explosion  to  be  less  retarded  by  nitrogen 
than  by  oxygen  : — 

Time  taken  bj  flame  to  travel  250  mm. 


Hj  +  0 

.     2*14  thousandths  of  a  second. 

Hj  +  0  +  3O2.     . 
H^  +  O+SNj     .     . 

.     .  16-04 
.     .  24-45 

Hj  +  0  +  O2  .    . 
H^  +  O  +  N^.     . 

.     .     8*16          „                     „ 
6*87           „                     „ 

1      •  1       •      •  1                     1       • 

•                 •  •  •  •  •    ^     1          1 

I  have  found  that  the  explosion-wave  is  sooner  initiated  when  electrolytic  gas  is 
largely  diluted  with  oxygen  than  when  it  is  diluted  with  the  same  volume  of 
nitrogen ;  a  fact  which  explains  the  apparent  anomaly  in  Berthelot's  experiments. 

On  repeating  my  measurements  of  the  rate  of  explosion  of  electrolytic  gas  with 
large  volumes  of  diluent  gases,  some  discrepancies  were  found,  which  could  not  at 
first  be  explained.  A  tube  of  larger  diameter  (13  mm.)  was  then  substituted  for  the 
smaller  tube  (9  mm.).  The  results  were  more  regular.  It  was  then  discovered  that 
the  explosion  frequently  died  out  near  the  end  of  the  smaller  tube,  whilst  transmit- 
ting a  sound-wave  sufficiently  powerful  to  break  the  silver  foil  composing  the  "  second 
bridge."  A  record  was  thus  obtained  on  the  chronograph  plate,  indicating  a  smaller 
velocity  than  the  true  rate  of  explosion.  By  inserting  a  glass  tube  just  before  the 
second  bridge,  and  watching  for  the  flame,  the  observers  made  sure  that  the  explosion- 
wave  reached  the  end  of  the  pipe.  A  second  precaution,  which  must  also  be  observed 
in  experiments  on  largely  diluted  gases,  is  to  make  sure  that  the  explosion-wave  has 
been  set  up  before  the  flame  reaches  the  first  bridge.  M.  Berthelot  does  not  state 
the  free  run  he  allowed  his  flame  before  beginning  the  measurements ;  but,  from  an 
inspection  of  the  figure  of  his  apparatus  (*  Sur  la  Force  des  Matierfes  Explosives/ 
vol.  1,  p.  138)  it  would  appear  that  a  few  inches  only  were  allowed  between  the 
firing  spark  and  his  first  "  inteniipter."  No  doubt,  the  use  of  a  grain  of  fulminate  in 
the  interrupter  hastened  the  establishment  of  the  explosion- wave  in  his  experiments, 
but  I  think  it  possible  that  in  some  of  his  measurements  he  began  to  record  the  rate 
before  the  wave  was  started,  and  so  obtained  a  rate  below  the  true  one.  In  all  my 
later  experiments  on  diluted  gases,  some  pure  electrolytic  gas  was  passed  into  the  long 
firing  piece,  just  before  the  explosion,  so  as  to  fill  it  for  a  length  of  two  or  three  feet. 

•  *  Ann.  Chim.  Phjs.'  [VI.],  vol.  4,  p.  44. 
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The  explosion-T^rave,  rapidly  started  in  this  mixture,  was  communicated  to  the  dilute 
mixture  beyond,  without  break  of  continuity,  before  the  first  bridge  was  reached. 

A  comparison  between  the  few  experiments  made  by  Berthelot  with  diluted 
mixtures  and  the  similar  ones  made  by  me  will,  I  think,  show  the  need  of  these 
precautions.  To  three  volumes  of  electrolytic  gas  Berthelot  added  two  volumes  of 
nitrogen  :  the  rate  of  explosion  was  found  to  be  2121  metres  per  second.  To  three 
volumes  of  electrolytic  gas  he  added  four  volumes  of  nitrogen :  the  rate  of  explosion 
was  only  1439  metres  per  second.  By  interpolation*  I  find  from  my  own  experiments 
with  one,  three,  and  five  volumes  of  nitrogen  (added  to  three  volumes  of  electrolytic  gas) 
the  rates  2200  and  1930,  for  the  explosion  of  electrol3rtic  gas  with  two  volumes  and  four 
volumes  of  nitrogen  respectivly.  The  first  agrees  fairly  with  Berthelot's  number,  the 
second  is  far  higher  than  his.  I  imagine  in  the  second  case  the  interrupter  was  broken 
before  the  explosion-wave  was  established  in  his  experiment.  Similarly,  in  two  experi- 
ments with  cyanogen,  Berthelot  found  a  rapid  falling  off  of  the  rate  which  I  did  not 
observe.  On  firing  a  mixture  of  cyanogen  with  twice  its  volume  of  oxygen  and  one 
volume  of  nitrogen,  he  found  the  rate  to  be  2044  metres;  on  adding  another  volume  of 
nitrogen  the  rate  fell  to  1203  metres.  By  interpolation  I  find  from  my  experiments 
2125  and  1960  as  the  rates  of  these  two  mixtures.  The  first  agrees  fairly  well  with, 
the  second  is  far  higher  than,  Berthelot's  number. 

The  mean  results  obtained  in  a  number  of  experiments  on  the  retarding  effect  of 
oxygen  and  nitrogen  are  given  in  the  following  table  : — 

Table  XIII. — ^Electrolytic  Gas  with  excess  (1)  of  Oxygen  and  (2)  of  Nitrogen. 


Mixture. 

2  vols,  hydrogen  1 
1  vol.  oxygen,     j 

With  addition  of 
1  vol.  oxygen. 

Hg  +  0  +  0 

With  addition  of 
3  vols,  oxygen. 

Hg    +    0    +    O3 

With  addition  of 
5  vols,  oxygen. 

Hg    +    0    +    O5 

With  addition  of 
7  vols,  oxygen. 

Hg  +  0   +    O7 

Mean  rate .     . 

2821 

2328 

1927 

1707 

1281 

(2.) 


Mixture. 

2  vols,  hydrogen  1 
1  vol.  oxygen,     j 

Hg   +    O 

With  addition  of 
1  vol.  nitrogen. 

H3*+  0  +  N 

With  addition  of 
3  vols,  nitrogen. 

Hg    +    0    +    N3 

With  addition  of 
6  vols,  nitrogen. 

H,  +  0  +  Ng 

With  addition  of 
7  vols,  nitrogen. 

H,  +  0  +  Nj 

Mean  rate .     . 

2821 

2426 

2055 

1822 

These  results  are  shown  graphically  in  fig.  3,  Plate  1,  where  the  ordinates  are 
volumes  of  nitrogen  (or  oxygen)  added  to  three  volumes  of  electrolytic  gas,  and  the 
abscissae  are  the  rates  of  explosion  of  the  mixtures  in  metres  per  second. 

*  Seetig.  3,  Platel. 
Q  2 
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These  curves  plainly  show  that  the  retardation  of  the  explosion-wave  depends  upon 
the  density  of  the  gas  added  as  well  as  upon  its  volume — a  result  in  accordance  with 
Berthelot's  theory. 

I  think  it  a  fair  inference  from  these  facts  to  conclude,  when  the  addition  of  a  gas 
to  an  explosive  mixture  retards  the  rate  of  explosion  by  an  amount  which  depends 
upon  its  volume  and  density,  that  such  added  gas  is  inert  as  far  as  the  propagation  of 
the  wave  is  concerned,  and  that  any  change  which  it  may  undergo  takes  place  after 
the  wave-front  has  passed  by — in  other  words,  is  a  secondary  change. 


§  3.   Oxygen  Inert  to  Carbonic  Oxide  in  Explosion  of  Carbon  Compounds. 

This  principle  can  be  applied  to  determine  whether,  in  the  combustion  of  gaseous 
carbon,  the  oxidation  to  carbonic  acid  is  effected  in  one  or  two  stages.  If,  for 
instance,  the  carbon  is  first  burnt  to  carbonic  oxide,  which  subsequently  is  burnt  to 
carbonic  acid,  the  rate  of  the  explosion-wave  should  correspond  with  the  carbonic 
oxide  reaction  retarded  by  an  excess  of  oxygen  ;  whereas,  if  the  carbon  burns  to 
carbonic  acid  directly,  in  one  stage,  then  the  rate  of  the  explosion- wave  should 
correspond  with  the  complete  and  unretarded  reaction. 

Now,  if  we  adopt  Berthelot's  theory  as  a  working  hypothesis,  we  can  calculate 
the  theoretical  rates  of  explosion  of  marsh  gas,  ethylene,  or  cyanogen :  (I)  on  the 
supposition  that,  with  sufficient  oxygen,  the  carbon  burns  directly  to  carbonic  acid, 
and  (2)  on  the  supposition  that  the  carbon  bums  first  to  carbonic  oxide,  and  the 
further  oxidation  is  a  subsequent  or  secondary  reaction.  On  the  first  supposition,  if 
100  represents  the  rate  of  explosion  of  these  three  gases  with  oxygen  only  sufficient 
to  burn  them  to  carbonic  oxide,  the  addition  of  the  oxygen  required  to  burn  the  gases 
to  carbonic  acid  should  increase  the  rate  of  explosion  : — 


Calculated  rate  of  explosion  when  burnt  to  COj     . 

Harsh  gas. 

Ethylene. 

Cyanogen. 

104 

103 

107 

Whereas,  if  these  gases  really  bum  first  to  carbonic  oxide,  and  the  extra  oxygen  is 
inert  in  propagating  the  explosion-wave,  then  the  addition  of  this  inert  oxygen  would 
diminish  the  rate  of  explosion  : — 


Calculated  rate  of  explosion  when  burnt  to  CO 
with  inert  oxygen  present 

Marsh  gas. 

Ethylene. 

Cyanogen. 

92 

88 

87 

The  experiments  show  that  if  100  be  taken  as  the  rate  of  explosion  when  the 
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oxygen  is  oiJy  sufficient  to  burn  the  carbon  to  carbonic  oxide,  the  following  are  the 
rates  found  when  oxygen  is  added  sufficient  to  burn  the  carbon  to  carbonic  acid  : — 


Rates  found 

Marsh  gas.     '       Ethylene.            Cyanogen. 

94            !            92            1            84 

1                           i 

The  results  are,  therefore,  in  favour  of  the  view  that,  in  the  explosion  of  these 
gases,  the  carbon  is  first  burnt  to  carbonic  oxide.* 

But  stronger  evidence  on  this  point  is  obtained  by  comparing  the  explosion  rates  of 
these  gases  (1)  when  fired  with  oxygen  sufficient  to  burn  the  carbon  in  them  to 
carbonic  acid,  and  (2)  when  nitrogen  is  substituted  for  £he  oxygen  in  excess  of  that 
required  to  burn  the  carbon  to  carbonic  oxide.  We  have  seen  that  oxygen,  added  to 
electrolytic  gas,  hinders  the  explosion  more  than  nitrogen.  In  precisely  the  same 
way  oxygen,  added  to  a  mixture  of  equal  volumes  of  cyanogen  and  oxygen,  hinders 
the  explosion  more  than  the  same  volume  of  nitrogen.  The  conclusion  we  must  come 
to  is,  that  the  oxygen,  added  to  the  mixture  expressed  by  the  formula  CgNg  +  O2,  is 
as  inert  (so  far  as  the  propagation  of  the  explosion-wave  is  concerned)  as  oxygen 
added  to  the  mixture  expressed  by  the  formula  Hg  +  0.  The  same  phenomena  occur 
in  the  explosion  of  marsh  gas,  ethylene,  and  acetylene. 

The  following  tables  contain  the  results  of  my  last  experiments  on  this  subject. 
The  rates  come  out  on  the  whole  somewhat  higher  than  in  my  earlier  experiments. 
This  is  mainly  due  to  the  later  explosions  having  been  made  in  a  tube  of  larger 
diameter — 9  mm.  instead  of  5  mm. 


Table  XIV. — The  Rate  of  Explosion  of  Cyanogen  (1)  with  Oxygen,  and  (2)  with 

Oxygen  and  Nitrogen. 

m 


Mixture. 
Mean  rate .     . 

1  vol.  cyanogen! 
1  vol.  oxygen     j 

CaNg-fOj 

With  addition  of 
1  vol.  oxygen. 

C2N2+2O8 

With  addition  of 
2  vols,  oxygen. 

C3N2  +  3O3 

2728 

2321 

2110 

•  [It  might  be  urged  that,  with  defect  of  oxygen,  the  reactions  re^lj  are — 

1.  CH^  +  03=  COo  +  HoO  +  H. 

2.  CnH^  +  O^  -  2063  +  2H3 

3.  C,N.2  +  02  =  COo  +  C  +  N, 

If  this  wore  true,  and  100  represented  the  observed  rates  of  explosion  in  each  case,  then  on  adding 
oxygen  sufficient  for  complete  combustion,  the  rates  should  be  101 ,  99,  and  107  respectively.— Jan.,  1893.] 
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(2.) 


Uixiuro. 

1  vol.  cyanogen  1 
1  vol.  oxygen,    j 

C3N3  +  O2 

With  addition  of 
1  vol.  nitrogen. 

C2N3+O3  +  N3 

• 

With  addition  of 

2  vols,  nitrogen. 

C^3+0,+2N, 

Mean  rate .     . 

2728 

2398 

2165 

Cyanogen  will  explode  when  mixed  with  four  times  its  volume  of  oxygen.  When 
three  volumes  of  nitrogen  are  added  to  one  volume  of  cyanogen  and  one  of  oxygen, 
the  mixture  will  not  explode,  but  bums  at  the  mouth  of  the  tube.  So  long,  how- 
ever, as  the  nitrogen  does  not  prevent  the  explosion,  its  addition  to  the  mixture  has 
less  retarding  effect  than  the  addition  of  an  equal  volume  of  oxygen. 

Table  XV. — The  Kate  of  Explosion  of  Marsh  Gas  (1)  with  Oxygen  and  (2)  with 

Oxygen  and  Nitrogen. 


Mixture. 

2  vols,  methane  1 

3  vols,  oxygen    j 

With  addition  of 
1  vol.  oxygen. 

2322 

With  addition  of 
3  vols,  oxygen. 

CH,+0« 

With  addition  of 
5  vols,  oxygen. 

OH^+Og 

Mean  rate .     . 

2470 

2146 

1963 

(2.) 


Mixture. 

2  vols,  methane! 

3  vols,  oxygen    J 

With  addition  of 
1  vol.  nitrogen. 

CH,+03+N 

With  addition  of 
3  vols,  nitrogen. 

CH,+0,+N, 

With  addition  of 
6  Tols.  nitrogen. 
CH^+Oj+Ng 

Mean  rate .  *  . 

2470 

2349 

2154. 

1880 
(goes  out  sometimes) 

The  addition  of  one  and  of  three  volumes  of  nitrogen  to  the  mixture  of  marsh  gas 
and  oxygen  (CH^  +  Og)  is  found  to  retard  the  rate  less  than  the  addition  of  the  same 
volumes  of  oxygen.  When,  however,  five  volumes  of  nitrogen  are  addexl,  the 
retai'dation  is  greater  than  with  oxygen  :  this  mixture  is  near  the  limit  of  explosion, 
and  once  or  twice  the  flame  died  out  before  reaching  the  end  of  the  tube.* 


*  Many  attempts  were  made  to  explode  mixtnres  of  marsh  gas  and  air  in  a  tube.  A  vigorous 
explosion,  initiated  by  firing  electrolytic  gas  down  the  first  few  feet  of  the  tube,  soon  dies  out  in  the 
mixtures  of  marsh  gas  and  air.  In  a  metal  tube  1  inch  in  diameter  the  flame  ti-avelled  a  considerable 
distance,  but  in  a  slow  and  irregular  way.  Similar  results  were  obtained  with  mixtures  of  coal-gas  and 
air.     On  the  other  hand,  mixtures  of  ethylene  and  air  explode  readily  down  a  narrow  tube. 
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In  the  case  of  ethylene,  the  retarding  action  of  oxygen,  which  is  greater  than  that 
of  nitrogen  for  the  first  volume  added  to  the  mixture  (CgH^+SOg),  becomes  less  and 
less  as  a  large  excess  of  oxygen  is  added ;  so  that  the  rate  of  explosion  of  ethylene 
and  air  would  be  considerably  increased  by  the  substitution  of  oxygen  for  the  nitrogen 
of  the  air.  With  a  large  excess  of  oxygen  the  secondary  reaction,  whereby  cai*bonic 
acid  is  formed,  influences  the  result,  for  the  conditions  are  eminently  favourable  for 
the  interaction  of  the  carbonic  oxide,  steam,  and  oxygen. 

Table  XVII. — The  Rate  of  Explosion  of  Acetylene  (1)  with  Oxygen,  and  (2)  with 

Oxygen  and  Nitrogen.* 

(1.) 


! 

Mixture. 

1 

• 

2  vols,  acetylene  1 

3  vols,  oxygen     J 

CaHg+Os 

With  addition  of  2  vols, 
oxygen. 

Mean  rate   .     . 

2716 

2391 

(2.) 


Mixture. 


Mean  rate    .     . 


2  vols,  acetylene  1 
8  vols,  oxygen     j 


2716 


With  addition  of  2  vols, 
nitrogen. 


These  experiments  show  that  in  all  the  cases  examined,  viz.,  the  combustion  of 
cyanogen,  mai'sh  gas,  ethylene,  and  acetylene,  the  substitution  of  nitrogen  for  the 
oxygen  required  to  bum  the  carbon  from  carbonic  oxide  to  carbonic  acid  increases  the 
velocity  of  the  explosion.  These  facts  seem  only  consistent  with  the  view  that  the 
carbon  bwms  directly  to  carbonic  oxide,  and  the  formation  of  carbonic  acid  is  an 
after 'Occun^ence. 

§  4.  Berthelot's  Experiments  bearing  on  the  mode  of  Combustion  of  Carbon. 

M.  Bebthelot  found  that  the  pressures  produced  in  the  explosion  of  cyanogen 
were  greater  for  the  incomplete  than  for  the  complete  combu8tions.t 


*  No  doubt  with  a  large  excess  of  oxygen  the  explosion  of  acetylene  would  be  less  retarded  than  with 
a  large  excess  of  nitrogen,  as  in  the  case  of  ethylene.  Owing  to  the  expense  of  preparing  the  acetylene, 
experiments  with  a  large  excess  of  oxygen  were  not  made. 

t  *  Ann.  Chim.  et  Phys.*  [VI.  j,  vol.  4,  p.  88. 
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{ 


Mixtures.  Pressnre-s. 

C^Nj  +  Oj 25*11  atmospheres. 

C2N2  +  2O2 20-96 

rC3N2+2NjO 26-02 

iC3N2  +  4N30 22-66 

C2N2  +  2NO 23-34 

CaN2+4NO 16-92 


{ 


It  is  difficult  to  reconcile  these  numbers  with  the  received  view  as  to  the  burning 
of  carbon ;  they  are  readily  explained  on  the  hypothesis  that  carbon  bums  in  two 
stages. 

Bebthelot  has  also  made  some  observations  of  the  initial  rate  of  explosion  of 
cyanogen  when  burnt  to  carbonic  oxide  and  when  burnt  to  carbonic  acid.  The  time 
taken  by  the  flame  in  travelling  a  distance  of  about  130  mm.  from  the  point  of 
inflammation  was  less  for  the  incomplete  than  for  the  complete  combustion  ;  a  result 
which  agrees  with  my  measurements  of  the  rate  of  the  explosion-wave  in  the  two 
cases.  When  a  mixture  of  carbonic  oxide,  oxygen  and  nitrogen,  having  a  composition 
corresponding  to  the  first  stage  of  the  combustion  of  cyanogen,  was  fired  in  the  same 
apparatus,  the  rate  of  the  flame  was  found  by  Berthelot  to  be  far  slower  than  in 
the  complete  combustion  of  cyanogen  : — 

Time  taken  by  flame  to  travel  130  mm. 

C^N^  +  O2 1*05  thousandths  of  a  sec. 

C3N2  +  2O3 1-55 

2C0  +O2+N2      .     •     .  1778 


j>  99 


M.  Bebthelot  adds  : — "  D'aprfes  ces  nombres,  il  ne  parait  pas  que  la  combustion 
totale  du  cyanogfene  s'efFectue  en  deux  temps,  en  formant  d'abord  en  totality  de 
Foxyde  de  carbone  qui  brAlerait  ensuite  ;  car  la  combustion  totale  est  beaucoup  plus 
rapide  que  la  somme  de  ces  deux  effets  s6pards."* 

On  first  reading  this  passage  I  understood  M.  Berthelot  to  mean  that  in  the 
complete  combustion  of  cyanogen  there  was  no  intermediate  formation  of  carbonic 
oxide.  But  I  am  led  to  think  that  this  interpretation  cannot  be  correct  for  two 
reasons.  First,  because  the  conditions  of  temperature  and  pressure  are  so  entirely 
different  in  the  two  cases  compared,  that  no  argument  drawn  from  one  can  be  applied 
to  the  other.  In  one  case,  a  reaction  is  initiated  in  a  mixture  of  carbonic  oxide, 
oxygen,  and  nitrogen  at  the  atmospheric  tomperature  and  pressure ;  in  the  other,  the 
same  gases  are  at  an  enormously  high  temperature  and  pressure  when  the  reaction 
begins.  Secondly,  because  M.  Berthelot,  in  the  same  paper,  has  drawn  from 
analogous  facts  an  argument  in  an  exactly  opposite  sense.  Having  determined  the 
initial  rate  of  explosion  of  hydrogen  and  oxygen,  and  of  carbonic  oxide  and  oxygen 

*  *  Ann.  Chim.  at  Phys.,'  [VI.]  vol.  4,  p.  43. 
MDCOCXCIII. — A.  R 
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in  a  bomb,  he  found  the  rate  of  explosion  of  the  mixture  of  the  two  to  be  less  than 
the  mean  of  the  two  separately  : — 

Time. 

H2+O 1-04 

CO  +  0 12-86 

H2  +  CO  +  O2 3-88 

"  La  Vitesse  de  combustion  n  est,  dans  aucun  cas,  la  moyenne  de  celle  des  compo- 
sants  m^langds.  Mais  les  deux  gaz  paraissent  tendre  k  briiler  s^pardment,  chacun 
avec  sa  vitesse  propre." 

The  meaning  of  the  passage  quoted,  concerning  the  combustion  of  cyanogen,  would 
therefore  appear  to  be :  "  In  the  complete  combustion  of  cyanogen  there  are  not  two 
flames  propagated  from  the  point  of  inflammation  with  different  velocities — the 
quicker  due  to  the  burning  of  cyanogen  to  carbonic  oxide,  the  slower  to  the  burning 
of  carbonic  oxide  to  carbonic  acid."  With  this  literal  interpretation  of  the  passage 
I  entirely  agree  :  there  are  not  two  flames  or  two  explosions,  but  the  burning  of  each 
molecule  takes  places  in  two  stages,  the  second  stage  prolonging  the  duration  of  the 
flame  due  to  the  first. 

§  5.  Other  Experiments  on  the  burning  of  Carbon. 

It  is  usually  assumed  that  carbon,  in  all  its  states,  burns  to  carbonic  acid,  and  then 
the  excess  of  carbon,  if  it  is  present,  reduces  the  carbonic  acid,  first  formed,  to  carbonic 
oxide.  This  view,  no  doubt,  originated  from  the  observation  that  solid  carbon  bums 
in  oxygen,  without  apparent  flame,  to  form  carbonic  acid ;  and  that  carbonic  acid  is 
readily  reduced  to  carbonic  oxide  when  passed  over  heated  carbon.  The  experiments, 
however,  of  Mr.  Brereton  Baker  ('Phil.  Trans.,'  1888)  show  that  purified  charcoal 
may  be  heated  to  redness  in  a  current  of  dry  oxygen  without  visible  combustion 
taking  place,  but  with  the  formation  of  carbonic  oxide — although  the  oxygen  is  in 
large  excess.  It  would  appear,  from  Mr.  Baker's  observations,  that  carbonic  oxide 
is  the  first  product  of  the  action  of  oxygen  on  solid  carbon  at  a  high  temperature ;  the 
fomaation  of  carbonic  acid  being  a  secondary  change  due  to  the  interaction  of  carbonic 
oxide,  steam  and  oxygen.  Both  solid  and  gaseous  carbon,  therefore,  appear  to 
undergo  oxidation  in  two  stages ;  the  second  stage  being  facilitated  by  the  presence 
of  steam. 

The  evidence,  above  described,  led  me,  two  years  ago,  to  hazard  an  explanation  of 
the  appearance  of  a  cyanogen  flame  burning  in  air.  The  crimson  inner  zone  might  be 
due  to  the  primary  reaction— the  burning  of  the  cyanogen  to  carbonic  oxide  and 
nitrogen,  with  the  limited  air  supply  that  reaches  it ;  the  blue  outer  zone  might  be 
due  to  the  burning  of  the  carbonic  oxide  (formed  in  the  crimson  zone),  as  it  meets 
with  a  plentiful  supply  of  air  outside.     A  few  experiments  I  made  showed  the  presence 
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of  carbonic  oxide  in  abundance  on  the  edge  of  the  crimson  zone ;  but  I  liave  left  the 
further  investigation  of  the  structure  of  the  cyanogen  flame  to  Professor  A.  Smithells, 
who  has  devised  a  most  ingenious  method  of  separating  the  outer  and  inner  cones  of 
flame,  formed  when  a  mixture  of  a  combustible  gas  and  air  is  burnt  in  a  Bunsen 
burner.  His  experiments  show  that  the  cyanogen  is  completiely  destroyed  in  the 
inner  red  flame,  and  carbonic  oxide  is  the  main  product  of  its  oxidation  there.  This 
carbonic  oxide  burns  above,  on  reaching  the  air,  with  its  well-known  blue  flame* 
(*Chem.  Soc.  Joum.,'  1892,  vol.  1,  p.  215). 

Cap.  VI. — The  Eeactions  of  Carbonic  Oxide  in  the  Flame. 

If  it  be  true  that  in  a  flame  gaseous  carbon  burns  to  carbonic  oxide,  and  that  carbonic 
oxide  reacts  with  steam  (if  presejit)  to  a  limited  extent,  and  is  completely  oxidised  in 
presence  of  steam  and  oxygen,  two  questions  arise  :  (1)  What  happens  to  the  carbonic 
oxide  first  formed  in  the  combustion  of  hydrocarbons  or  cyanogen  with  excess  of 
oxygen  ?  and  (2)  How  do  these  secondary  reactions  affect  the  rate  of  explosion  ?  In 
the  case  of  cyanogen  we  should  expect,  if  the  gases  are  fairly  dry,  that  the  formation 
of  carbonic  acid  would  be  compai*atively  slow,  since  no  steam  is  formed  in  the  reaction. 
We  find,  in  accordance  with  this  expectation,  that  so  long  as  the  mixtures  will  explode, 
successive  additions  of  oxygen  retard  the  rate  more  than  the  additions  of  nitrogen — 
just  as  in  the  case  of  electrolytic  gas.  This  means  that  in  the  cyanogen  explosion  the 
excess  of  oxygen  and  carbonic  oxide  are  as  inert  towards  each  other  (as  far  as  the 
propagation  of  the  wave  is  concerned)  as  the  excess  of  oxygen  and  steam  are  in  the 
explosion  of  electrolytic  gas.  On  the  other  hand,  the  carbonic  oxide  formed  in  the 
explosion  of  hydrocarbons,  with  excess  of  oxygen,  meets  with  the  steam  also  formed  in 
the  flame.  This  is  the  condition  necessary  for  its  most  rapid  oxidation.  We  should 
expect,  therefore,  to  find  in  the  explosions  of  hydrocarbons  that  the  retarding  action 
of  large  quantities  of  oxygen  is  partly  counteracted  by  this  secondary  reaction,  for  the 
oxygen  in  presence  of  the  steam  is  not  inert  towards  the  carbonic  oxide.  As  a  matter 
of  fact,  we  find  that  the  first  additions  of  oxygen  to  the  hydrocarbon  mixtures  retard 
more  than  nitrogen,  but  as  the  additions  are  continued  the  oxygen  has  less  and  less 
retarding  influence  compared  with  the  nitrogen. 

When  carbonic  oxide,  which  has  the  same  density  as  nitrogen,  is  added  to 
electrolytic  gas,  the  retarding  effect  on  the  explosion  is  very  nearly  the  same  as  when 
an  equal  volume  of  nitrogen  is  added : — 


^  The  greemsh-grej  tint,  obseryable  in  the  outer  flame,  maj  be  due  to  some  oxide  of  nitrogen  formed 
in  the  inner  flame.  A  little  peroxide  of  nitrogen  g^ves  a  similar  tint  to  an  ordinary  Bnnsen  gas  flame ; 
and  peroxide  of  nitrogen  is  formed  when  cyanogen  is  burnt  under  certain  conditions  (vide  '  Cbem.  Soc. 
Joom.,'  1886,  vol.  1,  p.  390). 
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Table  XVIIL— 


Rate  of  Explosioa  of  Electrolytic  Gas  (1)  with  Nitrogen,  and 
(2)  with  Carbonic  Oxide.     (K.) 

(1.) 


Mixtare. 

2  vols,  hydrogen     1 
and  1  vol.  oxygen,   j 

Ha+O 

With  addition 

of  1  vol.  nitrogen. 

H3  +  O  +  N 

With  addition 
of  S  vols,  nitrogen. 

Hj+0-J-Nj 

Mean  rate 

2821 

2426 

2055 

(2.) 


Mixture. 

2  vols,  hydrogen     1 
and  1  vol.  oxygen,  j 

Hj+0 

With  addition 

of  1  vol.  carbonic  oxide. 

H3  +  O  +  K 

With  addition 

of  3  vols,  carbonic  oxide. 

Hj+O  +  Kj 

Mean  rate 

2821 

2455 

2080 

It  is  true  that  carbonic  acid  and  free  hydrogen  are  found  in  the  tube  after  the 
explosion  ;  but  these  are  due  to  a  secondai^y  reaction,  which  need  not  necessarily 
affect  the  rate  ;  in  other  words,  the  carbonic  acid  may  be  formed  in  the  heated  gases 
after  the  wave-front  has  passed  by. 

This  similarity  in  the  retarding  action  of  carbonic  oxide  and  nitrogen  can  be 
explained  in  two  ways.  First,  the  carbonic  oxide  may  be  for  the  most  part  unaflFected 
in  the  initial  change  occurring  in  the  wave-front,  and  be,  consequently,  as  inert  as  an 
equal  volume  of  nitrogen.  Secondly,  the  carbonic  oxide — ^inert  towards  the  hydrogen 
and  oxygen — may  react  with  the  steam  produced  both  in  the  wave-front  and  behind 
it.  The  reaction  between  the  steam  and  carbonic  oxide  in  the  wave-front  would 
slightly  quicken  the  explosion  by  developing  heat.  The  experiments  show  that 
nitrogen  retards  the  wave  to  an  extent  just  appreciably  greater  than  carbonic  oxide. 

To  test  the  correctness  of  these  views  concerning  the  rdle  played  by  carbonic  oxide 
in  the  flame,  an  experiment  was  tried  with  electrolytic  gas  diluted  (1)  with  oxygen 
and  nitrogen,  and  (2)  with  oxygen  and  carbonic  oxide.  We  have  seen  that 
electrolytic  gas,  when  diluted  with  carbonic  oxide,  explodes  at  nearly  the  same 
rate  as  when  diluted  with  nitrogen.  Now,  if  the  views  expressed  above  are 
correct,  we  may  replace  some  of  the  diluent  nitrogen  by  oxygen,  and  thereby  make 
the  explosion  slower ;  but  if  the  diluent  carbonic  oxide  is  partly  replaced  by  oxygen, 
the  explosion  should  be  considerably  faster.  The  rates  found  in  the  two  cases  agree 
with  this  prediction  : — 
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Mixture. 


Mean  rate. 


Table  XIX. 


2  vols,  hydrogen     1 
1  vol.  oxygen         j 

Hg+O 


With  addition    • 
of  3  vols,  nitrogen. 
H3  +  O  +  N3 


2821 


2055 


With  addition  of  2  vols, 
nitrogen  and  1  vol.  oxygen. 

Ha+O  +  O  +  Nj, 


(2.) 


Mixture. 

2  vols,  hydrogen     1 
1  vol.  oxygen         j 

Ha  +  0 

With  addition  of 
3  vols,  carbonic  oxide. 

Ha+O  +  Kg 

With  addition  of  2  vols. 

carb.  ox.  and  1  vol.  oxygen. 

Ha+O  +  O  +  Kj 

Mean  rate  .     . 

2821 

2080 

2143 

A  study  of  these  several  tables  brings  us  to  the  conclusion  that  secondary 
reactions,  whereby  carbonic  oxide  is  oxidised  in  the  flame,  may  affect  the  velocity  of 
the  wave  to  a  smaller  extent  when  the  explosion  is  rapid,  to  a  greater  extent  when 
the  explosion  is  slow. 


Cap.  VII. — Examination  of  Berthelot's  Theory. 


The  measurements  of  the  rate  of  explosion  of  the  various  gaseous  mixtures 
described  in  Cap.  V.  permitted  an  extended  comparison  between  the  theoretical 
velocities  calculated  by  Berthelot's  formula  (0)  and  the  actual  rates  (i/).  This 
comparison  is  made  in  the  following  tables  for  electrolytic  gas,  diluted  with  oxygen 
and  with  nitrogen ;  for  cyanogen  burning  to  carbonic  oxide,  and  when  this  mixture 
is  diluted  with  nitrogen  ;  for  marsh  gas,  ethylene,  and  acetylene,  all  burning  to 
carbonic  oxide  and  steam,  and  for  the  same  gases  diluted  with  nitrogen.  In 
calculating  0,  I  made  a  correction  for  the  gases  being  at  the  ordinary  temperature 
(13^  C.)  before  explosion,  and  not  at  absolute  zero ;  the  theoretical  velocities  are, 
therefore,  rather  higher  than  those  given  by  Berthelot.  This  correction  raises  the 
theoretical  velocity  of  explosion  of  electrolytic  gas  from  2831  metres  per  second 
(Berthelot)  to  2900. 
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Table  XX. — Electrolytic  Gas  with  excess  of  Oxygen  added. 


Mixtnrc. 

2  vols,  hydrogen " 
1  vol.  oxygen. 

Hj+O  . 

With  addition  of 
1  vol.  oxygen. 

Hj+O-hO 

With  addition  of 
3  vols,  oxygen. 

H3+O  +  O3 

With  addition  of 
5  vols,  oxygen. 

H3  +  O  +  O5 

1 

Theory,  0  .     . 

2900 

2252 

1730 

j 

1476 

Fonnd,  v    .     . 

2821 

2328 

1927 

1707 

Table  XXI. — Electrolytic  Gas  with  excess  of  Nitrogen  added. 


Mixtare. 

H3+O 

H,+0+N 

Hg+O+Nj 

H,+0+Nj 

Theory,  9  .     . 
Fonnd,  v    . 

2900 

2321 

1814 

1558 

2821 

2426 

2055 

1822 

These  measurements  show  that  Berthelot's  formula,  which  gives  a  calculated 
rate  3  per  cent,  too  high  for  pure  electrolytic  gas,  also  gives  a  calculated  rate  which 
is  found  to  be  16  and  17  per  cent,  too  low  for  the  same  gas  when  largely  diluted  with 
oxygen  and  with  nitrogen  respectively. 

Again,  in  the  explosion  of  cyanogen  to  carbonic  oxide  with  its  own  volume  of 
oxygen,  and  also  when  the '  same  mixture  is  diluted  with  nitrogen,  the  theoretical 
rates  calculated  by  Berthelot's  formula  are  far  too  low  : — 


Table  XXII. — Cyanogen  and  Oxygen  with  excess  of  Nitrogen  added. 


Mixtnre. 

1  vol.  cyanogen  1 
1  vol.  oxygen,  j 

CjjNa+Os 

With  addition  of 
1  voL  nitrogen. 

C2N2  +  O2  +  N3 

With  addition  of 

2  vols,  nitrogen. 

C3N3+O3+2N3 

1877 

Theory,  0  .     . 

2361 

2083 

Fonnd,  v 

2728 

2397 

2166 

The  observed  ratea  of  explosion  are  1 5  per  cent,  higher  than  the  calculated  rates. 
Similar  differences  are  found  between  the  observed  and  the  calculated  rates  when  the 
cyanogen  mixture  is  diluted  with  oxygen. 

When  marsh  gas  and  ethylene  are  exploded  with  oxygen  sufficient  to  bum  them 
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to  carbonic  oxide  and  steam,  the  observed  rates  are  higher  than  those  given  by  the 
formula.  Again,  when  these  mixtures  are  dihited  with  nitrogen  the  rates  come  out 
higher  than  the  formula  predicts. 


Table  XXIII. — Marsh  Gas  and  Oxygen  witii  excess  of  Nitrogen  added. 


Miztnre. 

2  vols,  methane  1 

3  ▼oIb.  oxygen,  j 

With  addition  of 
1  vol.  nitrogen. 

CH^+Oj+N 

With  addition  of 
8  vols,  nitragen. 

CH,+0,+N, 

Theory,  0    .     . 

2387 

2211 

1958 

Found,  V      ,     , 

2470 

2349 

2154 

For  pure  marsh  gas  and  oxygen,  the  calculated  velocity  is  3^  per  cent,  too  low ; 
when  3  volumes  of  nitrogen  are  added,  the  calculated  velocity  is  10  per  cent,  too  low. 
The  mixture  cannot  be  detonated  with  a  large  excess  of  nitrogen. 
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Here,  as  in  the  case  of  electrolytic  gas,  the  rate  for  the  pure  mixture  is  in  close 
agreement  with  the  calculated  velocity.  Taken  by  itself,  this  experiment  (not  tried 
by  Berthelot)  would  have  offered  strong  confirmation  of  the  correctness  of  the 
theory.  But  as  successive  additions  of  nitrogen  are  made  to  the  mixture,  the 
calculated  velocities  fall  helow  the  observed  rates,  until,  with  a  large  excess  of 
nitrogen,  the  calculated  rate  is  1 6  per  cent,  too  low. 

The  gradual  divergence  between  the  observed  and  the  calculated  rates  of  explosion 
for  different  gaseous  mixtures,  as  successive  quantities  of  nitrogen  were  added  to  the 
pure  explosive  gas,  led  me  to  try  the  effect  of  diluting  electrolytic  gas  with  hydrogen. 
According  to  Berthelot*s  formula  a  slight  increase  in  the  rate  should  occur ;  actually 
a  very  marked  increase  in  the  rate  was  observed. 


Table  XXVI. —  Rate  of  Explosion  of  Electrolytic  Gas  with  excess  of  Hydrogen 

added. 


1 

Mixtare. 
Theory,  0     .     . 

2  vols,  hydrogen " 
1  vol.  oxygen,      j 

H3-I-O 
2900 

2821 

1 

With  afldition  of 

2  vols,  hydrogen. 

H3+O  +  H2 

With  addition  of 
4  vols,  hydrogen. 

With  addition  of 
6  vols,  hydrogen. 

Hg+O  +  Hg 

3055 
3268 

3061 

3028 

Found,  p      .     . 

3527 

3532 

To  compare  with  this  series  of  experiments,  and  with  those  given  in  Table  XXI.,  a 
mixture  of  hydrogen  and  nitrous  oxide  was  exploded  (1)  by  itself,  (2)  with  excess  of 
hydrogen,  and  (3)  with  excess  of  nitrogen.  A  similar  divergence  between  the 
calculated  and  observed  rates  was  found  both  when  the  mixture  was  diluted  with 
hydrogen,  and  when  it  was  diluted  with  nitrogen. 


Table  XXVII. — Rate  of  Explosion  of  Hydrogen  and  Nitrous  Oxide,  with  excess  of 

(1)  Hydrogen,  (2)  Nitrogen. 

(1.) 


Mixtnre. 

2  vols,  hydrogen 
2  vols,  nitrons  oxide. 

Ha  +  NjO 

With  addition  of 
2  vols,  hydrogen. 

With  addition  of 
4  vols,  hydrogen. 

H3  +  N2O  +  H4 

With  addition  of 
5  vols,  hydrogen. 

Hj+NgO  +  Hj 
24()0 

Theory,  0     .     . 

2319 

2374 

2396 

Found,  p      .     . 

2305 

2545 

2705 

2732 
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(2.) 


Mixture. 

Hj  +  NjO 

With  addition  of 
2  vols,  nitrogen. 

H,  +  NgO  +  Nj 

< 

With  addition  of 
8  vols,  nitrogen. 

H,  +  N,0  +  Nj 

Theory,  0    .    . 

2319 

1912 

1782 

Poond,  V      .     . 

2305 

1991 

1880 

Now  M.  Berthelot  especially  insists  that  the  formula  gives  a  maximum  velocity 
which  may  be  reached,  but  not  surpassed,  by  the  actual  explosion-wave.  If,  then, 
the  rates  of  explosion  of  the  diluted  mixtures  had  fallen  below  the  calculated  rates, 
such  divergence  might  be  explained  on  the  supposition  that  the  diluent  gases 
interfere  with  the  normal  propagation  of  the  wave,  an  explanation  which  is  indeed 
advanced  by  Berthelot  to  account  for  the  falling  off  in  the  rate  of  certain  diluted 
mixtures  observed  by  him.  But  since  the  theory  assumes  that  the  explosion -wave 
travels  at  the  rate  of  the  gaseous  molecules  themselves  while  they  still  retain  all  the 
heat  developed  by  the  reaction,  the  presence  of  inert  molecules  could  not  possibly 
increase  this  rate  of  motion.* 

Since  the  amount  and  regularity  of  the  divergence  between  the  found  and 
calculated  rates  precluded  the  idea  of  experimental  error  being  its  sole  cause,  I  was 
driven  to  conclude  either  that  the  hypothesis  was  incorrect,  or  that  the  formulas 
used  failed  to  express  the  hypothesis  with  exactness. 

M.  Berthelot's  theory  is  that  the  explosion  does  not  travel  with  the  velocity  of 
sound  in  the  heated  gases,  but  with  a  velocity  equal  to  the  mean  rate  of  translation  of 
the  molecules  produced  in  the  explosion. 

Let  us  examine  the  mode  in  which  Berthelot  calculates  the  theoretical  velocity, 
i.e.,  the  mean  rate  of  translation  of  the  products  of  combustion  at  the  temperature  of 
the  explosion.     In  Clausius'  formula 

M.  Berthelot  calculates  the  absolute  temperature  of  the  explosion  by  dividing  the 
quantity  of  heat  developed  in  the  complete  reaction  by  the  specific  heat  of  the 
products  of  combustion  taken  at  constant  pressure.  He  argues  that  each  layer  of  gas, 
in  transmitting  the  explosion,  is  heated  under  constant  pressure.  I  cannot  follow  his 
reasoning. 

"The  combustion,"  he  says,  "in  propagating  itself  from  layer  to  layer,  is 
preceded  by  the  compression  of  the  gaseojas  layer  which  it  is  about  to  transform. 

*  It  will  be  shown  in  the  sequel  that  Berthelot's  formnla  fails  to  express  the  rates  of  explosion  of 
some  undiluted  explosive  mixtures,  viz.,  hydrogen  and  chlorine,  ammonia  and  nitrous  oxide. 


V  =  29-354 
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.  .  .  The  combustion  of  each  layer  produces  both  heat  and  at  the  same  time  the 
work  necessary  to  compress  the  following  layer — ^that  is  to  say,  the  layer  loses  on  this 
score  just  as  much  heat  as  it  gained  by  its  own  compression.  The  whole  proceeds,  as 
far  as  the  elevation  of  temperature  is  concerned,  precisely  as  if  we  had  operated  under 
constant  pressure."  On  the  facts  of  the  case  there  is  no  dispute.  The  gas  is  exploded 
in  a  closed  vessel.  Each  layer  is  compressed  before  being  fired ;  after  firing  it 
compresses  the  layer  beyond  it.  Now,  as  regards  this  preliminary  compression,  each 
layer,  in  turn,  expends  the  same  energy  as  was  previously  communicated  to  it,  and, 
therefore,  it  does  no  work  of  its  own.  But  a  gas  heated  under  conditions  where  it 
does  no  work  is  raised  to  the  same  temperature  as  it  would  be  had  its  volume 
remained  constant.  M.  Bebthelot  admits  that  it  would  appear  at  first  sight  as  if 
the  gases  were  heated  at  constant  volume ;  he  adds  that  the  concordance  of  the 
calculated  with  the  observed  numbers  supports  his  explanation  of  the  phenomena. 

Again,  the  fact  that  each  layer  is  fired  by  compression  involves  the  preliminary 
heating  of  that  layer,  and  this  heating  must  be  added  to  the  heat  developed  by  its 
burning.  The  temperature  of  the  burning  layer  must,  therefore,  be  greater  than 
that  obtained  by  dividing  the  heat  developed  in  the  chemical  change  by  the  specific 
heat  of  the  products  of  combustion. 

When  a  sound-wave  alone  is  transmitted  through  a  gas  its  velocity  shows  that 
each  layer  of  gas  forming  the  wave-front  is  heated  by  compression,  and  there  is  no 
reason  why  this  should  not  happen  when  the  compression  is  accompanied  bv  a 
chemical  change. 

To  what  extent  is  each  layer  heated  before  combustion  ?  MM.  Mallard  and 
Lr  Chatelibr*  state  that  the  explosion -wave  will  be  propagated  when  each  layer 
is  brought  by  compression  to  its  own  temperature  of  inflammation.  For  hydrogen 
and  oxygen,  they  find  this  temperature,  to  be  about  550°  C,  and  calculate  that  a 
pressure  of  30  atmospheres  must  be  exerted  upon  the  gas  to  raise  it  to  this  point. 
This  temperature  may  be  regarded  as  the  lowest  limit  of  the  preliminary  heating  of 
each  layer  before  combustion.  But  having  regard  to  the  fact  that  the  individual 
molecules  of  hydrogen  and  oxygen  in  a  yet  unburnt  layer  may,  in  the  interval  of  time 
between  their  meetings,  be  heated  above  the  point  at  which  they  combine  with  each 
other,  we  cannot  affirm  that  this  limit  of  temperature  may  not  be  greatly  surpassed 
in  the  explosion. 

If  we  r^ard  the  transmission  of  the  explosion  to  be  due  to  the  collisions  of  the 
molecules,  and  assume  that  molecules  which  are  chemically  inactive  towards  each 
other  act  as  elastic  bodies  when  they  come  into  collision,  and  that  molecules  which 
combine  chemically  lose  energy  of  translation  and  gain  energy  of  vibration,  then  it 
must  happen  that  unburnt  molecules  come  into  collision  with  burnt  molecules  and  take 
up  their  energy  in  the  form  of  motion.  For  instance,  in  the  explosion  of  hydrogen 
and  chlorine,  the  energy  of  the  hydrogen  chloride  formed  will  be  communicated  by 

*  *  Recherches  snr  la  combustion  des  Melanges  Gazeux  Ezplosifs,'  p.  88-91. 
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collision  to  molecules  of  hydrogen  and  chlorine ;  *  these  heated  molecules,  moving 
forwards,  will  meet  unhealed  molecules  moving  backwards,  when  combination  will 
occur  between  those  of  opposite  kind.  Heated  hydrogen  will  thus  combine  with 
cool  chlorine,  and  heated  chlorine  with  cool  hydrogen.  The  heat  of  combustion  is 
thus  communicated  to  a  molecule  of  hydrogen  or  chlorine  which  shares  it  with 
a  molecule  of  the  opposite  kind ;  each  hydrogen  chloride  molecule  formed  in 
turn  will  therefore  have,  on  the  average,  a  temperature  corresponding  to  the 
heat  of  chemical  combination  plus  half  the  heat  of  a  molecule  previously  formed. 
According  to  this  view  the  temperature  reached  by  each  successive  layer  would 
increase  until  it  was  double  that  due  to  the  chemical  change  alone.  The  temperature 
of  the  explosion  would  then  remain  constant,  and  the  wave  would  advance  at  a 
uniform  rate  as  long  as  it  met  the  same  mixture  of  gases. 

My  conception  may  perhaps  be  illustrated  by  an  analogy,  although  an  imperfect 
one.  Imagine  a  kilogram  of  water  at  0*^  falling  in  vacuo  through  425  metres  into  a 
vessel  filled  with  an  equal  mass  of  water  at  0° :  its  motion  is  stopped,  but  an  equal 
mass  of  water  is  displaced.  Imagine  that  the  heat  developed  (which  would  raise  the 
fallen  water  to  1°)  be  divided  equally  between  the  water  which  fell  and  that  which 
was  displaced.  The  displaced  kilogram  of  water,  now  at  "5°,  falls  into  a  similar  vessel 
425  metres  below,  where  it  divides  its  heat  with,  and  displaces,  a  third  kilogram  of 
water,  and  so  on.  By  successive  divisions  of  heat,  the  temperature  of  the  falling 
water  will  approach  1°,  beyond  which  it  cannot  rise.  But  if  the  heat  developed  were 
not  divided,  and  remained  in  the  fallen  water,  the  falling  water  would  be  always  at 
0°,  and  the  fallen  water  at  1°.  The  latter  case  is  the  analogue  of  the  condition 
imagined  by  M.  Berthelot,  where  the  heat  of  the  burnt  layer  is  not  imparted  to  the 
unburnt  layer  next  it ;  the  former  case  is  the  analogue  of  the  condition  which  I 
imagine  holds  in  the  propagation  of  the  explosion- wave. 

Again,  M.  Berthelot  considers  the  velocity  of  the  wave  to  be  solely  governed  by 
the  mean  rate  of  translation  of  the  products  of  combustion.  If,  however,  we  accept 
the  hypothesis  that  the  explosion  is  propagated  by  molecular  collisions,  we  have  just 
seen  that  the  movement  of  the  products  of  combustion  is  communicated  to  the 
unburnt  molecules  in  front.  It  will,  therefore,  follow  that  the  rate  of  the  advancing 
explosion  will  depend  not  only  on  the  rate  of  translation  of  the  products  of  combustion, 
but  also  on  the  rate  of  translation  of  the  heated  hut  yet  uncomhined  molecules.  If 
the  burnt  molecules  communicate  their  rise  of  temperature  without  loss  to  the  mole- 
cules in  front,  no  diflference  in  the  mean  rate  of  motion  will  be  caused  by  this 
transference  so  long  as  the  burnt  and  the  unburnt  gases  are  of  the  same  average 
density.  But  if  a  change  in  density  is  produced  by  the  combustion,  the  average 
velocity  of  the  molecules  in  the  burnt  layer  will  differ  from  the  average  velocity  of 

*  [r  make  the  assnmption  that  a  very  thin  layer  of  gas  (comparable  in  thickness  with  the  mean  free 
path  of  the  molecules)  may  be  raised  by  collisions  to  nearly  the  same  tempci*atnre  as  the  highly  heated 
layer  next  it.— Jan.,  1893.] 
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the  molecules  in  the  heated  but  yet  unburnt  layer,  and  this  difference  must  be  taken 
into  account.  Ijastly,  there  is  a  correction  to  be  applied  for  changes  of  density  in  the 
explosion  which  in  part  counteracts  the  foregoing  correction.  In  the  oxidation  of 
hydrogen  and  of  carbonic  oxide  there  is  a  contraction  from  three  volumes  to  two ;  in 
the  burning  of  cyanogen  to  carbonic  oxide  there  is  an  expansion  of  two  volumes  to 
three.*  If  each  layer  of  the  reacting  gases  is  heated  at  constant  volume,  a  change 
in  the  number  of  molecules  must  affect  the  temperature  reached. 

If  the  number  of  molecules  is  increased  by  the  chemical  change  the  temperature 
from  which  the  velocity  of  the  wave  is  calculated  will  be  higher  than  that  directly 
deduced  from  calorimetric  observations  ;  and  vice  ve7'sct  In  allowing  for  this  change 
we  may  suppose  that  the  new  formed  molecules  have  been  suddenly  compressed  or 
expanded,  without  loss  of  heat,  into  the  volume  previously  occupied  by  the  initial 
molecules,  in  which  case  the  temperature  would  be  altered  according  to  Rankine's 
formula 

where  Tj  and  Tg  are  the  absolute  temperatures,  V^  and  Vg  the  volumes  before  and 
after  the  reaction,  and  y  the  ratio  of  the  specific  heats  at  constant  pressure  and  at 
constant  volume. 

Cap.  VIII. — Comparison  of  the  Rate  op  Explosion  to  that  of  a  Sound-wave. 

The  criticisms  which  I  have  ventured  to  make  on  Bebthblot's  method  of  calcu- 
lating the  mean  rate  of  translation  of  the  gaseous  molecules  concerned  in  the 
propagation  of  the  explosion- wave,  tend  to  show  that  the  rate  so  calculated  must  be 
too  small.  But  in  attempting  to  apply  corrections  suggested  by  these  criticisms,  one 
is  beset  with  difficulties.  As  an  approximation  I  assume  (1)  that  the  explosion- wave 
is  carried  forward  by  the  movements  of  molecules  of  density  intermediate  between 
that  of  the  products  of  combustion  and  that  of  the  unburnt  gas ;  (2)  that  the 
temperature  of  the  gas  propagating  the  wave  is  double  that  due  to  the  chemical 
reaction  alone  ;  (3)  that  the  temperature  is  increased  when  the  chemical  volume  of  the 
products  is  larger,  and  is  diminished  when  the  chemical  volume  of  the  products  is 
smaller  than  that  of  the  initial  gases  ;  (4)  that  the  gases  are  heated  at  constant 
volume,  and  their  specific  heats  remain  constant  at  high  temperatures.  On  calculating 
the  mean  rate  of  translation  of  the  molecules  on  these  assumptions  one  anives  at 
numbers  greatly  in  excess  of  any  of  the  observed  rates  of  explosion  ;  but  some  of  the 
observed  rates  agree  with  the  velocity  of  sound  in  a  gas  of  the  temperature  and  density 
so  calculated.     For  instance,  when  one  volume  of  cyanogen  is  exploded  with  an  equal 

*  M.  Bebthilot  rightly  takes  this  change  into  acconnt  in  interpreting  Bunsen's  experiments  on  the 
temperature  prodacod  in  explosions.     'Ann.  Chim.  et  Phys.,'  [V.],  vol.  12,  p.  302. 
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volume  of  oxygen,  two  volumes  of  carbonic  oxide  are  formed,  and  one  volume  of 
nitrogen : — 

CeNj  +  0,  =  2C0  +  Nj. 

Taking  the  quantity  of  heat  evolved  as  126,100  calories,  and  the  specific  heat  at 
constant  volume  of  the  products  of  combustion  as  4 '8  X  3  =  14*4,  the  temperature 
produced  by  the  chemical  change  is  8694°  C.  If  the  gases  were  initially  at  13*^,  or 
286°  degrees  above  absolute  zero,  the  chemical  reaction  will  raise  the  temperature  to 
8980°.  But,  since  three  molecules  are  formed  where  two  previously  existed,  the 
temperature  is  further  raised  by  the  heat  developed  in  compressing  three  volumes  to 
two.  This  will  raise  the  temperature  to  10,595°.  At  double  this  temperature  the 
mean  rate  of  translation  of  a  molecule  of  the  mean  density  of  the  burnt  and  unburnt 
gases  would  be  3892  metres  per  second.  If  the  formula  for  the  velocity  of  sound 
under  ordinary  conditions  held  good  in  the  explosion,  the  velocity  of  the  sound  wave 
would  be  2670  metres  per  second — a  rate  which  is  about  2  per  cent,  less  than 
the  observed  velocity  of  the  explosion- wave.  Now,  the  theoretical  velocity  of  sound 
is  calculated  on  the  assumption  that  the  disturbance  is  very  small ;  if  the  displace- 
ments are  large  the  velocity  of  sound  should  be  higher.  Direct  measurements  of  the 
velocity  of  sound-waves  of  great  intensity  have  confirmed  this  anticipation.  Under 
ordinary  conditions  the  rate  of  the  sound-wave  is  to  the  mean  rate  of  the  molecules  as 
•688  : 1.  If  we  take  the  ratio  in  an  explosion  as  '7  : 1  the  velocity  of  the  sound-wave 
agrees  with  the  observed  rate  of  explosion  in  this  particular  case. 

We  may  now  compare  the  rate  of  the  sound-wave  so  calculated  with  the  velocity 
of  explosion  of  cyanogen  with  oxygen  (1)  in  presence  of  excess  of  oxygen,  (2)  in 
presence  of  excess  of  nitrogen  ;  (3)  of  cyanogen  with  nitrous  oxide  alone,  and  (4)  in 
presence  of  excess  of  nitrogen  ;  and  lastly  (5)  of  cyanogen  with  nitric  oxide. 

Taking  the  data  ftimished  by  Berthelot's  experiments,  we  have,  for  the  quantities 
of  heat  evolved,  the  expansion  on  explosion,  the  specific  heat  of  the  products,  and  for 
the  mean  density  of  the  burnt  and  unburnt  gases  : — 
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Table  XXVIII. — Explosion  of  Cyanogen  with  Oxygen. 


Explosive 
giEises. 

Inert 
gases. 

Heat 
developed. 

Expansion. 

Specific  heat 
of  products. 

Mean 
density. 

•       • 

20j 
3O3 

126,100  CaU. 

2:3 
3:4 
4:5 
5:6 

4-8  X  3 
4-8  x4 
4-8  X  6 
4-8  x6 

1-213 
1172 
1164 
1144 

Explosion  of  Cyanogen  with  Oxygen  and  Nitrogen. 

C9N3  +  O2  .     .            No              126,100  Cals. 

„          .     .  I         2N3                       „ 

1 

3:4                  4-8x4 
4:5                 4-8x6 

1132 

1092 

1 

Explosion  of  Cyanogen  with  Nitrous  Oxide  and  Nitrogen. 

CgNg  +  2^,0  . 

•     • 

21/2 

167,.300  Cals. 

3:5 
4:6 
5:7 

4-8  X  5 
4-8  X  6 
4-8  X  7 

1-294 
1-213 
1165 

Explosion  of  Cyanogen  with  Nitric  Oxide. 

CsN3  +  2NO    . 

169,300  Cals. 

3:4 

4-8x4 

1132 

Table  XXIX. — The  Rate  of  Explosion  of  Cyanogen  Mixtures  compared  with 

the  calculated  Velocity  of  Sound  (2). 

1.  Cyanogen  with  Oxygen. 


Mixtai*e .     .     . 

1 
CgNo  +  Og.             C2N3  +  2O2. 

C3N3  +  .3O3. 

Mean  rate    .     . 

1 
2728                       2321 

2110 

2 

2725                       2310 

2066 

2.  Cyanogen  with  Oxygen  and  Nitrogen. 


Mixture  .     .     . 

C2N2  +  O2. 

1 

CjNg  +  O2  +  No. 

CgNo  +  O2  +  2N2. 

Mean  rate    .     . 

2728            '            2397 

2163 

2 

2725 

2397 

2166 
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3.  Cyanogen  with  Nitrous  Oxide  and  Nitrogen. 


Mixture. 


Mean  rate 


2    .     .     . 


C,N,  +  2N2O 


CaN,  -I-  2N2O  +  N2 


2454 


22d3 


C3N2  +  2NgO  +  2N3 


2098 


2416 


2237 


2093 


4.  Cyanogen  with  Nitric  Oxide. 


Mixtare. 

1 
CjNj  +  2N0                ' 

Mean  rate      .     .     . 

2760 

1                            1 

2 2763 

This  comparison  shows  that  the  formula,  which  makes  the  velocity  of  sound  in 
cyanogen  burning  to  carbonic  oxide  equal  to  the  observed  rate  of  explosion,  also  gives 
for  the  velocity  of  sound  in  the  same  gases  diluted  with  oxygen  or  nitrogen  numbers 
closely  concordant  with  the  observed  rates  of  explosion.  The  same  formula  holds  for 
the  explosion  of  cyanogen  with  nitrous  oxide  and  when  this  mixture  is  diluted  with, 
nitrogen.  Lastly,  by  firing  a  cartridge  of  fulminate  in  a  steel  cylinder  filled  with  a 
mixture  of  cyanogen  and  nitric  oxide  I  succeeded  in  propagating  the  explosion  from 
the  cylinder  through  a  long  leaden  tube  filled  with  the  gases.  The  rate  of  explosion 
so  obtained  agreed  exactly  with  the  calculated  sound-wave.  I  believe  this  was  the 
first  time  that  a  mixture  of  cyanogen  and  nitric  oxide  had  been  exploded  in  a  tube. 
Berthelot,  who  fired  this  mixture  in  a  bomb,  states  that  the  wave  is  not  propagated 
in  these  gases.  I  found  that  neither  a  strong  spark,  nor  an  initial  explosion  of 
hydrogen  and  nitric  oxide,  would  set  up  the  explosion-wave  in  cyanogen  and  nitric 
oxide.     The  details  of  these  experiments  are  given  in  the  Appendix. 

The  formula  that  I  have  given  was  thus  found  to  agree  with  all  the  cyanogen 
explosions.  It  is  therefore,  at  all  events,  an  empirical  expression  which  can  be 
applied  to  calculate  the  rates  of  explosion  of  cyanogen  burning  to  carbonic  oxide  and 
nitrogen  under  a  fairly  wide  range  of  conditions.  It  was  accordingly  a  matter  of 
considei-able  interest  to  apply  the  formula  to  the  rates  found  when  electrolytic  gas  was 
exploded  by  itself  and  when  diluted  with  hydrogen,  oxygen,  and  nitrogen.  In  the 
following  table  the  rates  for  electrolytic  gas  with  excess  of  hydrogen  and  of  oxygen 
are  compared  with  the  numbers  calculated  from  Berthelot's  formula  (^),  and  with 
the  sound  wave  (2)  calculated  as  before.  In  calculating  2  the  contraction  which 
occurs  on  the  union  of  hydrogen  and  oxygen  is  taken  into  account,  but  not  the 
existence  (which  is  possible)  of  free  atoms  of  oxygen :— 
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Table  XXX. 


Explosive 
gases. 

Inert  gases. 

Heat  developed. 

Contraction. 

Specific  heat 
of  products. 

Mean 
density. 

H,  +  0 
H,  +  0 
H,+  0 
Hj  +  0 

59,000  Cals. 
» 

3:2 
9:8 

8:7 
8:7 

4-8  X  1-5 
4-8  X  4-5 
4-8  X  4 
4-8  X  4 

•520 
•1964 

•910 
•8302 

The  Rate  of  Explosion  of  Electrolytic  Gas  with  excess  of  Hydrogen  and  with  excess 

of  Oxygen  compared  with  Calculated  Velocities. 


Mixture. 

Ha  +  O 

H«  +  0 

H,  +  0 

H2  +  O 

H3  +  O3 

H2  +  O4 

Hj  +  0, 

Bbbthelot*s  e . 

3028 

3061 

3055 

2900 

2252 

1730 

1476 

Rate    of     ex- 
plosion   .     . 

3532 

3527 

3268 

2821 

2328 

1927 

1707 

2 

3516 

3571 

3585 

3416 

2650 

2024 

1718 

A  glance  at  this  table  reveals  the  fact  that  the  sound-wave  calculated  by  my 
formula  does  not  agree  in  velocity  with  the  explosion-wave  of  pure  electrolytic  gas  ; 
but  as  the  electrolytic  gas  is  more  and  more  diluted  with  hydrogen  or  with  oxygen, 
the  observed  and  calculated  velocities  come  nearer  together,  until,  not  far  from  the 
two  limits  of  regular  explosion,  they  are  in  close  agreement.  Conversely  we  have 
eeen  that  Bebthelgt's  formula  gives  the  correct  rate  for  pure  electrolytic  gas,  but 
diverges  more  and  more  from  the  observed  rates  as  the  gas  is  diluted.  Where 
Bebthelot's  "  ^  ^  fails  to  represent  the  facts,  the  "  2 "  I  have  calculated  does  so ; 
and  vice  versd. 

I  advance  the  following  hypothesis  to  account  for  this  divergence.  At  tlie  high 
temperature  of  the  eocplosion-tvave  the  comhincUion  of  hydrogen  and  oxygen  is  not  com- 
plete; or,  in  other  words,  steam  is  partly  dissociated  under  these  conditions.  The 
temperature  of  the  wave  front  is  therefore  less  than  that  calculated.  As  more  and 
more  inert  gases  are  added  to  electrolytic  gas,  the  temperature  of  the  explosion  is 
lowered  by  the  division  of  the  heat  between  the  diluent  gases ;  more  and  more  of  the 
explosive  gases  are  thus  able  to  combine.  As  the  gases  are  diluted,  therefore,  the 
temperature  of  the  wave  front  comes  nearer  and  nearer  to  that  calculated. 

A  comparison  of  the  sound-wave,  2,  with  the  rates  of  explosion  of  electrolytic  gas 
dilated  with  nitrogen,  and  of  hydrogen  with  nitrous  oxide  and  nitrogen,  brings  out 


ii:t{»^^» 


:cni. — A. 
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similar  divergences  which  admit  of  the  same  explanation.  It  is  to  be  noted  in  the 
case  of  hydrogen  and  nitrous  oxide  that  no  alteration  of  volume  occurs  in  the  chemical 
change ;  no  correction  in  temperature  need,  therefore,  be  made  in  calculating  the 
sound-wave,  and  the  question  of  the  density  of  the  molecules  concerned  does  not 


arise. 


Table  XXXI. — The  Hate  of  Explosion  of  Electrolytic  Gas  with  excess  of 

Nitrogen  compared  with  Calculated  Velocities. 


Mixture. 

H,+0 

Hj+O+N 

Hj+O+N, 

Hj+O+Nb 

Bbbthei-ot's  e     .    .     . 

2900 

2821 

1814 

1558 

Bate  of  explosion    .     . 

2821 

2426 

2055 

1822 

2 

3416 

2731 

2122 

1813 

Table  XXXII. — The  Rate  of  Explosion  of  Hydrogen  and  Nitrous  Oxide,  with 
excess  of  Hydrogen,  and  of  Nitrogen,  compared  with  Calculated  Velocities. 


Mixture. 

Hy+NjO 

U,+NjO 

H«+NjO 

H,+NjO 

Hj+NjO+Nj 

Hg+NjO+N, 

Bgsthelot's  0     .     .     . 

2400 

2396 

2874 

2319 

1912 

1782 

Rate  of  explosion     .     . 

2732 

2705 

2545 

2305 

1991 

1880 

2 

2776 

2781 

2766 

2706 

2227 

2067 

When  electrolytic  gas  is  diluted  with  excess  of  nitrogen,  the  observed  rate  of 
explosion  closely  agrees  with  the  calculated  sound-wave.  With  hydrogen  and  nitrous 
oxide  the  temperature  cannot  be  diminished  to  the  same  extent  by  dilution.  When 
three  volumes  of  hydrogen,  or  two  volumes  of  nitrogen,  are  added  to  the  mixture 
consisting  of  one  volume  of  hydrogen  and  one  of  nitrous  oxide,  the  explosion-wave  is 
not  propagated  with  regularity ;  consequently  the  temperature  cannot  be  brought 
down  by  dilution  below  the  dissociation-point  of  steam.  As  the  mixture  is  diluted 
the  rate  of  explosion  approaches  S,  but  agreement  is  not  reached  at  the  limits  of 
dilution  at  which  the  explosion-wave  will  still  travel. 

The  rates  of  explosion  of  mixtures  of  ammonia  with  oxygen  and  with  nitrous  oxide 
were  also  determined.  The  gases  were  mixed  in  an  iron  holder  standing  over  mercury. 
The  rate  of  explosion  of  Mtimonia  and  oxygen  is  faster  than  the  velocity  calculated  by 
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Bbrthelot's  formula,  but  falls  far  below  the  velocity  of  sound  "S."  On  the  other 
hand,  the  rate  of  explosion  of  ammonia  and  nitrous  oxide  is  close  to  the  calculated 
sound-wave  and  is  fax  above  "  ^." 

Table  XXXIIL 


Ezplosive  gases. 

Heat 
developed. 

Expansion. 

Specific  heat 
of  prodnots. 

Mean  density. 

1. 

4NH,+30, 

305,200 

7:8 

48xll 

•761 

2. 

2NH,+3N,0 

193,800 

6:7 

^•S  X  8^5 

•987 

(1.) 


Mixture. 

4NH,+302. 

Bbrthelot's  0  .    .    . 

2300 

Rate  of  explosion  .     . 

2390 

2 

• 

2665 

(2.) 


Mixtnre. 

2NHj+3N,0. 

Birthei/Ot's  e  .    .    . 

1953 

Bate  of  explosion  .    . 

2200 

2 

2223 

Mixtures  of  oxygen  with  the  hydrocarbons  ethylene  and  acetylene  will  explode 
when  largely  diluted  with  nitrogen.  For  instance,  the  explosion-wave  is  propagated 
in  a  mixture  of  one  volume  of  ethylene  with  two  of  oxygen  and  eight  of  nitrogen. 
The  temperature  reached  in  the  explosion  is  comparable  with  that  produced  when 
three  volumes  of  electroljrtic  gas  are  fired  with  five  volumes  of  nitrogen.  It  is  found 
both  with  ethylene  and  acetylene  that  the  rate  of  explosion  exactly  agrees  with  the 
calciilated  velocity  of  the  sound-wave  when  the  mixtures  are  largely  diluted  with 
nitrogen,  but  not  when  the  gases  are  exploded  without  dilution  : — 

T  2 
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Since  steam  is  known  to  be  partially  dissociated  under  atmospheric  pressure  at  the 
temperature  of  the  oxy-hydrogen  flame,  it  does  not  seem  improbable  that  dissociation 
would  also  occur  at  the  higher  pressures  and  higher  temperatures  of  the  explosion- 
wave.  The  researches  of  MM.  Berthelot  and  Vieillb,  and  those  of  MM.  Mallard 
and  Le  Chatelier,  on  the  pressures  registered  in  an  explosion  of  gases,  have  Jed 
these  investigators  to  the  conclusion  that  the  specific  heat  of  steam  rapidly  rises 
with  the  temperature.  The  deficiency  of  "  available "  pressm:e,  which  Bunsen  first 
obsei-ved  in  the  explosion  of  gases  and  attributed  to  incomplete  combustion,  they 
consider  to  be  due  to  an  increase  of  specific  heat.  Such  an  increase  in  the  specific 
heat  of  steam  with  rise  of  temperature  would  explain  the  divergence  between  the 
observed  and  calculated  rates  of  explosion  of  hydrogen  with  oxygen,  and  with  nitrous 
oxide.  And  conversely,  it  appears  to  me  that  the  results  of  the  French  experi- 
menters would  be  equally  well  explained  by  the  temporary  dissociation  of  steam  in 
their  explosions. 

One  fact  appears^  at  first  sight,  to  be  opposed  to  the  hypothesis  of  incomplete 
combustion.  The  addition  of  oxygen,  one  of  the  products  of  the  dissociation  of 
steam,  retards  the  explosion  of  electrolytic  gas  more  than  the  addition  of  an  equal 
volmne  of  nitrogen — an  inert  gas.  Wurtz  found,  in  the  case  of  phosphoric  chloride, 
that  the  amount  of  dissociation  was  greater  when  the  chloride  was  volatilised  in  air 
— ^an  inert  gas,  than  when  it  was  volatilised  in  the  presence  of  the  lower  chloride — 
one  of  the  products  of  its  decomposition.  Arguing  from  this  observation,  one  might 
have  expected  that  excess  of  oxygen  would  tend  to  hinder  dissociation,  and  therefore, 
if  the  combustion  were  really  incomplete,  that  the  rate  should  be  faster  when  oxygen 
was  used  as  a  diluent  instead  of  nitrogen.  But  the  condition  of  equilibriiun  imder 
which  Wurtz  determined  the  vapour  density  of  phosphoric  chloride  is  not  the 
condition  of  the  wave-front  of  an  explosion.  If  we  imagine  in  the  wave-front  a 
molecule  A  dashing  against  a*  molecule  B  with  such  extreme  velocity  that  the  com- 
pound AB  is  not  formed,  the  two  molecules  may  be  supposed  to  rebound,  exchanging 
energies,  and  the  motion  of  B  may  be  communicated  to  the  molecules  in  fix)nt 
continuing  the  explosion.  This  is  a  case  where  dissociation  of  AB  occurs  in  the 
wave-front.  Now  if  a  number  of  B  molecules  are  present  in  excess,  A  will  shortly 
combine  with  one  of  them,  behind  the  wave-front,  and  the  dissociation  will  not  be 
permanent.  On  the  other  hand,  if  there  are  a  number  of  inert  molecules  C  present, 
dissociation  may  occur  as  before  in  the  wave-front,  but  the  uncombined  molecules 
may  be  prevented  from  combining  behind  the  wave  by  the  inert  molecules  present. 
The  propagation  of  the  wave  does  not  depend  on  what  occurs  after  it  has  passed ; 
the  rate  of  the  wave  will  therefore  be  independent  of  the  permanency  of  the  dis- 
sociation occurring  in  it. 

That  the  combustion  of  pure  electi'olytic  gas  is  not  wholly  complete  in  the  explosion- 
wave  has  been  proved  by  collecting  the  residue  and  exploding  it.*    In  the  propagation 

*  "Incompleteness  of  Combustion  in.  Oaseons  Explosions,"  by  H.  B.  Dixon  and  H.  W.  Smith. 
« Manchester  Memoirs  *  [IV.],  vol.  2.    1888. 
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of  the  wave  the  cooling  due  to  expansion  is  so  rapid  that  some  molecules  of  hydrogen 
and  oxygen,  which  are  unburnt  in  the  wave-front,  have  not  time  to  combine  before 
they  are  cooled  below  the  temperature  of  combination.  In  a  leaden  tube,  9  mm.  in 
diameter  and  100  metres  long,  about  1  per  cent,  of  electrolytic  gas  was  found 
uncombined  after  the  explosion.  That  this  incompleteness  of  combustion  was  not  due 
to  the  cooling  effect  of  the  walls  was  shown  by  making  comparative  experiments  in 
tubes  4  mm.  and  19  mm.  in  diameter.  Nearly  the  same  percentage  of  unburnt 
residue  was  found  in  all  the  tubes,  and  also  when  the  gases  were  detonated  in  an  iron 
bomb  100  mm.  in  diameter.  We  have,  therefore,  positive  evidence  that  in  the 
explosion-wave  the  combustion  of  electrolytic  gas  is  incomplete ;  it  seems,  therefore, 
not  unreasonable  to  assume  that  in  the  wave-front — i.e.,  at  the  highest  temperature — 
a  considerable  proportion  of  hydrogen  and  oxygen  is  uncombined,  and  the  propagation 
of  the  wave  is  retarded  accordingly. 

The  residual  gases,  left  after  the  explosion  of  electrolytic  gas,  were  examined  for 
peroxide  of  hydrogen ;  the  water  condensed  on  the  tube  was  also  washed  out  and 
examined.  In  neither  case  could  peroxide  of  hydrogen  be  detected.  If  the  view  were 
correct  that  hydrogen  and  oxygen  first  form  peroxide  on  explosion,  it  would  seem 
likely  that,  in  the  rapid  cooling,  some  of  the  peroxide  would  remain  undecomposed, 
and  be  found  in  the  residue. 

In  the  explosion  of  carbonic  oxide  and  oxygen  a  similar  residue  of  unburnt  gas  is 
found — indicating  the  dissociation  of  carbonic  acid  at  the  temperature  of  the  wave. 
No  trace  of  peroxide  of  hydrogen  could  be  detected  in  the  tube.  These  observations 
give  no  support  to  the  view  put  forward  by  Moritz  Traube  *  that  steam  promotes 
the  oxidation  of  carbonic  oxide  by  dividing  with  it  the  molecules  of  oxygen  : — 

CO  +  00  +  OH3  =  COjj  +  O3H2 

and  that  the  peroxide  so  formed  is  again  reduced  to  steam  by  more  carbonic  oxide : — 

CO  +  O3H2  =  CO,  +  OH3. 


Cap.  IX. — The  Explosion  of  Hydrogen  and  Chlorine. 

The  coincidences  and  the  divergences  found  between  the  calculated  and  observed 
rates  of  explosion,  as  described  above,  made  it  important  to  examine  a  reaction  in 
which  no  steam  should  be  formed,  and,  if  possible,  one  in  which  no  alteration  in 
volume  should  be  produced.  The  simplest  case  fulfilling  these  conditions  is  the 
explosion  of  hydrogen  and  chlorine ;  a  reaction  which  has  the  further  advantage  of 
forming,  as  the  product  of  explosion,  a  gas  which  approximates  to  a  perfect  gas.     So 

•  '  Bcr.  Dent.  Chem.  Ges./  vol.  18,  p.  1890.    (See  'Chern,  Soc.  Joum.,'  1886,  vol.  1,  p.  94.) 
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far  as  I  know  the  rate  of  explosion  of  hydrogen  and  chlorine  had  never  been 
measured. 

Before  devising  api,aratus  to  carry  out  the  experiments,  it  was  necessary  to  deter- 
mine  whether  the  action  between  hydrogen  and  chlorine  was  a  direct  one,  or  whether 
it  was  influenced  by  the  presence  of  other  gases,  e.g.,  steam.*  Electrolytic  hydrogen 
and  chlorine  were  accordingly  sealed  up  in  glass  vessels  with  anhydrous  phosphoric 
acid,  and  were  kept  in  the  dark  for  several  weeka  The  dried  gases  were  found  to  be 
far  less  sensitive  to  the  action  of  light  than  when  a  trace  of  aqueous  vapour  was 
present,  a  result  in  accordance  with  Pbingsheim's  t  observations.  But  on  the 
passage  of  an  induction  spark  by  means  of  platinum-iridium  wires  the  dried  gases 
exploded  violently. 

Since  these  experiments  left  it  doubtful  whether  the  presence  of  steam  influenced 
the  rate  of  explosion  of  hydrogen  and  chlorine,  a  preliminary  series  of  measurements 
were  made  with  the  dry  and  moist  gases.J  The  explosion-vessel  consisted  of  two 
^o^S  gl^'SS  tubes  §  (34  and  30  feet)  cemented  together.  The  ends  were  provided  with 
steel  flanges  so  that  they  could  be  rapidly  joined  to  two  smaller  tubes  which  carried 
the  silver  bridges.  The  explosion  tube  was  hung  to  the  wall  of  a  long,  darkened 
corridor. 

The  gas  passed  directly  from  the  electrolytic  cell  through  washing  tubes  into  the 
long  explosion  tube — driving  out  the  air  before  it :  at  the  further  end  it  passed 
through  an  "  analyser,"  which  served  to  determine  the  composition  of  the  mixture 
issuing  from  the  tube.  When  the  long  tube  was  completely  filled  with  hydrogen  and 
chlorine,  the  two  smaller  tubes  carrying  the  bridges  were  fastened  to  its  two  ends  by 
the  steel  flanges.  These  smaller  tubes  had  previously  been  filled  with  hydrogen  and 
oxygen.  The  electric  connections  were  then  made  to  the  chronograph,  and  the  gases 
fired  by  the  passage  of  a  spark  through  the  hydrogen  and  oxygen  in  one  of  the 
smaller  tubes.  The  flame  travelling  down  this  tube,  which  was  about  4  feet  long, 
broke  the  silver  bridge  at  the  end  of  it,  and  communicated  the  explosion  to  the 
hydrogen  and  chlorine.  On  reaching  the  end  of  the  glass  tube,  the  flame  broke  the 
silver  bridge  carried  by  the  second  smaller  tube.  In  the  few  seconds  that  elapsed 
between  the  joining  on  of  the  small  tubes  and  the  firing  of  the  mixture  but  little 
difiusion  of  the  gases  was  possible ;  and  the  silver  bridges,  being  coated  with 
paraffin,  were  hardly  acted  on  by  the  chlorine.  By  this  arrangement  the  electrolytic 
hydrogen  and   chlorine  were  kept  from  contact  with   metals  or  india-rubber,  and 

*  ''  On  the  Combination  of  Hydrogen  and  Chlorine,  alone,  and  in  Presence  of  other  Gases."  By 
H.  B.  Dixon  and  J.  A.  Haror.    *  Manch.  Memoirs  '  [IV.],  vol.  3,  p.  118. 

t  *  Annalen  der  Physik/  N.P.,  vol.  32,  p.  421, 1887. 

J  *  Manch.  Memoirs '  [IV.],  vol.  4,  p.  3.  (The  numbers  given  in  this  paper  were  afterwards  fonnd 
to  be  affected  by  a  constant  error.) 

§  These  glass  tubes  were  made  for  me  by  Messrs.  Molineaux  and  Webb,  of  Manchester.  They  were 
unannealed,  but  stood  the  shock  of  many  explosions. 
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from  all  liquids  but  water,  and,  in  the  "  dry "  experiments,  oil  of  vitriol  saturated 
with  chlorine.  The  drying  apparatus  consisted  of  a  ''Winkler"  worm,  a  series 
of  bulbs,  and  a  large  U  -tube  packed  with  pumice,  all  filled  with  boiled  oil  of  vitriol. 

The  following  table  gives  the  mean  of  each  pair  of  experiments  with  the  dry  and 
with  the  moist  gases  saturated  at  14° 

Table  XXXVI. — Rate  of  Explosion  of  Hydrogen  and  Chlorine. 


Dry. 

Moist. 

1748 
1745 
1737 

1748 
1750 

1724 
1707 
1730 

Mean   1745 

Mean    1720 

It  appeared,  therefore,  that  the  explosion,  once  started,  travelled  at  a  slightly 
faster  rate  in  the  dry  than  in  the  wet  gases,  the  steam  appearing  to  act  merely 
as  a  diluent. 

These  experiments,  together  with  the  analysis  of  the  mixture  which  issued  from 
the  end  of  the  explosion  tube,  showed  that  it  was  possible  to  fill  a  long  tube  directly 
from  the  electrolytic  cell  with  hydrogen  and  chlorine  in  equal  volumes,  and  that  the 
mixture  detonated  in  a  glass  tube  of  10  mm.  diameter.  To  prove  the  constancy  of 
the  rate  of  explosion,  and  at  the  same  time  to  have  a  longer  interval  of  time  to 
measure,  it  was  necessary  to  obtain  a  longer  explosion  tube.  The  difficulty  of  joining 
up  long  pieces  of  unannealed  glass-tubing  led  me  to  try  the  glass-lined  wrought-iron 
tubing  manufactured  by  Messrs.  Rylands,  at  Bamsley.  Having  found  that  this 
tubing  answered  the  purpose,  I  made  an  explosion  tube  40  yards  long,  and  ^-inch 
diameter,  by  joining  together  a  number  of  six-feet  lengths.  The  junctions  were 
made  by  fitting  an  asbestos  washer  on  to  the  ends  of  each  tube,  and  screwing  them 
together  with  a  nut.  The  tube  was  supported  at  intervals  by  wooden  brackets 
fastened  to  the  wall  of  a  long  corridor.  The  explosion  tube  so  put  together  was 
perfectly  gas-tight  ;  it  was  unaffected  by  the  chlorine  passed  into  it  during  the 
experiments,  and  it  stood  the  shock  of  many  explosions  without  leaking.  This  tube 
was  filled,  as  before,  direct  from  the  electrolytic  cell  of  aqueous  hydrochloric  acid. 
The  cell  and  drying  vessels  were  all  of  glass  with  ground  glass  joints.  Two  short 
tubes  charged  with  hydrogen  and  oxygen  were  used,  as  before,  to  carry  the  silver 
bridgea  They  were  joined  to  the  long  tube  immediately  before  the  explosion.  The 
mean  rate  of  explosion  of  dry  hydrogen  and  chlorine  in  this  tube  was  found  to  be 
1723  metres  per  second — as  the  result  of  three  pairs  of  experiments  : — 

in>oocxom. — a.  u 
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Table  XXXVII. — Rate  of  Explosion  of  Hydrogen  and  Chlorine.     2nd  Series. 

1718 
1727 
1725. 


Mean     1723 

If  the  preliminary  series  of  experiments  with  the  dry  gases  is  regarded  as  of  equal 
value  with  one  of  these  pairs,  the  mean  rate  of  explosion  is  found  to  be  1729  metres 
per  second. 

The  heat  of  combination  of  hydrogen  and  chlorine  was  found  by  Favre  and 
SiLBERMANN  to  be  23,780  calories  ;  by  J.  Thomsen  it  was  found  to  be  22,000  calories. 
Berthelot  gives  one  determination  22,100  calories.  The  mean  of  these  numbers 
is  22,630  calories.  Taking  Thomsen's  number  for  the  heat  of  combination,  the  mean 
rate  of  translation  of  the  pioducts  of  combustion  according  to  Berthelot's  formula 
(corrected  to  13°  C.)  is  found  to  be  1551  metres  per  second;  taking  the  mean 
number  22,630  calories  for  the  heat  of  combination,  Berthelot's  formula  gives 
1571  metres  for  the  mean  rate.  The  rate  of  explosion  of  hydrogen  and  chlorine 
under  ordinary  conditions  is,  therefore,  considerably  faster  than  the  rate  given  by 
Berthelot's  formula.  The  velocity  of  the  sound-wave  (2)  calculated  by  my  formula 
is  1805  or  1830,  according  as  the  lower  or  higher  heat  of  combination  is  taiken. 
The  rate  of  the  explosion  thus  falls  appreciably  below  the  calculated  velocity  of  the 
sound-wave.  Since  Berthelot  contends  that  his  formula  gives  the  maximum 
velocity  of  explosion,  his  hypothesis  fails  in  the  case  of  the  explosion  of  hydrogen 
and  chlorine.  On  the  other  hand^  two  questions  arise :  (1)  Does  dissociation  occur 
in  the  explosion  ?  (2)  On  diluting  the  mixture  will  the  rate  of  explosion  approach 
the  velocity  of  the  sound-wave  ? 

When  the  hydrochloric  acid  gas,  produced  by  the  explosion  in  the  long  tube,  was 
driven  out  by  a  stream  of  hydrogen  through  a  washing  apparatus  containing  potassium 
iodide,  a  quantity  of  iodide  was  liberated,  showing  the  presence  of  free  chlorine  in  the 
products  of  combustion.  And  when  the  gases  were  driven  out  by  a  stream  of  carbonic 
acid  through  a  washing  apparatus  containing  caustic  soda,  free  hydrogen  was  found 
to  be  pre43ent  also.  Even  after  passing  the  current  for  many  hours  the  gases  coming 
from  the  electrolytic  cell,  and  issuing  from  the  fiirther  end  of  the  explosion  tube, 
were  always  found  to  contain  a  slight  excess  (amounting  to  between  '2  and  '5  per 
cent.)  of  hydrogen.  The  presence  of  free  chlorine  in  the  vessel  after  the  explosion 
ivas  thus  a  proof  of  dissociation  occurring  in  the  explosion,  and  the  determination  of 
this  free  chlorine  by  the  liberation  of  iodine  aflforded  a  ready  means  of  measuring  the 
volume  of  gases  left  unbumt.  About  1  per  cent,  of  the  combustible  gases  were  found 
uncombined. 
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On  diluting  the  electrolytic  gas  with  hydrogen  the  rate  of  explosion  was  found  to 
increase,  and  to  approximate  to  the  calculated  velocity  of  the  sound-wave.  The 
mixtures  were  made  by  bringing  the  electrolytic  gas  from  the  cell,  and  the  hydrogen 
from  a  holder,  into  a  sulphuric  acid  wash-bottle  through  two  tubes  of  the  same  size 
dipping  side  by  side  beneath  the  liquid.  By  regulating  the  flow  of  hydrogen  the 
bubbles  of  each  gas  could  be  kept  passing  at  an  equal  rate.  In  this  way  a  mixture 
containing  three  volumes  of  hydrogen  to  one  volume  of  chlorine  was  passed  into  the 
explosion  tube.  The  correctness  of  the  mixture  was  checked  by  collecting  and 
analysing  a  sample  of  the  gas  escaping  from  the  end  of  the  tube.  By  passing  the 
hydrogen  at  half  the  rate  a  mixture  containing  approximately  two  volumes  of 
hydrogen  to  one  of  chlorine  was  obtained.  While  the  addition  of  diluent  hydrogen 
to  the  electrolytic  gas  makes  little  difference  in  the  calculated  rates,  the  observe^ 
velocities  of  explosion  increased  appreciably.  On  the  assumption  that  the  heat  of 
combination  of  hydrogen  and  chlorine  is  22,630  calories,  the  calculated  and  observed 
velocities  are  as  follow  : — 


Table  XXXVIII. -- Bate  of  Explosion  of  Hydrogen  and  Chlorine  with  addition 

of  Hydrogen. 


Mixture. 


Bebthslot's  e 


Rate  of  explosion      .     .     . 


H3+CI2 


1571 


1729 


H,+  Cl2 


1581 


1849 


Hfi  +  Clg 


1589 


1855 


1830 


1832 


1832 


These  experiments  show  that  in  the  explosion  of  hydrogen  and  chlorine  as  in  the 
explosion  of  hydrogen  and  oxygen,  in  equivalent  proportions,  the  rate  falls  below  th« 
calculated  velocity  of  the  sound-wave,  but  on  diluting  the  gases  the  calculated  and 
observed  velocities  come  together.  This  divergence  at  the  highest  temperature  may 
be  explained  either  by  the  dissociation  of  the  hydrochloric  acid  or  by  a  rise  in  its 
specific  heat.*  As  I  have  shown,  we  have  direct  evidence  of  some  dissociation.  On 
the  other  hand,  the  physical  properties  of  hydrochloric  acid  more  nearly  resemble 
those  of  carbonic  oxide  and  the  elementary  gases  than  those  of  steam  or  carbonic 
acid ;  we  should  expect,  therefore,  that  the  specific  heat  of  hydrochloric  acid  should 
remain  as  constant  as  that  of  carbonic  oxide  at  high  temperatures. 

*  MM.  Mallard  and  L»  Chatelikb  condade  from  their  experiments  that  some  dissociation  occars 
when  equal  volnmes  of  hydrogen  and  chlorine  are  exploded.  When  excess  of  hydrogen  is  added  they 
find  no  dissociation. 

U   2 
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The  fact  that  the  rate  of  explosion  of  hydrogen  and  chlorine  exceeds  the  calculated 
velocity  of  the  sound-wave,  as  calculated  from  Thomsen's  Heat  of  Combination 
(22,000  cals.),  is  possibly  due  to  the  behaviour  of  the  unbumt  chlorine  in  the  wave- 
front.  The  rates  agree  fairly  with  the  sound-wave  calculated  from  the  mean  heat  of 
combination,  which  I  have  given  in  the  table. 

• 

Cap.  X. — The  Instantaneous  Pressures  Produced  in  the  Explosion-Wave. 

There  is,  lastly,  one  important  phenomenon  in  the  propagation  of  explosions  in  gases 
which  I  have  not  touched  on — the  pressure  produced  in  the  reacting  gases.  Bunsen 
was  the  first  who  attempted  to  measure  this  pressure.  In  his  well-known  work*  he 
describes  the  explosion  of  mixtures  of  hydrogen  and  of  carbonic  oxide  with  oxygen  in 
a  strong  vessel  closed  with  a  loaded  lid.  When  the  pressure  produced  in  the  vessel 
exceeded  the  pressure  on  the  lid,  the  latter  was  raised  in  the  manner  of  a  safety  valve, 
and  some  of  the  heated  gas  escaped  ;  when  the  pressure  was  less  than  that  on  the  lid, 
no  gas  escaped  and  but  little  noise  was  heard. 

By  successive  trials  he  thus  found  the  pressure  produced  by  the  explosion  of  carbonic 
oxide  and  oxygen  to  be  about  10  atmospheres,  and  the  pressure  produced  by  the 
explosion  of  hydrogen  and  oxygen  to  be  about  9 '5  atmospheres.  The  comparison  of 
these  pressures  with  the  numbers  calculated  from  the  heat  of  combination  and  the 
specific  heats  of  the  products  led  Bunsen  to  the  conclusion  that,  at  the  highest 
temperature  reached  in  the  explosion,  only  one- third  of  the  gases  entered  into  com- 
bination. Berthelot  and  Vieille,  working  in  a  manner  essentially  the  same,  only 
replacing  Bunsen's  loaded  lid  by  a  light  piston  moving  against  a  spring,  found  the 
pressures  produced  in  the  explosion  of  carbonic  oxide  and  hydrogen  to  be  10*1  and 
9*8  atmospheres  respectively.  Berthelot  rightly  calls  these  pressures  **  effective  pres- 
sures.^'f  On  the  other  hand,  Mallard  and  Le  Chatelier,  using  the  more  delicate 
indicator  of  Deprez,  found  pressures  produced  in  the  explosion  of  hydrogen  and  oxygen, 
of  far  greater  amount,  but  lasting  an  exceedingly  short  time.  These  fiigitive  pressures 
of  great  intensity  were  only  obtained  with  mixtures  which  burnt  very  rapidly  : — J 

"  Cette  pression  tr^s  fugitive  est  d'autant  plus  grande  que  la  vitesse  de  propagation 
est  plus  considerable.  EUe  pent  devenir  enorme  avec  Tonde  explosive.  Cest  k  ces 
pressions,  si  instantan6es  qu'elles  soient,  que  sent  dus  les  surprenants  effets  des  sub- 
stances explosives  telles  que  la  nitroglycerine.  Ce  sent  pr^cisement  ces  pressions 
passag^res,  sans  relation  directe  avec  le  phdnom&ne  que  nous  voulions  mesurer,  qu'en- 
registrait  notre  appareil." 

On  substituting  for  the  Deprez  indicator  a  less  sensitive  Bourdon  manometer, 

♦  *  Gasometrische  Methoden,'  1857. 

t  *  Ann.  Chim.  et  Phys.'  [vi.]  4,  p.  14,  1885. 

I '  Combustions  des  Melanges  gazeux/  p.  123. 
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Lb  Chatelieb  found  "effective  pressures"  in  agreement  with  those  obtained  by 
BuNSEN  and  by  Berthelot,  i.e.,  about  10  atmospheres. 

It  is  evident  from  these  experiments  that  sudden  pressures  are  produced  in  the 
explosion- wave  greater  than  those  shown  by  the  experiments  of  Bdnsen  and  of 
Berthelot.  If  the  explosion  is  propagated  by  compression  after  the  manner  of  a 
sound-wave  enormously  high  temperatures  must  be  produced  in  the  wave,  as  I  have 
already  shown,  and  correspondingly  high  pressures  must  also  exist  This  aspect  of 
the  matter  has  been  well  stated  by  Mallard  and  Le  Chatelier  : — 

"A  gas,  increasing  in  volume  by  combustion,  exerts  a  certain  pressure  on  the 
unbumt  gas  next  to  it :  it  is  possible  to  conceive  that  this  pressure  may  be  raised 
sufficiently  high  to  bring  the  neighbouring  layer  to  the  temperature  of  ignition.  The 
possibility  of  the  propagation  of  the  inflammation  by  the  propagation  of  the  pressure 
can  thus  be  understood. 

"  Take  for  example  the  explosive  mixture  of  hydrogen  and  oxygen.  According  to 
our  experiments  it  inflames  at  555°,  and  the  pressure  exerted  after  the  combustion  in 
a  closed  vessel  is  10  atmospheres.  An  infinitely  thin  layer  inflamed  by  heating, 
reaches  this  pressure  at  the  greatest,  and  cannot  exert  any  higher  pressure  on  the 
uninflamed  layer  next  to  it. 

"A  compression  of  10  atmospheres  evolves  a  quantity  of  heat  which  can  readily  be 
calculated  by  thermo-dynamics  :  it  is  not  sufficient  to  produce  an  elevation  of  tempe- 
rature equal  to  that  inflammation.  To  obtain  this  temperature  a  compression  of 
30  atmospheres  would  be  needed.  It  would  appear,  then,  that  the  explosion-wave 
could  not  be  initiated  under  these  conditions 

"  Suppose,  however,  that  the  inflammation  of  the  first  layer  is  not  brought  about 
by  heating,  but  by  a  suitable  pressure,  i.e.,  one  of  not  less  than  thirty  atmospheres, 
which  may  readily  be  produced  by  the  detonation  of  a  little  fulminate.  After  the 
combustion  the  pressure  of  the  inflamed  layer  will  be  multiplied  by  ten,  or  at  least 
will  be  far  higher  than  the  initial  pressure  of  thirty  atmospheres,  and  will  be  able, 
consequently,  to  exert  on  the  next  layer  a  pressure  sufficient  to  inflame  it.  This  will 
continue  then  to  propagate  itself  from  layer  to  layer  by  the  same  mechanism."— 
(*  Combustion  des  Melanges  Gazeux,'  p.  88.) 

The  sudden  state  of  pressure  produced  in  each  layer  of  burning  gas  ceases  as 
suddenly  as  it  is  caused,  by  the  expansion  of  the  gas  which  compresses  the  unbumt 
layer  in  front ;  the  high  temperature  of  the  burnt  layer,  therefore,  rapidly  falls  by  the 
transformation  of  heat  into  work.  Mallard  and  Le  Chatelier  have  shown  by 
photographs  of  the  flame  that,  in  the  explosion- wave,  the  luminosity  of  each  layer  does 
not  last  longer  than  one  thousandth  j)art  of  a  second  ;  while  in  the  regime  of  ordinary 
combustion  each  layer  remains  luminous  more  than  ten  times  as  long.  I  can  fully 
confirm  these  statements.  By  photographing  the  explosion-wave  of  hydrogen  and 
oxygen  on  a  fixed  and  on  a  rapidly  moving  plate  at  the  same  time,  I  have  found  that 
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the  interval  during   which  the  gas  remains   bright   enough   to  effect  a  sensitive 
isochromatic  plate  cannot  be  more  than  one  five-thousandth  of  a  second. 

The  problem  of  measuring  the  pressure  in  a  thin  layer  of  gas,  lasting  for  so  small 
a  fraction  of  a  second,  is  one  of  the  greatest  difficulty.  I  believe  the  method  tried  by 
Mallard  and  Le  Chatelier  for  explosions  of  carbon  bisulphide  and  oxygen  is 
probably  the  best  that  has  yet  been  devised.  This  depends  on  the  principle  that  if  a 
pressure  is  produced  in  a  glass  vessel  greater  than  the  glass  can  stand,  the  vessel  will 
be  broken,  although  the  pressure  may  endure  for  a  very  small  interval  of  time.  If  the 
vessel  is  broken  by  the  explosion,  I  believe  that  there  must  have  been  a  pressure 
produced  in  the  layer  of  gas  next  the  glass  at  least  equal  to  that  which  would  break 
the  vessel  when  gradually  applied.  By  compressing  gas  in  the  vessel  by  means  of  a 
pump,  it  can  be  shown  that  the  vessel  is  able  to  withstand  a  certain  pressure.  The 
vessel  can  then  be  connected  with  a  long  tube,  the  whole  filled  with  an  explosive 
mixture,  and  the  explosion-wave  set  up  in  the  tube.  If  the  vessel  is  fractured, 
a  pressure  was  exerted  on  its  walls  greater  than  the  pressure  applied  by  the  pump. 

To  test  this  method,  I  have  carried  out  a  few  preliminary  experiments.  Out  of  a 
piece  of  strong  combustion  tubing  I  made  twelve  short  tubes,  carefully  sealed  at  one 
end,  and  slightly  opened  at  the  other.  These  tubes  were  then  firmly  attached  to  a 
metal  piece  by  a  collar  and  nut  working  against  india-rubber  rings — care  being  taken 
that  the  glass  did  not  come  anywhere  into  contact  with  the  metal,  but  only  with  the 
rubber  rings.  The  metal  piece  could  be  attached  either  to  the  pump  or  to  a  leaden 
firing  tube.  The  twelve  tubes  were  first  tested  with  compressed  air,  which  was 
slowly  forced  into  the  tube  while  an  observer  read  the  manometer.  On6  tube  (it  was 
rather  unevenly  sealed)  broke  down  between  nineteen  and  twenty  atmospheres.  A 
second  broke  at  twenty-three  atmospheres.  The  other  ten  stood  a  pressure  of 
twenty-five  atmospheres  for  two  minutes.  These  tubes  were  then  in  turn  attached  to 
one  end  of  a  firing-tube  about  twenty  feet  long.  On  filling  the  whole  with  a  mixture 
of  carbonic  oxide  and  oxygen,  and  passing  a  spark  through  the  gases  at  the  other  end 
of  the  tube,  the  explosion-wave  was  propagated  through  the  leaden  pipe  into  the  glass 
vessel.  All  ten  tubes  were  blown  into  small  fragments  by  the  explosion.  Four  stronger 
green  glass  tubes  were  tested  by  compressed  air  at  fifty  atmospheres.  All  jbhese  tubes 
stood  the  explosion  of  carbonic  oxide  and  oxygen,  and  hydrogen  and  oxygen.  Two  of 
these  green  tubes  were  blown  to  pieces  by  the  explosion  of  equal  volumeis  of  cyanogen 
and  oxygen,  a  third  was  fractured  by  compressed  air  at  seventy-eight  atmospheres. 
These  experiments  confirm  Le  Chatelier's  results  with  the  Deprez  indicator,  showing 
that  very  high  pressures  are  produced  for  the  moment  in  the  explosion -wave ;  they  do 
not,  of  course,  measure  the  pressures,  they  only  indicate  a  lower  limit. 

The  quiet  burning  of  carbonic  oxide  and  oxygen,  when  this  mixture  is  lighted  at 
the  open  end  at  a  short  tube,  such  as  a  test-tube,  is  in  striking  contrast  to  the  violence 
of  the  explosion  when  the  *^  wave  "  is  set  up  in  the  same  gases.  As  a  lecture  experi- 
ment a  test-tube  full  of  the  mixture  may  be  ignited  by  a  taper,  when  the  quiet 
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passage  of  the  blue  flame  down  to  the  tube  can  be  followed  by  the  eye ;  the  tube  is 
then  refilled  and  screwed  on  to  the  end  of  a  few  feet  of  leaden  pipe  filled  with  the 
mixture.  The  test-tube  is  surrounded  by  metal  gauze  and  a  thick  glass  cylinder. 
On  applying  a  flame  to  the  open  end  of  the  pipe,  or  passing  a  spark  near  the 
extremity,  a  loud  report  is  heard,  and  the  test-tube  is  reduced  to  powder.*  The 
explosion- wave  in  a  glass  tube  produces  a  brilliant  flash  of  orange  light. 

Professor  A.  ScHUSTERt  has  drawn  my  attention  to  a  memoir,  by  Riemann,  on  the 
propagation  of  intense  disturbances  in  gases,  and  has  suggested  a  mode  of  calculating 
the  momentary  pressures  produced  in  the  explosion-wave  from  its  known  velocity  of 
propagation,  and  the  density  of  the  unbumt  gas.  On  the  assumption  that  Riemann's 
theory  holds  for  an  explosion,  I  have  calculated,  from  the  observed  rates  of  the  wave 
and  the  densities  of  the  unburnt  gas,  the  pressures  existing  in  the  wave  in  the 
explosion  of  different  gaseous  mixtures.  In  parallel  columns  I  have  given  the 
"  effective  *'  pressures  as  registered  in  the  apparatus  used  by  Berthelot  for  the  same 
mixtures.  The  pressures  calculated  for  the  wave  are  rather  more  than  four  times 
larger  than  these  effective  pressures.  In  the  third  column  I  have  given  the  calculated 
pressures  divided  by  4*2. 

The  pressure  in  the  wave  is  given  by  the  equation 

\^p 

""-Too 

where  ir  is  the  pressure  in  atmospheres,  v  the  rate  in  metres  per  second,  and  p  is  the 
weight  in  grammes  of  1  c.c.  of  the  unburnt  gas. 


*  Professor  Dewab  has  noticed  the  great  violence  with  which  carbonic  oxide  and  oxygen  explode 
under  certain  conditions.  He  sajs :  **  Sometimes  the  explosions  were  so  violent  as  to  break  the  plate 
closiog  the  end  of  the  tabe,  thongh  this  had  resisted  the  explosions  of  the  hydrogen  mixture ;  while  at 
the  other  times  the  wave  of  explosion  passed  slowly  along  the  tube."  *  Roy.  Soc.  Proc.,'  April  3,  1884. 
Probably  owing  to  differences  in  the  nature  of  the  electric  sparks,  the  "  explosion- wave  "  was  sometimes 
set  up  in  his  tube  and  sometimes  not. 

t  See  note  at  end  of  cap. 
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Tabi^  XXXIX. — Pressures  in  the  Explosion- wave  calculated  from  Riemann's 

Theory. 


Explosive  Mixture. 

Calculated  Pressure. 

n 

n 

4-2 

Effective  Pressure 
measured  by  Berthelot. 

CgN^+Og 

C2N3  +  2NO 

C3N2+2N3O 

CoN,-f203 

C3N2+O3+2N2 

135-2 

1230 

121-6 

901 

710 

32-2 
29-3 
28-9 
21-5 
16-9 

26*11 
23-34 

26-02 
20-96 
15-25 

C3H4+O3 
C2H4+O3 
C2H4+O4 
CoH.+Oe 

CH,+04 

81-5 
94-3 
88-4 
75-2 

17-9 

1613 

62-2 

14-8 

16-34 

CgHo  +  O, 
C2H2  +  O3 
C5U2  +  O3  +  N12 

1100 
04-5 
453 

Hg-fO 
H2+O 
Ho+O+N- 
H2  +  N2O 

CO+O 

28-8 
41-3 
31-6 
52-9 

357 
46-9 

6-9 

9-8 

7-5 

12-6 

7-05 
9-8 
7-41 
13-6 

8-5 

10-1 

H  +  Cl 

11-2 

By  Le  Chatelier. 
10-0 

It  is  to  be  noticed  that  these  calculated  pressures  are  in  substantial  agreement 
with  my  experiments  on  the  fracturing  of  glass  tubes  by  the  explosion  of  carbonic 
oxide  and  of  cyanogen  with  oxygen  ;  and  also  that  the  minimum  pressures  calculated 
for  the  diluted  electrolytic  gas  are  close  to  30  atmospheres — the  pressure  required  to 
fire  electrolytic  gas  by  the  heat  of  compression. 


Note  by  Professor  Arthur  Schuster,  F.R.S. 

In  1859  RiEMANN*  deduced  an  equation  for  tlie  propagation  of  abrupt  variations  in  the  density  and 
pressure  of  a  gas,  on  the  supposition  that  such  an  abrupt  variation  could  be  propagated  without  change 
of  type.     Lord  RAYLECont  criticising  this  investigation,  draws  attention  to  the  fact  that  a  steady  wave 


*  '  Gottingen  Abhandlnngen,'  vol.  8  (1860). 
t  Rayleigh,  *  Sound,'  vol.  2,  p.  41. 
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is  onlj  possible  for  a  particnlar  relation  between  the  pressure  and  density  of  the  g^,  which  is  different 
from  the  one  actaally  holding.  In  the  case  of  the  explosion-waves  it  seems  possible,  however,  that  the 
temperature,  pressure,  and  density  of  the  gas  shonld  so  adjust  themselves  as  to  make  Kiemakn*s  equations 
applicable.  In  fact,  thej  must  do  so  if  the  front  of  the  wave  keeps  its  type,  which  it  probably  does 
when  the  velocity  has  become  constant. 

If  pQ  and  p  are  the  densities  of  the  gas  in  the  undisturbed  state,  and  at  some  point  in  the  wave 
respectively,  then,  referring  the  motion  to  a  system  of  coordinates  moving  forward  with  the  velocity  V 
of  the  wave,  we  have  the  condition  of  steady  motion 

« 

where  u  is  the  velocity  at  the  point  at  which  the  density  is  /» ; 
also 

dp  _  _         du 

dx  '  dx' 

As  /nc  is  a  constant  quantity  we  may  integrate  the  latter  eqnation  and  obtain 

which,  gives  for  the  velocity  of  the  wave  propagation 


ip  —  Pq)    Po 

This  equation  gives  a  relation  between  the  density  p  at  any  point  of  the  wave  and  the  pressure  p  at 
that  point,  the  pressure  and  density  in  the  initial  state  being  Pq  and  />q.  The  equation  can  be  simplified 
if  pia  large  compared  to  pq  for 

p—^lja-Poip) 

POKP  —  Po)        Pol 

so  that  we  may  write 


'Jp 

Putting,  lor  the  sake  of  argument,  p  s=  lOp^,  the  second  square  root  in  the  above  expression  becomes 
1'05,  so  that  as  a  first  approximation  it  may  be  put  equal  to  one.  Writing  P  for  the  excess  of  pressure 
over  the  atmospheric  pressure,  the  equation  now  takes  the  simple  form 


'^x/l' 


Po 

In  this  expression  the  value  of  P  has  to  be  written  in  dynes  per  square  centimetre,  and  the  velocity 
would  be  g^ven  in  centimetres.  For  more  convenient  numerical  calculation  we  may  adopt  provisionally 
the  suggestion  of  Guillaume  that  a  pressure  of  75  cms.  of  mercary  under  the  normal  conditions  should 
be  called  an  aimosphere.  The  atmosphere  then  would  be  exactly  one  megadyne  per  square  centimetre, 
and  if  P  is  given  in  atmospheres,  the  equation  becomes 

V=1000A/i. 
^    Po 

or  if  Y  is  expressed  in  metres  per  second, 

^    Po 

MPOCCXCin. — A.  X 
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The  excess  of  pressure  in  tlie  waves,  therefore,  will  be,  as  &r  as  the  equations  hold, 


If  the  factor 


P  —  ^^^/'o 

"Too* 


^   I'-'Pq 


be  retained,  the  calculated  pressure  P  would  be  rather  smaller  than  that  given ;  thus  if  the  maximum 
density  of  the  wave  is  only  double  that  of  the  undisturbed  state,  the  calcalated  value  of  P  would  have 
to  be  redaced  in  the  ratio  of  1*4  to  I. 
In  order  to  test  the  equation 

^     PQ 

I  have  applied  it  to  compare  the  rates  of  explosions  in  the  mixtures  Hy  +  0,  Hj  +  0  +  N^,  Hjj  +  O^j. 
In  these  three  cases  the  explosive  mixture  H^  +  0  is  diluted  with  the  same  volume  of  inert  gases,  and 
according  to  the  equation  the  rates  should  be  inversely  as  the  square  roots  of  the  densities  of  unbumt 
gases,  for  the  pressure  P  may  be  expected  to  be  the  same  in  all  three  cases.  The  rates  found  by 
Professor  Dixon  are  3532;  1822;  1707.  Assuming  3532  to  be  right,  I  calculate  for  the  other  two 
combinations  1806  and  1711,  which  so  far  confirms  the  equation.  But  I  am  doubtful  whether  this 
means  much,  as  the  same  result  could  be  deduced  from  arguments  relating  merely  to  the  dimensions  of 
the  quantities  involved. 

I  have  not  discassed  the  question  whether  a  steady  wave  is  really  possible,  but  assaming  it  to  be 
steady  I  believe  that  the  equation 


-V'^- 


—  Pa  .  P 


Po    Po 

holds.  In  the  strict  sense  of  the  word  I  do  not  think  the  explosion-wave  can  be  steady,  because  if  the 
motion  is,  as  assumed,  linear,  compression  most  precede  the  explosion,  and  Lord  Raylkigh's  objection 
would  hold  for  the  front  part  of  the  wave  in  which  no  combination  takes  place. 

Bat  it  seems  possible  to  me  that  the  motion  may  not  strictly  be  a  linear  one,  and  that  yet  taking  the 
average  velocities  over  a  cross-section  of  the  tube  the  ordinary  equations  would  apply.  It  seems 
probable  that  jets  of  hot  gases  are  pi*ojecied  bodily  forward  from  that  part  of  the  wave  in  which  the 
combination  takes  place,  and  that  these  jets,  which  would  correspond  to  the  spray  of  a  breaking  wave, 
really  fire  the  mixture. 

Cap.  XL — Some  Difficulties  in  the  "Wave"  Theory. 

§  1.  In  calculating  a  theoretical  velocity  for  the  rate  of  the  explosion- wave  in  gases, 
I  am  aware  that  I  have  passed  over  many  difficulties  which  demand  consideration. 
For  some  of  the  problems  raised  here  we  have,  I  believe,  no  data  which  might  enable 
us  to  solve  them.  Riemann's  theory  of  the  propagation  of  an  intense  disturbance  in 
a  gas  requires,  in  order  to  calculate  the  velocity  of  propagation,  a  knowledge  of  the 
highest  pressure  reached  in  the  wave.  But  concerning  the  pressures  produced  for 
extremely  short  periods  in  the  explosion-wave,  we  have  less  exact  knowledge  than  of 
the  velocities,  and  possibly  the  rates  of  explosion  may  be  used  to  calculate  the 
pressures  produced. 

The  question,  indeed,  may  be  raised  whether  the  propagation  of  the  ignition  is  due 
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to  a  forward  movement  en  masse  of  the  burning  molecules,  or  to  the  advance  of  a 
comparatively  few  molecules  with  extreme  rapidity.  In  the  latter  case  the  ex- 
plosion-wave might  be  propagated  with  a  velocity  far  higher  than  the  average 
velocity  of  the  molecules  of  burning  gas.  I  think  the  available  evidence  precludes 
the  idea  that  the  ignition  can  be  propagated  by  a  few  molecules  moving  with 
velocities  far  above  the  mean.  For,  if  this  were  the  case,  the  presence  of  a  diluent 
gas  ought  not  to  hinder  the  advance  of  the  wave  in  the  manner  it  is  found  to  do.  The 
heat  evolved  on  the  formation  of  a  compound  molecule  is  the  same  whether  inert 
molecules  are  in  the  neighbourhood  or  not,  and  for  the  moment  the  temperature  of 
the  compound  is  the  same.  If,  therefore,  the  ignition  could  be  propagated  by  the 
advance  of  individual  molecules,  we  might  expect  the  explosion  to  be  propagated  at 
the  same,  or  nearly  the  same,  rate  in  the  presence  of  an  inert  gas.  My  experiments 
have,  however,  conclusively  shown  that  an  inert  gas  retards  the  wave  by  an  amount 
which  depends  upon  its  volume  and  density.  It  would  seem  to  follow  that  each 
layer  is  heated  as  a  whole  and  that  the  advance  of  the  wave  depends  upon  the 
average  motion  of  the  molecules.  Two  other  facts  appear  to  support  this  view.  It 
is  well  known  that  small  electric  sparks  may  be  sent  through  explosive  mixtures  of 
gases,  e.gr.,  through  electrolytic  gas,  without  causing  explosion.  Yet  the  temperature 
in  the  spark  must  be  extremely  high,  and  combination  occurs  in  the  path  of  the  spark. 
It  would  seem  that  the  number  of  molecules  heated  by  each  spark  was  not  sufficient  to 
communicate  ignition  to  the  rest.  Again,  when  a  sound-wave  is  started  in  a  mixture 
of  gases,  its  rate  of  propagation  depends  upon  the  mean  density  of  the  gaseous 
mixture ;  there  is  no  selective  propagation  of  the  wave  by  one  of  the  constituents  of 
the  mixture.*  This  fact,  of  which  I  could  find  no  experimental  demonstration  for 
gases  of  widely  different  density,  has  been  verified,  at  my  request,  by  Mr.  F.  J.  Smith 
in  the  Millard  Laboratory,  at  Trinity  College,  Oxford.  According  to  Mr.  Smith's 
careful  experiments,  sound  is  propagated  at  the  same  rate  in  ammonia  gas  (density*8-5) 
as  in  a  mixture  of  equal  volumes  of  hydrogen  and  oxygen  of  the  same  mean  density  as 
ammonia. 

On  the  other  hand,  it  may  be  that  the  wave  does  not  advance  perfectly  regularly, 
but  breaks^  like  a  water-wave  is  broken  by  the  quicker  movement  of  the  crest.  In 
breaking,  jets  of  heated  gas  may  be  projected  in  front  of  the  wave  into  the  unburnt 
gas  beyond — such  jets  becoming  the  centres  of  fresh  disturbances  which  coalesce  to 

*  Fabadat  thongHt  that  gases  of  very  diffei*ent  density  would  not  mix  porfectlj.  "  As  the  atmosphere 
is  now  constituted,  there  exists  a  permanency  of  sonorous  pitch  ;  any  tone  being  once  generated  remains 
the  same  tone  until  it  dies  away.  ...  If ,  however,  the  atmosphere  had  been  composed  of  two  gases, 
each  having  widely  different  specific  gravities,  there  would  have  been  a  difference.  No  permanency  of 
tone  could  then  have  been  depended  upon — the  pitch  of  every  original  note  would  have  been  continually 
varying  as  its  transmiasion  might  be  propagated  by  the  vibrations  of  ever-varying  mixtures  of  the  two 
gases  of  dissimilar  specific;  gravities.*'     Faraday's  Lectures,  Scoffern,  1853. 
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re-foiin  a  wave.     If  the  jets  were  produced  in  sufficient  number  their  average  effect 
would  be  uniform. 


§  2.  The  Specific  Heat  of  Gases  at  High  Temperatxires. 

In  calculating  the  theoretical  velocity  of  the  explosion- wave,  I  have  assumed  that 
the  specific  heats  of  the  simple  gases  do  not  rise  with  increase  of  temperature.  On 
the  other  hand;,  I  have  assumed  that  the  specific  heats  of  gases  formed  from  their 
elements  with  a  condensation  of  volume — such  as  steam,  nitrous  oxide,  ethylene,  etc. 
— ^are  equal  at  a  high  temperature  to  the  sum  of  the  specific  heats  of  their  elements. 
Thus,  I  have  taken  the  specific  heat  of  steam  at  constant  volume  to  be  7 '2  instead  of 
6*5,  as  given  by  determinations  at  low  temperatures.  In  making  these  assumptions, 
I  have  followed  the  example  of  Bebthelot  in  his  investigations  on  the  explosion- 
wave.  But  in  his  later  work  on  the  specific  heat  of  the  gaseous  elements  at  very 
high  temperatures,  Berthelot  comes  to  the  'conclusion  that  these  specific  heats  rise 
so  rapidly  with  an  increase  of  temperature  that  they  are  doubled  between  1600°  and 
4400°  C*  He  arrives  at  this  result  by  exploding  cyanogen  to  carbonic  oxide  in  a 
bomb,  and  observing  the  pressures  registered  by  a  piston  moving  against  a  spring 
when  the  cyanogen  is  burnt  by  oxygen  alone,  and  when  nitrogen  is  added  or  oxides 
of  nitrogen  are  used  instead  of  oxygen. 

Table  XL. — Berthelot's  Experiments  on  the  Specific  Heats  of  Simple  Gases. 


Mixture. 

Pressnre 
developed. 

Temperature.  . 

Specific  heat  of 
N,  or  CO. 

CjN^  +  Oj  .... 

CjNg  +  O3  +  2N3 .     . 
CjNa+Oa-fHN,    . 
C2N3  +  2NO    .     .     . 
C3N3  +  2N3O   .     .     . 

At 
2511 
20-67 
15-26 
11-78 
23-34 
2602 

0 

4394 

4024 
3191 
2810 
4309 
3993 
- 

9-60 
8-39 
7-93 
6-67 
9-85 
8-43 

These  values  of  the  specific  heats  depend  upon  the  accuracy  with  which  the 
maximum  pressure  developed  in  the  explosion  is  registered  by  the  moving  piston. 
Now  the  more  rapidly  the  combustion  takes  place,  the  more  nearly  does  the  pressure 
exerted  resemble  a  blow.  I  have  found  that  a  short  column  of  mercury  in  a  pressm'e- 
gauge  suffers  a  far  greater  movement  under  the  influence  of  a  slow  explosion  than  it 
does  under  the  influence  of  a  rapid  explosion,  although  the  quantity  of  heat  evolved 
and  the  specific  heats  of  the  products  were  nearly  the  same  in  the  two  cases.  No 
doubt  this  gauge  was  less  sensitive  to  sudden  pressures  than  the  instrument  used  by 
M.  Berthelot;   but  the  experiment  warns  us  that  the  pressures  registei-ed  by  a 

*  *  Ann.  Chim.  ct  Pliys.'  (VI.),  vol.  4,  p.  GG.     I880. 
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moving  piston  may  fall  below  the  true  value,  and  the  more  rapid  the  explosion  the 
greater  this  error  may  be.  That  the  pressures  registered,  and,  therefore,  the  specific 
heats  deduced  from  them,  vary  with  the  instruments  employed  appears  from  a  com- 
parison of  the  numbers  obtained  by  M.  Berthelot,  and  those  of  MM.  Mallard  and 
Lb  Chatelier  in  the  explosion  of  cyanogen.  According  to  Berthelot's  experiments, 
the  specific  heat  of  nitrogen  and  carbonic  oxide  is  6*2  at  2500° ;  according  to  MM. 
Mallard  and  Le  Chateubr,  it  is  7'2  at  this  temperature.  Again  the  latter  have 
determined  the  specific  heat  of  the  simple  gases  by  adding  measured  volumes  of 
hydrogen,  oxygen,  and  nitrogen  to  electrolytic  gas,  and  measuring  the  pressures 
produced  on  explosion.  From  the  seven  experiments*  made  at  temperatures  near 
2000°  (calculated),  they  obtain,  as  a  meai\,  the  number  5*6  for  the  specific  heat  of  the 
elementary  gases  at  this  temperature  ;  in  a  former  paper  they  gave  the  value  7 '5  as 
the  specific  heat  at  this  temperature.  Neither  of  these  values  agrees  with  the  7*2 
deduced  from  their  cyanogen  experiment  at  2500°.  The  great  difficulties  attending 
determinations  of  this  nature,  in  spite  of  the  skill  and  patience  with  which  the 
French  chemists  have  attacked  the  problem,  still  leave  it  an  open  question  whether 
the  specific  heats  of  the  simple  gases  increase  with  the  temperature. 

§  3.  The  observations  I  have  made  on  the  eflPect  of  changes  of  initial  pressure  and 
temperature  on  the  rate  of  explosion  in  gases  are  not  such  as  might  have  been 
expected  fi:om  the  theory  of  ordinary  sound-waves.  There  appears  to  be  for  each 
mixture  a  crucial  pressure^  above  which  variations  of  pressure  do  not  affect  the  rate 
of  explosion.  Below  this  point  the  rates  fall  with  diminution  of  pressure.  In  the 
case  of  electrolytic  gas  an  increase  of  pressure  from  one  to  two  atmospheres  increases 
the  rate  of  explosion  from  2821  to  2872  metres  per  second.  When  the  electrolytic 
gas  is  largely  diluted,  an  increase  in  pressure  from  one  to  two  atmospheres  has  less 
effect.  The  following  rates  were  found  at  one  and  two  atmospheres  for  electrolytic 
gas  diluted  with  oxygen,  nitrogen,  and  hydrogen  respectively :  — 

Table  XLI. 
(1.)  Mixture  H^  +  Oe- 


Pressure  .     .     .   -.     .     . 


Rate  of  explosion  .     .     . 


1  At. 


1696 


*  '  Combastioc  des  Melanges  Gazenx,*  p  259. 
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(2.)  Mixture  Hg  +  O  +  N5. 


Pressoi'e 


Rate  of  explosion  .     .     . 


(3.)  Mixture  Hg  +  O. 


Pi-essare 


1  At. 


2  At. 


Rate  of  explosion  .     .     . 


3532 


3538 


No  doubt  the  numbers  obtained  point  to  a  slight  increase  in  the  rate  on  doubling 
the  pressure,  but  the  differences  are  so  small  as  to  be  confounded  with  the  experi- 
mental error.  I  have  not,  therefore,  given  the  higher  rates  as  the  true  rates  of  the 
explosion,  but  liave  taken  the  mean  of  the  two  in  each  case. 

The  difference  in  the  effect  of  pressure  on  electrolytic  gas  when  pure,  and  when 
diluted,  may  be  due  to  one  of  two  causes.  In  the  case  of  the  pure  gas  increase  of 
pressure  may  check  dissociation,  and  thus  increase  the  rate  of  explosion  ;  whereas  the 
diluted  gas  does  not  dissociate,  and  is  consequently  unaffected  by  changes  of  pressure. 
Or,  more  probably,  since  the  diluted  gas  suffers  less  contraction  in  the  chemical 
change,  its  cntcial  pressure  is  lower  than  that  of  the  pure  gas,  and  the  change  from  one 
to  two  atmospheres  being  wholly,  or  in  large  part,  above  the  crucial  pressure,  the  effect 
on  the  rate  is  nil  or  very  slight.  In  all  the  mixtures  I  have  tried  the  rate  of  the 
explosion-wave  is  diminished  by  a  sufficient  reduction  of  pressure,  even  when  the 
products  of  combustion  are  carbonic  oxide  and  nitrogen  alone.  Changes  of  pressure 
appear,  therefore,  to  affect  the  rate  apart  from  any  dissociation  ;  and  consequently 
may  influence  the  rate  of  explosion  of  electrolytic  gas  independently  of  any  effect  on 
dissociation.  Why  changes  of  pressure  affect  the  rate  of  explosion  has  yet  received 
no  satisfactory  explanation. 

As  the  initial  pressure  of  a  gaseous  mixture  is  reduced,  it  is  found  that  the  flame 
travels  further  from  the  ignition-point  before  its  rate  becomes  constant ;  it  requires  a 
longer  run  to  attain  its  maximum  velocity.  By  sufficiently  reducing  the  pressure  it 
is  possible  to  stop  the  explosion  of  gases  altogether ;  but  the  flame  is  still  propagated 
slowly  at  pressures  below  that  at  which  the  ex  plosion- wave  dies  out.  For  instance, 
with  electrolytic  gas,  the  explosion-wave  is  propagated  at  200  mm.  pressure,  but  not 
at  150  mm.  At  200  mm.  pressure  the  flame  travels  about  2  metres  before  attaining 
its  maximum  rate.     According  to  my  experiments^  the  flame  is  still  propagated  in 

*  *Phil.  Tiiwis.;  1884,  p.  0:U. 
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electrolytic  gas  at  75  mm.,  but  not  at  70  mim,^  when  an  induction  spark  is  passed 
through  the  mixture.  Lothab  Meyer  and  Seubebt*  found  that  a  spark  from  a 
Buhmkorff's  coil  caused  partial  ignition  of  electrolytic  gas  at  70  mm.,  and  complete 
combustion  at  72  mm.,  the  exact  pressure  under  which  the  gases  unite  varying  with 
the  strength  of  the  spark. 

It  is  conceivable,  on  the  "breaking- wave "  hypothesis,  that  the  projected  jets  of 
heated  gas  do  not  under  reduced  pressure  initiate  their  own  explosion-waves  so 
rapidly  as  imder  higher  pressui'e. 

Similarly  with  regard  to  changes  of  initial  temperature,  I  do  not  know  why  a  rise 
of  temperature  should  diminish  the  rate  of  explosion.  The  limited  range  in  which  it 
is  possible  to  conduct  the  experiments,  and  the  small  differences  found  within  this 
range,  do  not  permit  of  a  curve  being  drawn  which  might  indicate  the  general  effect 
of  changes  of  temperature  upon  the  rale.  In  the  case  of  electrolytic  gas  the  effect  of 
heating  was  found  to  lower  the  rate  both  at  low  and  at  high  pressures.  Experiments 
made  at  atmospheric  pressure  with  ethylene,  burning  to  carbonic  oxide  and  steam,  at 
10°  and  100°,  showed  a  lowering  of  the  rate  rather  greater  than  that  of  electrolytic 
gas;  while  similar  experiments  made  with  cyanogen,  burning  to  carbonic  oxide  and 
nitrogen,  showed  a  smaller  difference — ^hardlyj  perhaps,  to  be  distinguished  from  the 
experimental  error. 

§  3,  The  Rate  of  Explosion  of  Hydrocarbons  with  insufficient  Oxygefii, 

The  explosion  of  hydrocarbons  with  insufficient  oxygen  has  been  studied  by  Dalton, 
J.  Davy,  Eebsten,  and  E.  von  Meyer.  In  the  *New  System  of  Chemical  Philosophy,' 
Part  II.,  p.  442  (1810),  Dalton  thus  describes  the  explosion  of  equal  volumes  of 
ethylene  and  oxygen  : — 

"If  100  measures  of  oxygen  be  put  to  100  of  defiant  gas,  and  electrified,  an 
explosion  ensues,  not  very  violent ;  but  instead  of  a  diminution,  as  usual^  there  is  a 
great  increase  of  gas ;  instead  of  200  measures,  there  will  be  found  about  360 ;  some 
traces  of  carbonic  acid  are  commonly  observed,  which  disappear  on  passing  two  or 
three  times  through  lime  water ;  there  will  then  remain  perhaps  350  measures  of  a 
permanent  gas,  which  is  all  combustible,  yielding  by  an  additional  dose  of  oxygen, 
carbonic  acid,  and  water,  the  same  as  if  entirely  burnt  m  the  first  instance.  What, 
therefore,  is  this  new  gas  in  the  intermediate  state?  The  answer  is  clear.  It  is 
carbonic  oxide  and  hydrogen  mixed  together,  an  equal  number  of  atoms  of  each." 

Dalton  found  that  marsh  gas  could  not  be  exploded  with  less  than  its  own  volume 
of  oxygen,  in  which  case  half  the  hydrogen  formed  water  and  the  other  half  was 
liberated : — * 

"  If  100  measures  of  carburetted  hydrogen  be  mixed  with  100  measures  of  oxygen 
(the  least  that  can  be  used  with  effect),  and  a  spark  passed  through  the  mixture, 

•  *  Chem.  Soc.  Joum.,'  1884,  vol.  1.  p.  587. 
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there  is  an  explosion  without  any  material,  change  of  volume :  after  passing  a  few 
times  through  lime  water,  it  is  reduced  a  little,  manifesting  signs  of  carbonic  acid. 
This  residue  is  found  to  possess  the  characters  of  a  mixture  of  equal  volumes  of 
carbonic  oxide  and  hydrogen." 

John  Davy,*  in  1832,  described  some  experiments  on  the  explosion  of  ethylene 
with  insufficient  oxygen,  in  which  the  volume  was  nearly  doubled  after  detonation. 

In  1861  RERSTENt  opposed  the  view,  which  he  stated  was  common  at  that  time, 
that  in  the  combustion  of  hydrocarbons  the  hydrogen  burns  before  the  carbon.  He 
describes  experiments  on  the  explosion  of  ethylene  and  of  marsh  gas  with  electrolytic 
gas,  and  with  air.  His  conclusion  is  **  that  before  a  portion  of  hydrogen  is  burnt,  all 
the  carbon  is  burnt  to  carbonic  oxide,  and  that  then  the  excess  of  oxygen  divides 
itself  between  the  carbonic  oxide  and  hydrogen." 

In  1874,  Ernst  von  Meyer|  (who  does  not  refer  to  the  previous  work  on  the  sub- 
ject) showed  that  equal  volumes  of  ethylene  and  oxygen  formed  carbonic  oxide  and 
hydrogen  when  exploded  in  an  eudiometer.  Acetylene,  diluted  with  hydrogen  to 
diminish  the  force  of  the  explosion,  behaved  in  the  same  way. 

On  the  other  hand^  in  many  of  the  text-books  of  the  present  day  the  doctrine  is 
taught  that  in  the  combustion  of  hydrocarbons  the  hydrogen  bums  before  the  carbon.§ 
Behthelot  comes  to  the  same  conclusion  from  observations  of  the  rate  of  explosion  of 
ethylene  mixed  with  hydrogen,  and  that  of  other  hydrocarbons  rich  in  hydrogen. 
Measuring  the  rate  of  explosion  from  the  point  of  ignition  through  a  space  some 
130  nun.  long,  Berthelot  found  that  a  mixture  of  hydrogen  and  ethylene  burnt  at  a 
rate  which  was  quicker  than  the  mean  of  the  rates  of  hydrogen  and  of  ethylene  when 
exploded  with  oxygen  in  the  same  apparatus : 

Mixtui*c.  Time  taken  bj  flame  to  travel  130  mm. 

CoH.  +  On    .     .     .     .     2*86  thousandths  of  second!  ,  ^^ 

Hjj  +  O 1-04  „  „  J 

C^H^+H^  +  O^     .     .     1-37  „  „ 

He  concludes  from  these  experiments  that  the  hydrogen  bums  before  the  ethylene 
in  the  mixture.     It  must  again  be  pointed  out  that  these  velocities  refer  to  the 

•  *  Edin.  Jonmal  of  Science,*  New  Ser.,  vol.  6,  p.  50. 

t  *  Journ.  Prakt.  Chem.,*  vol.  84,  p.  303. 

X  *  Journ.  Prakt.  Chem.'  [II.],  vol.  10,  p.  308. 

§  Faraday,  lecturing  at  the  Royal  Institution,  said : — "  The  volatile  matter  raised  bj  combustion 
from  the  tallow  of  a  candle  is  a  vapour  composed  of  carbon  and  hydrogen ;  and  our  experiment  teaches 
us  that  the  forces  which  hold  these  elements  together  are  so  nicely  balanced  that  the  hydrogen  is  made 
to  combine  first,  the  carbon  afterwards  "  (^  Lectures  at  Boyal  Institution,'  p.  280,  J.  Scoffebit,  1853). 

For  a  lucid  discussion  of  this  question,  as  far  as  it  afPects  the  liberation  of  carbon  in  hydrocarbon 
flames,  see  Professor  A.  Smithells  *'  On  the  Structure  of  Luminous  Flames "  (*  Journ.  Chem.  Soc./ 
1892,  vol.  1,  p.  217). .    . 
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irregular  period  of  vibration,  and  that  everything  depends  on  the  quickness  with 
which  the  explosion-wave  is  developed.  Again,  Be rthelot  .  compares  the  rate  of 
explosion  of  hydrocarbons  with  that  of  hydrogen  in  the  same  apparatus  : — 

Gas.  Time. 

Acetylene 1'94 

Ethylene 2*86 

Ethane '83 

Marsh  Gas 1*24 

Hydrogen 1*04 

"  The  rate  of  combustion  of  gases  rich  in  hydrogen  is  very  close  to  that  of  hydrogen. 
This  seems  to  indicate  that  the  hydrogen  burns  before  the  carbon,  even  in  total 
combustions." 

I  do  not  think  this  conclusion  is  justified  by  the  figures ;  nor  do  I  see  how  the 
second  argument  can  be  reconciled  with  the  first. 

I  have  made  experiments  on  the  rate  of  the  explosion-wave  in  ethylene  and  in 
acetylene  mixed  with  their  own  volume  of  oxygen.  In  both  cases  the  main  reaction 
is  the  formation  of  carbonic  oxide  and  hydrogen  ;  but  the  rates  found  are  not  so  near 
the  calculated  velocities  as  I  have  found  in  other  cases.  The  explosions  being  miade 
in  a  gas-tight  tube  surrounded  with  water,  the  increase  in  pressure  gave  the  expan- 
sion due  to  the  chemical  changes.  With  ethylene  and  oxygen  the  volume  was  almost 
doubled  ;  with  acetylene  and  oxygen  the  volume  was  increased  by  one-half.  In  the 
following  table  I  have  given  the  observed  rates  of  explosion  for  ethylene  and  acetylene, 
with  an  equal  voktme  of  oxygen,  compared  with  the  rate  calculated  by  Bebthelot's 
formula  and  with  the  sound-wave  2  : — 

Table  XLII. — Rates  of  Explosion  of  Ethylene  and  Acetylene  with  an  equal 

volume  of  Oxygen. 

1.  C2H4  +  O2  =  2C0  +  2H2  (Q  =  67,000  cals.) 

2.  C2H2  +  O2  =  2CO  -f  H2  (Q  =  112,700  cals.) 


Mixture. 


CoH^  +  Og        ^gl^s  "I"  ^3 


Bkrthelot's  0     .     .     , 


21.S4 


Hate  of  explosion 


2507 


2330 


2733 


2961 


3084 


The  rate  of  explosion  of  ethylene  and  an  equal  volume  of  oxygen  was  found  to  be 

MDCCCXCIII. — A.  y 
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2505  metres  per  second  as  the  mean  of  four  double  determinations.  The  rate  of  the 
sound-wave  "2,"  calculated  on  the  hypothesis  that  the  mixture  burns  durectly  to 
carbonic  oxide  and  hydrogen,  is  2330.  The  calculated  velocity  is,  therefore,  about 
7  per  cent,  too  low.  This  is  the  only  instance  1  have  yet  found  where  the  observed 
rate  is  largely  in  excess  of  the  calculated  sound-wave.  On  the  other  hand,  the  rate 
of  explosion  of  acetylene  and  an  equal  volume  of  oxygen  was  found  to  be  2961  metres 
per  second  as  the  mean  of  four  double  determinations.  The  rate  of  the  sound-wave, 
calculated  on  the  hypothesis  that  the  mixture  burns  directly  to  carbonic  oxide  and 
hydrogen,  is  3084.  The  calculated  velocity  is,  therefore,  about  4  per  cent,  too  high. 
This  difference  between  the  explosion  of  ethylene  and  acetylene,  with  an  equal 
volume  of  oxygen,  is  somewhat  striking  ;  it  seems  to  point  to  some  different  mode  of 
decomposition  in  the  two  cases. 

As  stated  by  Dalton,  a  mixture  of  marsh  gas  with  half  its  volume  of  oxygen  will 
not  explode  ;  but  a  mixture  of  equal  volumes  of  marsh  gas  and  oxygen  explodes.  I 
have  determined  the  rate  of  explosion  of  this  mixture,  and  find  the  velocity  is 
2^  per  cent,  faster  than  the  sound-wave  calculated  for  the  reaction — 


Table  XLIII. — Rate  of  Explosion  of  Marsh  Gas  with  an  equal  volume  of  Oxygen. 


Mixture. 


CH^  +  O3. 


Berth  blot's  0  . 


2184 


Rate  of  explosion 


2528 


2466 


At  the  temperature  produced  in  this  reaction  the  steam  must  be  partly  dissociated 
— lowering  the  rate.  The  observed  velocity,  therefore,  is  undoubtedly  too  high  to 
reconcile  with  the  calculated  sound-wave.  Marsh  gas  must,  therefore,  be  classed 
with  ethylene  as  giving  exceptionally  high  rates. 

At  this  point  a  difficulty  must  be  pointed  out  which  I  have  hitherto  avoided.  I 
have  endeavoured  to  show  that  the  explosion-wave  is  in  part  propagated  by  the 
movements  of  the  yet  unburnt  molecules.  The  question  arises — Are  these  unbumt 
molecules  ever  broken  up  by  impact  before  they  are  burnt  ?  In  the  case  of  an  endo- 
thermic  compound,  such  as  cyanogen  or  acetylene,  is  the  propagation  of  the  flame 
partly  due  to  the  explosive  decomposition  of  the  compound,  previous  to  the  combus- 
tion of  its  constituents  ?  If  so,  the  unburnt  gas  would  be  diminished  in  density,  and 
one  might  expect  to  find  the  explosion  of  endothermic  compounds  travelling  at 
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velocities  greater  than  those  calculated  for  sound  m  the  undecomposed  gas.  But  this 
is  exactly  the  reverse  of  what  is  observed.  The  formula,  which  gives  the  correct 
velocity  for  explosions  of  cyanogen,  gives  numbers  which  are  rather  too  high  for 
acetylene  (also  a  strongly  endothermic  compound),  and  too  low  for  ethylene  and  for 
marsh  gas  (an  exothermic  compound).  It  would  appear  as  if  ethylene  and  marsh  gas 
were  unstable  bodies,  and  acetylene  and  cyanogen  were  stable  bodies,  in  the  particular 
condition  of  the  explosion- wave.  Let  me  recall  the  words  used  by  Professor  Ostwald 
in  his  address  last  year  at  Halle,  to  the  sections  of  Physics  and  Chemistry,  when 
speaking  on  a  cognate  subject — the  spectra  of  gases  at  high  temperatures  : — 

"  It  is  held  as  an  undoubted  dogma  that  at  the  highest  temperatures,  as,  for 
example,  in  the  electric  arc,  all  compounds  must  be  dissociated  into  their  elements. 
This  view  is  certainly  not  justified.  What  we  do  know  about  the  stability  of  com- 
pounds is,  on  the  contrary,  that  all  compounds  which  are  formed  with  absorption  of 
heat  become  more  stable  with  rising  temperature,  and  the  reverse.  Because  the 
majority  of  the  compounds  known  to  us  are  formed  from  the  elements  with  evolution 
of  heat,  and  correspondingly  become  more  unstable  with  rising  temperature,  the 
conclusion  has  been  drawn  that  this  is  in  general  the  case.  But  if  we  reflect  that 
cyanogen  and  acetylene,  two  compounds  formed  with  great  absorption  of  energy,  are 
readily  formed  in  quantity,  at  the  highest  temperatures,  in  the  blast  furnace  and  in 
the  arc  light,  we  become  conscious  that  spectra  occurring  at  high  temperatures  may 
belong  to  compounds  which  have  a  fleeting  existence  confined  to  those  temperatures 
only."* 

We  know,  then,  that  cyanogen  and  acetylene  are  formed  fi:om  their  elements  at  the 
highest  temperature ;  but  Berthelot  has  shown  that  these  gases  are  decomposed  by 
the  shock  of  a  fulminate  detonator.t  Is  it  possible  that  there  is  an  essential  difference 
between  the  two  acts — that  molecules  of  acetylene,  charged  by  highly  heated  mole- 
cules, dp  not  break  up,  but  that  they  are  decomposed  when  they  are  dashed  against 
cold  molectiles,  or  the  cold  walls  of  the  containing  vessel  ?  I  have  found  that  the 
decomposition  of  acetylene  by  a  fulminate  is  confined  to  the  neighbourhood  of  the 
detonator.  When  a  charge  of  fulminate  is  fired  in  a  steel  bomb  filled  with  acetylene, 
the  decomposition  of  the  acetylene  is  not  propagated  along  a  tube  attached  to  the 
bomb  and  filled  with  the  gas.  The  flame  of  the  detonator  is  "  carried  on"  for  some 
little  distance,  but  no  explosion-wave  is  set  up  in  the  acetylene.  Similar  results  were 
found  with  carbon  bisulphide  vapour,  though  in  this  case  the  decomposition  is  propa- 
gated to  a  greater  distance  from  the  detonator.  These  experiments  show  that  "  the 
decomposition  by  shock  of  acetylene  and  carbon  bisulphide  is  not  propagated  like  the 
explosion- wave  at  a  constant  velocity  as  far  as  the  gas  extends,  but  the  decomposition 
set  up  by  the  fulminate  dies  out  at  a  distance  from  the  detonator,  depending  on  the 

•  See  'Nature,'  April  21, 1892. 

t  '  La  Force  des  Mati^ros  Explosives,'  vol.  1,  p.  109.     See  also  Thorpe,  *  Jourh.  Chem.  Soc.,'  1889, 
p.  220. 
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nature  of  the  gas,  and  also  probably  on  the  intensity  of  the  initial  shock  and  the 
cooling  power  of  the  walls."* 

On  the  other  hand,  there  is  some  evidence  of  the  breaking  up  of  ethylene  in  the 
explosion-wave.  When  ethylene  is  exploded  with  an  equal  volume  of  oxygen  some 
carbon  is  deposited,  and  an  appreciable  quantity  of  marsh  gas  is  found  in  the  products 
of  combustion.  It  is  difficult  to  account  for  this  formation  of  marsh  gas  except  by 
the  decomposition  of  the  ethylene,  either  directly  or  by  partial  oxidation  : — 

(i.)  ae, .    .  =  C  +  CH,. 

(ii.)  C^H^  +  O  =  CO  +  CH,. 

When  ethylene  is  exploded  with  less  than  its  own  volume  of  oxygen,  the  propor- 
tion of  marsh  gas  found  in  the  residue  increases  as  the  volume  of  oxygen  is  diminished.t 
This  points  to  the  formation  of  marsh  gas  as  an  intermediate  product  in  the  explosion 
of  ethylene. 

Again,  it  is  a  matter  of  frequent  observation  in  the  analysis  of  coal  gas,  when  the 
residue  of  marsh  gas,  hydrogen,  and  carbonic  oxide  is  exploded  in  an  eudiometer, 
with  a  large  excess  of  oxygen,  that  carbon  is  deposited  towards  the  bottom  of  the 
tube.  When,  however,  the  mixture  is  sufficiently  diluted  with  air,  the  marsh  gas  is 
completely  burnt.  This  fact  is  easily  explained  on  the  assumption  that  in  the 
explosion- wave  (which  is  set  up  in  marsh  gas  with  oxygen  but  not  with  air)  the 
marsh  gas  is  more  or  less  decomposed  in  the  wave-front,  and  some  of  the  liberated 
carbon  escapes  combustion  by  cooling.  J 

I  do  not  forget  that  the  question  raised  concerning  the  breaking  up  of  yet  unbumt 
compounds  in  the  explosion-wave,  may  also  be  asked  concerning  the  elementary  mole- 
cules. What  happens,  for  instance,  to  the  molecules  of  oxygen  in  the  wave  ?  When 
a  molecule  of  oxygen  reacts  with  a  molecule  of  hydrogen,  is  an  oxygen  atom  liberated, 
and,  if  so,  how  far  does  its  existence  influence  the  rate  ?  It  was  with  the  object  of 
obtaining  some  answer  to  these  questions  that  experiments  were  made  on  the  rate  of 
explosion  of  hydrogen  with  nitrous  oxide,  in  which  reaction  it  is  possible  tliat  no  free 
atoms  are  liberated  : — 

B,  +  N,0  =  H,0  +  Ng. 

So  far  as  the  experiments  go,  I  cannot  trace  the  influence   of  liberated  atoms  of 
oxygen. 

*  Dtxon  and  Habkeb,  "  On  the  Decomposition  by  Shock  of  Endothermic  Compounds.'*  ^  Manchester 
Memoirs'  [IV.],  vol.  5,  1892. 

t  Lean  and  Bone,  *'The  Behavionr  of  Ethylene  on  Explosion  with  less  than  its  own  Volume  of 
Oxygen."    *  Chem.  Soc.  Journ.,'  1892. 

X  Results  which  might  be  explained  on  the  same  hypothesis — viz.,  the  decomposition  of  unbumt 
compounds  in  the  "^ave-front,  are  afforded  by  the  explosion  of  ammonia  with  nitrous  oxide,  and  of 
chlorine  with  hydrogen.     In  both  cases  the  rate  is  somewhat  higher  than  might  be  expected. 
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§  4.  Canchisio7i. 

The  difficulties  I  have  touched  on  show  how  far  we  are  from  a  complete  theory  of 
explosions. 

The  tentative  formula  which  I  have  proposed  must  be  taken  for  nothing  more  than 
a  "  working  hypothesis."  It  has  been  found  so  far  parallel  to  the  truth  that  it  may 
be  usefiil  to  suggest  further  experiments  on  the  nature  of  explosions.  As  Berthblot's 
formula  helped  me  to  interpret  the  reactions  of  gaseous  carbon,  and  suggested  experi- 
ments which  led  me  to  modify  the  hypothesis  I  was  using ;  so  I  will  venture  to  hope 
that  this  modified  hypothesis  may  in  turn  lead  other  workers  to  a  truer  knowledge  of 
explosions. 

In  concluding,  I  wish  to  thank  three  former  pupils  of  mine,  who  have  rendered  me 
devoted  service  in  the  conduct  of  these  experiments — Mr.  J.  E.  Marsh,  of  Balliol 
College,  Oxford,  and  Messrs.  H.  W.  Smith  and  J.  A.  Harker,  of  Owens  College, 
Manchester. 

General  Conclusions. 

1.  Berthblots  measurements  of  the  rates  of  explosion  of  a  number  of  gaseous 
mixtures  have  been  confirmed.  The  rate  of  the  explosion-wave  for  each  mixture  is 
constant.     It  is  independent  of  the  diameter  of  the  tube  above  a  certaia  limit. 

2.  The  rate  is  not  absolutely  independent  of  the  initial  temperature  and  pressure  of 
the  gases.  With  rise  of  temperature  the  rate  falls ;  with  rise  of  pressure  the  rat^e 
increases ;  but  above  a  certain  crucial  pressure  variations  in  pressure  appear  to  have 
no  effect. 

3.  In  the  explosion  of  carbonic  oxide  and  oxygen  in  a  long  tube  the  presence  of 
steam  has  a  marked  influence  on  the  rate.  From  measurements  of  the  rate  of  explo- 
sion with  different  quantities  of  steam  the  conclusion  is  drawn  that  at  the  high 
temperature  of  the  explosion-wave,. as  well  as  in  ordinary  combustion,  the  oxidation  of 
the-  carbonic  oxide  is  effected  by  the  interaction  of  the  steam. 

4.  Inert  gases  are  found  to  retard  the  explosion-wave  according  to  their  volume 
and  density.  Within  wide  limits  an  excess  of  one  of  the  combustible  gases  has  the 
same  retarding  effect  as  an  inert  gas  (of  the  same  volume  and  density)  which  can  take 
no  part  in  the  reaction. 

5.  Measurements  of  the  rate  of  explosion  can  be  employed  for  determining  the 
course  of  some  chemical  changes. 

In  the  explosion  of  a  volatDe  carbon-compound  with  oxygen,  the  gaseous  carbon 
bums  first  to  carbonic  oxide,  and  afterwards,  if  oxygen  is  present  in  excess,  the 
carbonic  oxide  first  formed  burns  to  carbonic  acid. 

6.  The  theory  proposed  by  Berthelot — that  in  the  explosion-wave  the  flame 
travels  at  the  mean  velocity  of  the  products  of  combustion — although  in  agreement 
with  the  rates  observed  in  a  certain  number  of  cases,  does  not  account  for  the  velocities 
found  in  other  gaseous  mixtures. 
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7.  It  seems  probable  that  in  the  explosion-wave — 

(1)  The  gases  are  heated  at  constant  volume^  and  not  at  constant  pressure; 

(2)  Each  layer  of  gas  is  raised  in  temperature  before  being  burnt ; 

(3)  The  wave  is  propagated  not  only  by  the  movements  of  the  burnt  molecules, 

but  also  by  those  of  the  heated  but  yet  unbumt  molecules  ; 

(4)  When  the  permanent  volume  of  the  gases  is  changed  in  the  chemical  reaction 

an  alteration  of  temperature  is  thereby  caused  which  affects  the  velocity  of 
the  wave. 

8.  In  a  gas,  of  the  mean  density  and  temperature  calculated  on  these  assumptions, 
a  sound-wave  would  travel  at  a  velocity  which  nearly  agrees  with  the  observed  rate  of 
explosion  in  those  cases  where  the  products  of  combustion  are  perfect  gases. 

9.  With  mixtures  in  which  steam  is  formed,  the  rate  of  explosion  fells  below  the 
calculated  rate  of  the  sound-wave.  But  when  such  mixtures  are  largely  diluted  with 
an  inert  gas,  the  calculated  and  found  velocities  coincide.  It  seems  reasonable  to 
suppose  that  at  the  higher  temperatures  the  lowering  of  the  rate  of  explosion  is  brought 
about  by  the  dissociation  of  the  steam,  or  by  an  increase  in  its  specific  heat,  or  by 
both  these  causes. 

10.  The  propagation  of  the  explosion- wave  in  gases  must  be  accompanied  by  a  very 
high  pressure  lasting  for  a  very  short  time.  The  experiments  of  MM.  Mallard  and 
Le  Chatelier,  as  well  as  my  own,  show  the  presence  of  these  fugitive  pressures.  It 
is  possible  that  data  for  calculating  the  pressures  produced  may  be  derived  from  a 
knowledge  of  the  densities  of  the  unburnt  gases  and  of  their  rates  of  explosion. 


Appendix. 

Received  Jaly  22,  1892. 

Part  I. — The  Preparation  of  the  Croses. 

Hydrogen.  — The  hydrogen  used  in  most  of  the  experiments  was  prepared  by  the 
action  of  pure  dilute  sulphuric  acid  on  re-distilled  zinc,  free  from  arsenic.  The  gas 
was  washed  with  potash  and  silver  nitrate  solutions,  and  was  then  passed  through  a 
scrubbing  tower  and  a  series  of  bulbs  filled  with  a  strong  solution  of  alkaline  per- 
manganate.    The  gas  so  prepared  had  only  the  faintest  odour. 

For  a  few  experiments  the  gas  was  prepared  by  the  electrolysis  of  pure  dilute 
sulphuric  acid  with  platinimi  electrodes. 

Marsh  Gas. —  The  marsh  gas  was  prepared  by  Gladstone  and  Tribe's  method,*  in 
which  pure  methyl  iodide  is  decomposed  by  the  zinc-copper  couple  in  presence  of 
absolute  alcohol.  The  "scrubber,"  packed  with  the  zinc-copper  couple,  was  kept 
moistened  by  alcohol  dropping  from  a  tap-funnel,  and  the  gas  was  further  washed 

•  *Chem.  See.  Journ.,'  1884,  p.  1. 
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with  strong  alcoholic  potash  and  finally  with  oil  of  vitriol.     The  generating  flask  (of 
2  litres  capacity)  was  kept  at  30°  C. 

An  analysis  of  the  gas  by  explosion  with  air  in  McLeod's  gas  apparatus  showexl 
99*3  per  cent,  of  marsh  gas. 

Ethyleiie. — The  ethylene  was  prepared  by  the  method  given  by  Eblenmeteb  and 
BuNTE.  25  grms.  of  absolute  alcohol  are  mixed  with  150  grms.  of  pure  sulphuric 
acid,  and  the  mixture  is  heated  in  a  large  flask,  on  a  sand  bath,  to  160^-170°  C.  A 
mixture  of  one  part  alcohol  and  two  parts  stilphuric  acid  is  then  slowly  added  by  a 
tap-funnel.  Great  difficulty  was  experienced  in  getting  rid  of  all  acid  gases  from  the 
ethylene.  The  gas  was  passed  (1)  through  two  wash-bottles  containing  oil  of  vitriol, 
(2)  through  a  tower  packed  with  pieces  of  solid  potash,  (3)  through  two  wash-bottles 
containing  strong  potash  solution,  (4)  through  a  second  tower  packed  with  pieces  of 
solid  potash.  The  large  quantity  of  air  contained  in  the  flask  and  washing  apparatus 
rendered  it  difficult  to  obtain  the  gas  quite  free  from  air.  The  gas  was  analysed 
and  found  to  be  free  from  sulphurous  acid,  but  it  contained  small  quantities  of 
nitrogen.  Allowance  was  made  for  the  presence  of  this  diluent  gas  in  making  up 
the  mixtures  of  ethylene  with  oxygen,  &c.  The  percentage  impurity  in  the  ethylene 
could  be  reduced  to  1  per  cent. ;  no  other  gas  used  in  these  experiments  presented 
the  same  difficulty  in  making  pure. 

Acetylene.  —The  acetylene  was  prepared  by  the  action  of  strong  alcoholic  potash  or 
ethylene  dibromide.  The  potash  was  dissolved  in  amyl  alcohol.  The  gas  evolved  from 
the  boiling  solution  was  passed  through  a  second  flask  containing  boiling  potash 
solution,  and  then  into  an  ammoniacal  solution  of  cuprous  chloride.  The  precipitated 
cuprous  acetylide  was  washed  with  dilute  ammonia  solution  and  kept  till  required  under 
this  solution.  On  warming  the  red  precipitate  with  strong  hydrochloric  acid  to  50°  C. 
a  regular  stream  of  acetylene  was  given  oS.  It  was  washed  with  water,  dried  with 
caustic  potash,  and  collected  over  mercury.     Analysis  showed  that  the  gas  was  pure. 

Ammonia. — The  ammonia  was  distilled  from  a  strong  aqueous  solution,  was  dried 
by  caustic  potash,  and  was  collected  over  mercury. 

Carhmic  Oxide.— Thha  gas  was  prepared  by  gently  warming  formic  acid  with  pure 
sulphuric  acid  diluted  with  an  equal  volume  of  water.  It  was  washed  with  potaah 
solution. 

Cyanogen. — Re-crystallised  mercuric  cyanide  was  powdered  and  carefully^  heated  to 
drive  ofi*  moisture.  The  dry  powder  was  introduced  into  a  steel  retort  with  a  long 
neck.  After  a  considerable  quantity  of  cyanogen  had  been  allowed  to  escape,  the 
gas  was  collected  directly  in  a  mercury  holder.  The  retort  was  i*aised  to  dull  redness 
in  a  fireclay  furnace,  heated  by  gas. 

Oxygen. — The  oxygen  was  prepared  by  heating  powdered  chlorate  of  potash  in  a 
hard  glass  flask.     It  was  washed  by  a  solution  of  caustic  potash. 

Nitrous  Oxide. — This  gas  was  prepared  by  heating  pure  ammoniimi  nitrate  in  a 
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hard  glass  flask.  It  was  washed  with  a  solution  of  ferrous  sulphate,  dried  by 
sulphuric  acid,  and  collected  over  mercury. 

Nitric  Oxide. — The  nitric  oxide  was  made  by  mixing  eight  parts  of  crystallised 
ferrous  sulpliate  with  one  part  of  crystallised  nitre,  and  pouring  on  to  this  mixture 
sulphuric  acid  diluted  with  three  volumes  of  water.  If  the  acid  is  warm  the  action 
starts  at  once,  afterwards  the  flask  is  gently  warmed. 

Nitrogen. — The  nitrogen  was  prepared  by  Vernon  Haroourt's  method,  in  which  a 
mixture  of  air  and  ammonia  is  passed  through  a  heated  tube  containing  copper  and 
copper  oxide.     The  nitrogen  issuing  from  the  tube  was  washed  with  sulphuric  add. 

Chlorine. — The  chlorine  employed  in  determining  the  rates  of  explosion  of  hydrogen 
and  chlorine  was  prepared  by  the  electrolysis  of  aqueous  hydrochloric  acid,  and  was 
passed,  mixed  with  hydrogen,  into  the  explosion-tube  without  standing  in  a  holder. 
The  gas  was  washed  first  with  water,  and  then  with  sulphuric  acid,  and  was  dried  in 
a  glass  worm  and  a  series  of  bulbs  filled  with  sulphuric  acid.  The  electrolytic  cell 
was  made  entirely  of  glass,  and  the  washing  bottles  and  drying  vessels  were  all  fitted 
together  with  ground  glass  joints  with  cups. 

Fig.  1. 


Apparatas  for  preparing  cbloHne  and  hydrogen. 


The  electrolytic  vessel  A  was  made  with  three  tubulures,  into  which  ground  glass 
tubes  were  fitted.  Two  of  these,  BB,  passed  into  the  vessel,  and  dipped  about  an 
inch  below  the  level  of  the  acid.  Through  these  tubes  passed  the  gas-carbon  elec- 
trodes CC,  the  small  annular  space  between  the  rods  and  tubes  being  made  tight  with 
parafB^n.  A  little  mercury  poured  on  top  of  the  carbon  rods  served  to  connect  them 
with  the  battery  wires.  Into  the  third  tubulure  was  ground  a  gas  delivery  tube  D, 
containing  washing  bulbs  filled  with  water,  and  passing  through  a  tubulure  in  the 
sulphuric  acid  wash-bottle  E.  From  E  the  gas  passed  through  the  worm  F  and 
through  the  bulbs  G  to  a  long  flexible  glass  tube  leading  into  the  explosion-tube. 

For  mixtures  containing  an  excess  of  hydrogen,  the  wash-bottle  E  was  replaced  by 
a  vessel  fitted  with  three  tubulures  similar  in  shape  to  A.  Two  of  the  tubulures  were 
fitted  with  tubes  of  the  same  size  dipping  beneath  the  acid,  the  third  tubulure  serving 
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for  the  exit  tube.  The  electrolytic  gas  entered  through  one  tube,  while  hydrogen 
was  driven  from  a  holder  through  the  other. 

At  the  further  end  of  the  explosion  tube  the  gases  passed  through  (1)  a  wash 
bottle ;  (2)  a  long  graduated  tube  fitted  with  taps  at  either  end ;  (3)  a  thin  glass 
bulb ;  (4)  a  tower  filled  with  lime  and  powdered  charcoal.  The  thin  bulb  could  be 
readily  detached  and  submitted  to  a  '^  magnesium  flash."  The  graduated  tube  served 
to  analyse  the  gas.  It  was  connected  with  a  movable  reservoir  firom  which  a  solution 
of  caustic  potash  could  be  introduced  into  the  tube.  The  volume  of  chlorine  present 
could  thus  be  readily  estimated,  the  residual  hydrogen  being  measured  under  atmo- 
spheric pressure  by  bringing  the  level  of  the  liquid  in  the  tube  and  reservoir  to  the 
same  height. 

The  current  for  the  electrolysis  was  given  by  7  secondary  cells  (Elwell  and 
Parker),  E.M.F.  13-15  volts;  current  4-6  amperes.  The  preliminary  saturation 
occupied  many  hours.  It  was  found  best  to  leave  a  small  current  (about  ^  ampere) 
passing  through  the  cell  for  two  days  before  making  an  experiment.  When  the 
liquids  were  all  saturated  it  took  about  four  hours  to  fill  the  explosion  tube.  An 
analysis  of  the  issuing  gas  at  the  end  of  that  time  gave — 

Chlorine 49*82 

Hydrogen 50*18 

In  another  experiment  an  analysis  at  the  end  of  4|  hours  gave — 

Chlorine 49-90 

Hydrogen 50*10 

Part  II. — An'angement  of  the  Firing  Tubes. 

The  leaden  pipes  used  for  the  explosion  tubes  were  5,  Sj^,  9,  and  13  mm.  in 
internal  diameter.  The  pipe  was  wound  on  a  galvanised  iron  drum  about  2  feet  in 
diameter,  provided  with  a  flange  at  the  bottom. 

In  order  to  wind  the  pipe  it  was  first  laid  straight  along  a  corridor.  The  drum  A 
was  attached  to  a  turntable  B  fixed  to  a  low  trolley,  which  was  pushed  forward  as 
the  pipe  was  wound  on  the  revolving  drum. 

The  drum  with  the  pipe  wound  on  it  was  placed  in  an  iron  water-bath,  which 
could  be  heated  by  a  large  ring  burner.  The  ends  of  the  pipe  passed  out  through  two 
openings  near  the  top  of  the  bath.  To  each  end  of  the  explosion  tube  was  soldered  a 
short  steel  tube,  ending  in  a  cap  with  a  polished  steel  face  30  mm.  in  diameter, 
perforated  in  the  centre  by  a  hole  10  mm.  in  diameter.  The  steel  face  of  each  cap  is 
pressed  by  a  clamp  against  a  similar  steel  face,  as  in  Begnault's  gas  apparatus,  from 
which  these  joints  are  taken.     One  end  of  the  explosion  tube  is  thus  joined  to  the 
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"  firing  piece,"  the  other  end  to  a  shorter  tube,  called  the  '*  end  piece,"  carrying  the 

second  **  bridge." 

Fig.  2. 


B 


Section  of  dram  mounted  on  turntable,  and  trolley  for  winding  the  explosion  tube. 

The  caps  which  carried  the  bridges  to  be  broken  by  the  flame  were  constructed  in 
the  following  way  : — 

The  steel  tube  AA  was  pierced  at  a  distance  of  30  mm.  from  the  face  by  two 
conical  holes  opposite  each  other.  The  interior  of  the  tube  was  lined  with  a  cylinder 
of  vulcanite,  which  also  filled  the  conical  holes.  Two  thick  platinum  wires,  DD, 
passed  through  the  holes,  and  were  soldered  to  two  pieces  of  silver,  CC,  embedded  in 
the  vulcanite,  and  thus  insulated  from  the  steel  tube.  The  silver  pieces  were 
broadened  out  at  the  face  end  into  two  small  plates,  on  to  which  the  narrow  strip  of 
silver  foil  forming  the  bridge  was  soldered.  The  silver  plates  were  brought  not  quite 
flush  with  the  polished  steel  face,  so  that  there  was  no  danger  of  breaking  the  bridge 
when  clamping  up  the  two  caps. 


Fig.  3. 


Fig.  4. 


Section  of  bridge-piece. 


Front  view. 


For  the  experiments  with  chlorine  and  hydrogen  a  glass  tube  was  fixed  inside  the 
vulcanite  so  as  to  protect  it  from  the  action  of  the  chlorine.  The  silver  bridge,  aiter 
being  soldered  to  the  silver  plates,  was  warmed  and  coated  with  a  layer  of  paraffin  as 
a  protection  from  the  chlorine. 
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The  apparatus  being  arranged  as  shown  in  fig.  7,  the  explosive  mixture  from  the 
holder  was  driven  through  the  washing  veseel  A,  partly  filled  with  boiled  oil  of 
vitriol,  and  through  the  two  drying  towers  B,  B,  packed  with  pieces  of  asbestos 
saturated  with  boUed  oil  of  vitriol.  The  gos  then  passed  through  a  short  length  of 
black  rubber  tubing  to  the  end  piece  0  carrying  the  second  bridge.  From  the  end 
piece  the  mixture  passed  into  the  explosion  tube  coiled  on  a  drum  standing  in  the 
large  iron  water-bath  D.  A  second  clamp  united  the  explosion  tube  to  the  firing 
piece  E,  carrying  the  first  bridge  at  one  end,  and  the  firing  wires  /,/,  sealed  through 

Pig.  5. 

Fig.  A 


Shows  the  oonatraction  of  a  second  pair  of  bridge  pieces  and  clamps  oaed  during  the  last  two  years. 


a  stout  glass  tube,  and  a  tap  G  at  the  other.  The  taps  were  made  of  hardened  steel 
After  leaving  the  firing  piece  the  gaa  passed  by  a  glass  tube  M  to  a  three-way  tap  H, 
by  which  it  could  be  sent  either  to  the  testing  tube  I  or  by  the  pipe  K  to  the  window. 
In  many  of  the  experiments  a  sulphuric  acid  wash-bottle  L  was  joined  to  the  tube  at 
M,  and  connected  with  a  holder  containing  electrolytic  gas.  Before  starting  the 
experiment  the  air  was  displaced  from  the  vessel  L  by  a  stream  of  electrolytic  gas. 
When  the  explosion  tube  and  firing  piece  were  full  of  the  explosive  mixture,  the  tap 
H  was  shut,  and  a  few  bubbles  of  electrolytic  gas  were  driven  into  the  firing  piece  so 
as  to  fill  about  one-third  of  its  length.  This  insured  the  explosion-wave  being  set  up 
in  the  firing  piece  before  the  fiame  reached  the  first  bridge,  and  was  a  convenient 
mode  of  firing  mixtures— such  as  those  containing  cyanogen — which  do  not  readily 
ignite. 

For  experiments  under  increased  pressure  the  arrangement  shown  in  fig.  6  was 
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adopted.  Ths  strong  glass  cylinder  C,  filled  with  water  from  a  high  cistern  through 
the  tube  E,  or  (when  necessary)  with  mercury  from  a  second  movable  cylinder,  was 
filled  with  the  mixture  irom  the  holder  by  allowing  the  liquid  to  run  out  at  the  tap  D. 
After  the  cylinder  was  filled,  the  three-way  tap  X  was  turned  so  as  to  send  the  gas  from 
the  holder  through  the  drying  vessels  A,  B,  B,  and  through  the  three-way  tap  F,  into  the 
explosion  tube.    When  the  explosion  tube  was  full,  the  tap  X  was  turned  so  as  to  put 


it  in  communication  with  the  cylinder  C.  The  tap  at  the  further  end  of  the  explosion 
tube  being  closed,  water  or  mercury  was  admitted  to  C,  forcing  the  gas  into  the 
explosion  tube  through  the  drying  vessels.  When  the  manometer  K  showed  the 
desired  pressure  had  been  reached,  the  taps  were  closed  and  the  connections  made 
with  the  chronogiaph  and  firing  wires.  Just  before  firing,  the  taps  were  opened  to 
the  manometer  K  and  the  pressure  in  the  explosion  tube  was  read  off.  The  taps 
were  then  shut  and  the  mixture  fired. 

For  experiments  under  reduced  pressure  the  explosion  tube  was  filled  in  the  usual 
way.  The  gas  was  then  sucked  from  the  apparatus  by  a  pump  attached  to  the 
tube  K  (Fig.  7),  a  manometer  sealed  in  at  M  (in  place  of  the  wash  bottle  L)  giving 
the  pressure  in  the  explosion  tube. 

Fig.  7. 

B  A 

.,-1 ^ rZ^ndot      ^ 


DfyiKfJimien 


For  filing  the  mixture  of  cyanogen  with  nitric  oxide  the  following  arrangement  was 
adopted.  The  firing  piece  B  was  firmly  screwed  to  a  stout  steel  cylinder  A.  Through 
the  other  end  of  this  cylinder  a  tube  C  was  screwed  so  as  to  project  2  inches  into  the 
cylinder.  Into  the  end  of  this  tube  a  copper  detonator  holding  fulminate  of  metcuty 
was  attached,  by  a  caoutchouc  stopper  with  a  lai^e  hole,  the  open  end  of  the  deto- 
nator pointing  inwards.  The  explosive  mixture  passed  from  the  explosion  tube 
through  the  firing  piece  and  cylinder,  escaping  at  the  tube  D  which  was  also  screwed 
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into  the  base  of  the  cylinder.  The  tube  C  waa  then  filled  with  electrolytic  gas 
through  the  tap  G,  the  air  escaping  at  E.  On  firing  the  gas  in  C  by  the  firing  wires 
the  explosion  travelled  to  F,  and  there  set  off  the  detonator  in  the  middle  of  the 
cyanogen  mixture.  The  explosion  thus  started  was  propagated  through  the  tube  B, 
into  the  explosion  tube  which  it  traversed  to  the  end. 

Pig.  8. 


^ 


7b  Esipiasicn  TUJbe. 


Part  III. — Chronographic  Apparatus. 

The  aiTangement  of  the  chronograph  and  electrical  connections  are  shown  in  fig.  9. 
The  chronograph,  made  by  Messrs.  Elliot,  consisted  of  a  heavy  pendulum  carrying  a 
smoked  glass  plate.  The  electro-magnetic  styli  used  were  made  by  Pjfeil,  of  Berlin, 
and  by  Mr.  F.  J.  Smith,*  of  Trinity  College,  Oxford,  to  whom  I  am  greatly  indebted 
for  several  of  these  instruments.  In  most  of  the  experiments  recorded  in  this  paper, 
one  of  Pfeil's  instruments  and  one  of  Mr.  Smith's  were  employed.  These  two  were 
chosen  out  of  several,  for  the  great  constancy  of  their  latent  period,  and  for  the 
sharpness  of  their  action.  The  styli  were  attached  to  an  upright  bar  on  a  heavy 
iron  stand,  with  three  pointed  feet.  The  bar  could  be  tilted  back  on  two  feet 
and  exactly  replaced. 

At  the  lowest  point  of  its  swing  the  pendulum  acted  on  two  breaks,  X  and  X', 
which  by  a  rack  and  pinion  could  be  brought  exactly  in  a  line.  By  bringing  the 
pendulum  slowly  against  the  uprights  the  position  of  the  two  breaks  could  be 
adjusted  so  that  they  were  broken  at  the  same  instant. 

In  the  preliminary  experiment  the  wires  were  arranged  as  shown  in  the  figure, 
except  that  the  wires  to  the  firing  battery  were  detached  at  C'C,  and  the  wires  from 
66,  6'6'  to  the  two  bridges  were  not  connected.  The  stylus  S  was  put  in  circuit 
through  a  resistance  RR,  and  the  break  X  ;  the  stylus  S'  was  put  in  circuit  through 
a  resistance  R'R'  and  the  break  X'.  On  letting  the  pendulum  fall  the  two  styli  were 
released,  and  registered  their  marks  on  the  moving  plate.  The  resistances  RR  and 
R'R'  were  now  removed,  the  firing  battery'  and  coil  put  into  circuit  at  C'C,  the  wires 
from  66  and  6'6'  attached  to  the  two  bridges,  and  the  wires  from  the  coil  attached  to 
the  firing  piece.  The  pendulum,  being  again  let  fall,  broke  the  primary  circuit  of 
the  coil  on  striking  X^,  causing  a  spark  to  pass  between  the  platinum  wires  in  the 
firing  piece.  The  flame  travelling  down  the  tube  broke  both  bridges  in  turn,  and 
the  styli  connected  with  them  registered  their  marks  on  the  moving  plate.     The 

•  *  Phil.  Mag.,'  1890,  p.  377. 
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connections  were  immediately  adjusted  as  in  the  preliminary  experiment,  and  the 
pendulum  was  again  let  fall  If  the  "  confirmatory  "  marks  passed  directly  over 
the  "preliminary"  it  was  a  proof  that  nothing  had  been  displaced  during  the 
experiment.* 

Fig.  9. 


In  the  companion  experiment,  which  was  made  as  soon  as  possible  after  the  first, 
the  wires  from  the  break  X  were  removed  from  BB  to  B'B',  and  the  wires  from  X'  from 
B'B'  to  BB.  X  was  now  the  firing  break.  Any  difference  between  the  two  breaks 
which  might  affect  the  moment  of  fifing  was  thus  eliminated  by  taking  the  mean  of 
the  pair  of  experiments. 

The  breaks  were  constructed  as  shown  in  fig.  10.  The  contact  was  made  between 
a  platinum  plate  A  and  a  platinum  point  B  joined  to  a  copper  strip.  The  platinum 
plate  was  fastened  to  a  piece  of  ebonite  turning  on  a  horizontal  axis ;  a  spiral  spring 
pressed  the  plate  aguost  the  platmum  point  until  the  arm  C  of  the  pendulum  struck 

*  Ml-.  F.  J.  Smith  bas  pointed  out  tliat  the  di&erenco  in  the  latencies  of  two  olectro-ma^etic 
etyli  may  be  eliminated  hj  making  two  experimeuta,  and  reversing  the  conneotioDB  for  the  second 
experiment.  I  think  mj  plan  of  making  a  "preliminary  experiment"  (witbont  firing  the  gases)  is 
qnicker.  In  both  cases  it  is  aatinmed  that  the  latencies  remain  constant  during  the  experiment :  the 
quicker  the  operation  the  more  likely  is  this  condition  to  be  attained. 
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the  copper  plate  D  attached  to  the  ebonite.      The  whole  piece  could  be  moved  to  the 
right  or  left  by  a  pinion  working  in  the  rack  E. 


Copper  strip  atfft  ptahmtm  pMnt 

Side  view  of  one  of  tlio  breake. 


The  tuning  fork  was  by  Koento.  It  gave  100  complete  vibrations  per  secood  at 
15°  C.  Its  temperature  correction  was  determined  by  Mr.  R.  H.  M.  Bosanqttet  in  the 
Laboratory  of  St.  John's  College,  Oxford.  By  measuring  the  length  of  the  wave 
traced  by  the  tuning  fork  on  the  plate  at  different  heights,  a  table  of  wave-lengths 
was  constructed,  giving  the  value  of  y^  second  at  different  heights  on  the  plate,  and  for 
different  lengths  of  swing.  After  measuring  the  distance  between  two  marks  of 
a  stylus  and  the  height  of  the  tracing  on  the  plate,  a  reference  to  the  table  gave  the 
.  value  of  the  distance  in  time.  But,  to  make  sure  that  the  pendulum  was  moving  at 
the  same  rate  as  when  the  table  was  constructed,  a  tuning  fork  trace  was  taken  after 
each  experiment — everything  being  in  the  same  state  except  that  the  tuning  fork  was 
substituted  for  the  electro-magnetic  stylL  From  the  length  of  the  observed  trace, 
compared  with  that  given  in  the  table,  a  correction  could  readily  be  applied  to  the 
table  readings.  A  small  correction  was  also  made,  when  necessary,  for  the  effect  of 
temperature  on  the  tuning  fork. 

The  distance  between  the  marks  of  the  styli  was  measured  by  cutting  the  rising 
trace  2  mm.  above  the  datum  line  with  a  pointed  style,  and  drawing  a  perpen- 
dicular line  through  the  points  of  intersection,  as  shown  in  fig.  11,  At  a  the  upper 
stylus  began  to  rise  in  the  preliminary  experiment,  and  the  lower  stylus  at  b.  In  the 
explosion  the  lower  stylus  was  released  by  the  breaking  of  the  first  bridge,  and  began 
to  rise  at  b' ;  the  upper  stylus  was  released  by  the  breaking  of  the  second  bridge,  and 
b^an  to  rise  at  a.  The  distances  between  the  lines  AA'  and  between  the  lines  BB' 
being  measured,  as  well  as  the  position  of  aa'  and  bb'  on  the  plate,  the  value  of  BB' 
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(corrected  for  position)  is  subtracted  from  AA',  the  remainder  giving  the  time  of 
explosion. 

I  take  one  example  from  my  note-book  of  the  actual  measurements  obtained  in  a 
pair  of  experiments  : — 

mm. 

A. — Distance  between  "  firing  "  and  *'  second  bridge  *'  marks     =  70*5 

Distance  between  "  firing  "  and  "  first  bridge  "  marks    .     =4*7 

Distance  between  first  and  second  bridge  marks    .     .     .     =65*8 

At  this  point  on  the  plate  and  for  this  length  of  swing  the  distance,  which  is  equal 
to  Too  second,  is  24*62  mm.     Length  of  tube  between  bridges,  7 5' 35  metres. 

Rate  of  explosion  .     .     .     .     =2820  metres  per  second. 


B.  (with  connections  reversed) — 

Distance  between  "  firing  "  and  "  second  bridge  "  marks 
Distance  between  "  firing  "  and  "  first  bridge  "  marks     . 


mm. 
=  68-6 
=    2-4 


Distance  between  first  and  second  bridge  marks  .     .     .     =66*2 

At  this  point  on  the  plate  and  for  this  length  of  swing,  the  distance,  which  is  equal 
to  x^  second,  is  2470  mm. 

Rate  of  explosion  .     .     .     .     =2811  metres  per  second. 
Mean  rate =  2815 


Fig.  11. 


Traces  made  by  electro-magnetic  styli  on  the  moving  plate. 
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Part  IV. — The  Rates  of  Explosion  as  Measured. 

(1.)  Hydrogen  and  Oxygen  under  Ordinary  Temperature  and  Pressure. 

The  rate  of  explosion  of  the  mixture  Hg  +  O  was  measured  in  a  tube  9  mm.  in 
diameter  and  55  metres  long. 

Rates  Found. 


S£BI£S   A. 


Metres  per  sec. 
2804 
2812 
2835 


Mean  2817 


In  a  tube  of  same  diameter  and  1 00  metres  long  : — 


In  a  tube  13  mm.  diameter  and  100  metres  long : — 


Sebies  C. 
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2   A 
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In  1888-90  these  experiments  were  repeated.  The  numbers  which  follow  are  all 
the  means  of  pairs  of  measurements  with  the  connections  of  the  chronograph 
reversed : — 


Series  D. 


2818 
2820 
2831 
2828 


2824 


<     Series  E. 

1 

SiRixs  F. 

Sbbibs  G. 

In  9  mm.  tube. 

In  6^  mm.  tube. 

la  6\  mm.  tnbe. 

2827 
2840 
2803 
2836 

2852 
2814 
2825 
2825 
2830 

2795 
2781 
2814 
2807 

2828 

2799 

2826 

Most  of  the  experiments  given  in  these  three  series,  E,  F,  and  G,  were  control 
experiments  interpolated  in  other  series  to  check  the  working  of  the  whole  apparatu& 

In  the  following  series  the  mixture  was  fired  alternately  in  a  straight  tube  and  in 
the  same  tube  coiled  on  a  drum.  Each  number  is  the  mean  of  a  pair  of  measurements 
with  connections  reversed  : — 


Series  H. 


9  mm.  tnbe  100  metres  long. 


2828 
2829 
2820 
2812 
2818 

2821 


straight 

coiled 

straiglit 

coiled 

straight 
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(2.)  Hydrogen  and  Oxygen  under  Varying  Pressure. 


• 

1.  At  10°  C. 

aOOmm. 

300  mm. 

500  mm. 

1100  mm. 

1500  mm. 

2636 
2619 
2626 

2716 
2693 
2680 
2713 
2723 

•     2784 
2764 
2777 

2869 
2850 
2864 
2844 
2852 
2845 

2869 
2871 
2873 
2883 
2861 
2873 

2627 

2705 

2775 

2856 

2872 

2.  At  100°  C. 


390  mm. 


2704 
2689 


500  mm. 


2730 
2746 


2697 


760  mm. 


2784 
2793 
2799 
2796 
2789 
2800 
2782 
2774 


2738 


2790 


1000  mm. 


2833 
2825 
2824 
2832 


2828 


1450  mm. 


2831 
2837 
2849 
2849 


2842 


(3.)  Hydrogen  and  Oxygen  in  Different  Proportions,  under  Ordinaiy  Temperature 

and  Pressure. 


In  13  mm.  tube. 

In  9  mm.  tabe. 

In  13  mm.  tabe. 

Hg+O. 

H,+0. 

H^-hO. 

Hj-fOg. 

2315 
2331 
2.344 
2322 

Hj+0^. 

1 

H3-hO«. 

1703 
1728 
1708 
1691 

3647 
3518 
3537 
3526 

3517 
3526 
3538 
3527 

3265 
3281 
3261 
3266 

1945 
1905 
1943 
1914 

3532 

3527 

3268 

2328 

1927 

1707 

2   A  2 
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(4.)  Htdbooen  and  Oxygen  in  Different  Proportions  under  1500  mm, 


1 

H3  +  0 

Hj  +  0, 

3534 

3542 

1 

1723 
1713 

1 

1 

3538 

1718 

(5.)  Hydeogen  and- Oxygen  Diluted  with  Nitrogen. 


At  760  mm.  and  10°. 

In  9  mm.  tube. 

In  13  mm.  tube. 

Hj+O+N 

1 

H,+0+N, 

Hj+O+Nj 

2429 
2408 
2443 
2425 

2065 
2045 
2065 
2063 
2035 

1822 
1805 
1809 
1824 

2426 

2055 

1815 

Under  1500  mm.  and  10**. 

1821 
1838 

1830 
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I 

Mabsh  Gas  and  Oxygen  in  Varying  Proportions. 


At  760  mm.  and  10^ 

CH4+O, 

CH,+03 

2479 
2469 
2463 

CH4+O4 

CH^+0, 

CH^+Og 

1 

2531 
2510 
2552 
2520 

2322 
2318 
2326 

2147 
2145 

1954 
1972 

2528 

2470 

2322 

2146 

1963 

Mabsh  Gas  and  Oxygen  diluted  with  Nitrogen 

i. 

At  760  mm.  and  10' 

> 

• 

CH^+Oj+Nj 

CH,+Oj+N 

CH^+Os+Nj 

2349 
2364 
2348 
2334 

2146 
2162 
2155 

1872 
1888 

2349 

2154 

1880 

Mabsh  Gras  and  Oxygen  under  Varying  Pressures. 


CH4+0, 

CH,+0, 

500  mm. 

1000  mm. 

500  mm. 

1000  mm. 

2414 
2422 

2480 
2496 

2273 
2287 

2324 
2314 

2413 

2488 

2280 

2319 
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Ethylene  and  Oxygen  in  Different  Proportions. 


At  760  mm.  and  10°  C. 

! 

■    CjH^+Oj 

C,H4+20j 

2606 
2578 
2562 
2571 
2586 

CjHi+SOj 

CaH^-f403 

C3H4-f60jj 

CjH4+80, 

CjH^+lOOj 

2516 
2527 
2472 
2515 

1 

2364 
2359 
2380 
2369 

2239 
2255 

2131 
2105 

1974 
1986 

1852 
I860 

2507 

2581 

2368 

i 

2247 

2118 

1980 

1856 

Ethylene  and  Oxygen  Diluted  with  Nitrogen. 


C2H^+ 203  +  ^2 

2430 
2401 
2408 

CsH^+20s+2N3 

2202 
2220 

C2H,+20,+4Nj 

CsH4+20j+6N, 

C,H4+20j+8Nj 

2009 
2039 

1881 
1874 

1 

1737 
1731 

2413 

2211 

2024 

1878 

1784 

Ethylene  and  Oxygen. 


At  760  mm.  and  100*  C. 


aH.-f20n 
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Acetylene  and  Oxygen  in  Different  Proportions. 


At  760  mm.  and  lO""  G. 


C3H3+O3 


2961 
2950 
2971 


C3H3+O}, 


C9H2  +  O5 


2698 
2747 
2691 
2703 
2722 
2733 


2389 
2399 
2382 


2961 


2716 


2391 


Acetylene  and  Oxygen  Diluted  with  Nitrogen. 


CaHj+Oj+Nj 

CjH,+Oj+Ng 

CjHj+Oj+Ng    i   CgH,+0,+N,o 

CgHg+0,+Nij 

2410 
2418 
2415 

2197 
2221 

• 

2110                       2028 
2122                       2009 

1 

1903 
1913 

2414 

2209 

2116 

2019 

1908 

Acetylene  and  Oxygen  under  Varying  Pressures. 


At  500  mm. 

2685 
2693 


Cyanogen  and  Oxygen  in  Varying  Proportions. 


At  760  mm.  and  10'. 

CgNj+Oj 

CgN,+20, 

CgNg+SOj 

2714 
2742 
2727 

2319 
2318 
2326 

2108 
2112 

2728                       2321 

• 

2110 
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Cyanogen  and  Oxygen  Diluted  with  Nitrogen. 


CjNj+Oj+Nj 

C2N8+0,+2Nj 

2394 
2401 

2156 
2175 

2398 

2166 

Cyanogen  and  Oxygen  under  Varying  Pressures. 


In  5  mm.  tube.     10"  C. 

C,Ns+0, 

1 

At  500  mm. 

At  760  mm. 

At  1000  mm. 

2533 
2539 

2663 
2686 

2667 
2675 

2536 

2677 

2671 

At  760  mm.  and  100°  C. 

In  9 

mm.  tabe. 

1 

2697 
2725 

2711 

Cyanogen  and  Nitrous  Oxide. 


In  9  mm.  tube. 

C,Nj+2NjO 

C,N,+2N80+Ng 

C,N,+2NjO+2N, 

2451 
2458 

2273 
2292 

2101 
2095 

2454 

2288 

2098 
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Cyanogen  and  Nitric  Oxide. 


In  9  mm.  tube.     (Fired  with 
fulminate  detonator.) 


C2N2  +  2NO 


2766 
2740 
2773 


Hydrogen  and  Nitrous  Oxide  in  Varying  Proportions. 


At  760  mm.  and  10^  C. 

* 

In  13  mm.  tube. 

In  9  mm.  tabe. 

H^+NjO 

Hj+NaO 

H^-fNgO 

H3+N3O 

2728 
2737 

2700 
2711 

2552 
2538 

2307 
2302 

2732 

2705 

2545 

2305 

Hydrogen  and  Nitrous  Oxide  Diluted  with  Nitrogen. 


In  9  mm.  tube. 

In  13  mm.  tube. 

Hj+NjO+Ng 

Hj+NjO+N, 

Hg-fNaO-l-N^ 

2001 
1980 

1886 
1875 

1650 

1416 

went  out 

ditto 

1991 

• 

1880 

iiregular 

1 

MIXJCCXCIIL — A. 
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Hydrogen  with  Nitrous  Oxide  under  Varying  Pressures. 


H2+N3O 


At  500  mm.   At  1000  mm, 


2089 
2098 


2806 
2298 


2094 


2802 


Ammonia  and  Oxygen. 


At  760  mm.  and  10°  C. 


4NH3  -f  SO,. 


2381 
2399 


2890 


Ammonia  and  Nitrous  Oxide. 


2NH3  +  3N3O. 


2200 
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Carbonic  Oxide  and  Oxygen  with  Varying  Proportions  of  Steam. 


CO  -f  0  at  760  mm. 

• 
Well  dried. 

Dried. 

Satnrat^^d  at  10^  1  Saturated  at  20^ 

Saturated  at  28°. 

1267 
1262 

1289 
1297 
1320 
1316 

1670 
1673 
1679 
1674 
1687 
1675 

1710 
1704 
1685 
1718 
1700 
1701 

1711 
1726 
1702 

• 

1                               ' 
1264            j            1305                        1676 

1 

1703 

1713 

00  -1-  0  at  760  mm. 

Satnmtod  at  35°. 

Satni-ated  at  45". 

Saturated  at  55®. 

Saturated  at  65".    Saturated  at  75^ 

1741 
1731 
1726 
1750 

1742 

• 

1700 
1681 
1697 

1673 
1G50 
1G74 

1519 
1534 

1260 
1272 

1738 

1693 

1666 

1526 

1266 

At  400  mm. 

Saturated  at  10". 

Saturated  at  25°. 

Saturated  at  33^ 

1573 
1582 
1574 

1607 
1617 
1625 

1580 
1568 
1562 

1576 

1616 

1570 

2  p  3 
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At  1100  mm. 

1 

Saturated  at  26°. 

Saturated  at  43°. 

Saturated  at  53 '. 

1 

1747 
1737 
1728 

1767 
1799 
1779 

1730 
1751 
1745 

1737 

1782 

1742 

Hydrogen  and  Oxygen  Diluted  with  Carbonic  Oxide  [K  =  1  vol.  CO.]. 


H,  -1-  0  +  K. 

Hn  +  0  +  K3. 

Ho  +  O3  +  Ng. 

Hg  +  Og  +  Kg. 

2467 
2446 
2458 
2448 

2086 
2070 
2084 

1993 
2014 

2144 
2142 

2455 

2080 

2003 

2143 

ow. 
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IV.  On  the  Residues  of  Powers  of  Numbers  for  any  Composite  Modulus,  Real  or 

Complex, 

By  Geoffrey  T.  Bennett,  B.A. 

Cowmicmcated  by  Professor  Cayley,  F.R.S. 

Received  April  8, — Read  May  5,  1892. 

The  present  work  consists  of  two  parts,  with  an  appendix  to  the  second.  Part  I. 
deals  with  real  numbers,  Part  II.  with  complex. 

In  the  simple  cases  when  the  modulus  is  a  real  number,  which  is  an  odd  prime,  a 
power  of  an  odd  prime,  or  double  the  power  of  an  odd  prime,  we  know  that  there 
exist  primitive  roots  of  the  modulus  ;  that  is,  that  there  are  numbers  whose  successive 
powers  have  for  their  residues  the  complete  set  of  numbers  less  than  and  prime  to 
the  modulus.  A  primitive  root  may  be  said  to  generate  by  its  successive  powers 
the  complete  set  of  residues.  It  is  also  known  that,  in  general,  when  the  modulus 
is  any  composite  number,  though  prhnitive  roots  do  not  exist,  there  may  be  laid  down 
a  set  of  numbers  which  will  here  be  called  generatorSy  the  products  of  powers  of  which 
give  the  complete  set  of  residues  prime  to  the  modulus. 

The  principal  object  of  Part  I.  is  to  investigate  the  relations  which  must  subsist 
among  any  such  set  of  generators ;  to  determine  the  most  general  form  that  they  can 
take ;  to  show  how  to  form  any  such  set  of  generators,  and  convei'sely  to  furnish  tests 
for  the  efficiency,  as  generators,  of  any  given  set  of  numbers.  Other  results  which 
are  obtained  as  instrumental  in  effecting  these  objects,  such  as  the  determination  of 
the  number  of  numbers  that  belong  to  any  exponent,  may  also  possess  independeiit 
interest. 

The  object  of  Part  II.  is  to  make,  for  complex  numbers,  an  investigation  which 
shall  be  as  nearly  as  possible  parallel  to  that  of  Part  I.  for  real  numbers.  Much  of 
the  work  of  Part  I.  may  be  applied  immediately  to  complex  numbers ;  of  the  rest 
some  will  need  slight  modification,  and  some  will  need  replacing  by  propositions 
leading  to  corresponding  results.  Of  those  cases  which  thus  call  for  independent 
treatment,  the  most  noticeable  is  that  of  the  modulus  (1  +  0^>  which  is  the 
complex  analogue  of  the  real  modulus  2\ 

The  work  is  put  in  the  form  of  a  series  of  propositions,  and  is  started  almost  from 
first  principles.  The  early  part  is  consequently  elementary,  but  the  advantages  of 
completeness  and  ease  of  reference  may  be  more  than  sufficient  to  compensate  for  this. 
A  large  number  of  illustrative  examples  are  given.     These  will  sometimes,  perhaps, 
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assist  in  elucidating  the  symbolical  proofs  which  they  follow ;  in  all  cases  they  will 
help  to  maintain  clearly  the  actual  arithmetical  meaning  of  the  results  arrived  at,  a 
meaning  which  may  easily  seem  obscure  if  it  be  noticed  only  in  its  symbolical  and 
generalised  form! 

The  Appendix  contains  tables  of  indices  for  complex  numbers  for  all  moduli  whose 
norms  do  not  exceed  100. 


PART  I.— ON  THE  RESIDUES  OF  POWERS  OF  NUMBERS  FOR  ANY  COMPOSITE 

REAL  MODULUS. 

In  what  follows  (except  when  the  contrarj'  is  explicitly  stated)  we  shall  be  treating 
of  the  residues  of  powers  of  numbers  which  are  prime  to  the  modulus  with  regard  to 
which  those  residues  are  taken  ;  and  the  modulus  will  be  taken  to  be  any  composite 
number  whatever.     In  this  first  part,  moreover,  all  the  numbers  dealt  with  are  real. 

(1.)  The  residues  (modulus  m)  of  the  successive  powers  of  a  number  a  prime  to  m 
form  a  recumng  series  of  periods  of  terms,  the  first  period  beginning  with  the  first 
term. 

Consider  the  series  of  numbers 

a,  a^,  «^.  .  . 

Since  a  is  prime  to  7?i,  therefore  any  power  of  a  is  prime  to  m,  and  therefore  the 
residue  of  a'  for  modulus  m  is  prime  to  m. 
Hence  each  term  of  the  series  of  residues, 

a,  a%  a^  .  .  .  (mod  in), 

is  one  of  the  numbers  less  than  m  and  prime  to  it. 

There  are  (f)  (m)  numbers  less  than  m  and  prime  to  it. 

Hence  in  the  above  infinite  series  there  are  only  <^  {m)  different  terms. 

Suppose  that  the  first  term  which  occura  for  the  second  time  is  a'"*^'  (mc>d  m),  and 
suppose  that  this  is  congruent  to  a'. 

Then 

a'^'  =  a'  (mod  m), 

where  s  and  t  are  both  to  have  as  small  values  as  possible. 

a'  (a'  —  1 )  =  0  (mod  m), 
and  since  a'  is  prime  to  m, 

a'  —  1  =  0  (mod  in), 
and  so 

a'+''  =  a''(mod  ?>?), 
for  every  value  of  a 
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Hence  the  term  which  first  appears  a  second  time  is  the  first  term  a  ;  which 
appears  next  as  a^"*"^,  t  being  the  least  number  for  which 

af=\  (mod  m). 

Definition. — The  smallest  number  t  which  makes  d  =  1  (mod  m),  where  a  is  prime 
to  7n,  is  called  the  exponent  of  a  for  modulus  m,  Cauohy  uses  the  word  "  indicator'' 
in  the  same  sense.  He  also  uses  ^^  maximum  indicator  ''  to  denote  what  will  be  called 
the  highest  exponent. 

Thus  the  infinite  series  of  residues  of  a,  a^,  a^,  .  .  .  consists  of  a  repetition  of  the 
period  of  t  terms  beginning  from  the  first  term. 

(2.)  If  t  be  the  exponent  of  a  and  a'  =  1  (mod  m)  then  t  divides  s. 

Let 

s  =  y^  4"  ^  where  r  <  t. 
Then 

(t*  =  a'/^+'  =  1  (mod  m), 

{af)'i .  a*"  =  1  (mod  m), 
a**  =  1  (mod  m), 

whereas  t  is  the  smallest  value  (not  zero)  which  makes  a^=\.     Therefore 


therefore 


(3.)  Fermat*s  Theorem. 


r  =  0, 


t  divides  s. 


a^im)  =,  I  ^j^oj  .^,^y 


Let  «!,  Uo,  ctg,  .  .  .  a^(;«)  be  the  <^  (m)  numbers  less  than  m  and  prime  to  it. 
Take  any  one  of  them  a. 

Then  since  aa^,  aa^,  ceaa,  .  .  .  aa^^^^  (mod  m)  are  all  prime  to  m,  and  no  two  con- 
gruent, they  must  be  the  same  set  of  numbers  as  a^,  a^,  .  .  .  a^^^) ;  therefore 

a^aM.^  .  .  .a^^^^a*^'"^  =  a^ac^ .  .  .  a^^„y  (mod  m), 
and,  therefore, 

^*(«)  =  1  (mod  m). 

Corollary. — It  follows  Irom  this  proposition  and  proposition  (I)  that  the  exponent 
of  any  number  (modulus  m)  is  always  a  divisor  of  (f>{m).  The  proj)Ositions  which 
follow  will  determine  that  divisor. 

(4.)  If  ^  be  the  exponent  of  a  then  the  exponent  of  a'  is  t  :  where  t  =^  kt  and  k  is 
the  G.C.M.  of  s  and  t. 
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Let  T  be  the  exponent  of  a*. 
We  have 

therefore 


therefore 


Again, 


therefore 


therefore 


therefore 


therefore 


therefore 


therefore 


(i^  =  1  (mod  77i), 

(t"^  =  I  (mod  m), 

rf*<"  =  1  (mod  m), 

(a'Y  =  1  (mod  ///), 

T  divides  r.     (Prop.  2.) 

{^('Y  =  1  (mod  m), 
a*^  =  1  (mod  ni), 

t  divides  *T, 
KT  divides  K<rT. 
T  divides  cT, 
T  divides  T, 

T  =  T. 


Examqyle. — The    exponent   of    3    for   modulus   308   is  30 :  the   residues   of    its 
successive  powere  are  given  in  the  following  table : — 

Number   ...         3         9       27       81     243     113       31  93     279  221 

Power  of  3    .     .         1          2         3         4         5         6         7  8         9  10 

Exponent      .     .       30       15       10       15         6         5       30  15       10  3 

Number   ...       47     141     115       37     111       25       75  225       59  177 

Power  of  3  .     .        11        12       13       14       15       16       17  18       19  20 

Exponent      .     ,       30         5       30       15         2       15       30  5       30  3 

Number   ...     223       53     159     1G9     199     289     251  137     103  1 

Power  of  3  .     .       21       22       23       24       25       26       27  28       29  30 

Exponent      .             10       15       30         5         6       15       10  15       30  1 

where  the  exponents  are  all  immediately  deducible  from  the  proposition. 
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(5.)  The  exponent  of  a  is  <  and  of  a   is  t'  and  t  and  t'  are  co-prime ;  then  the 
exponent  of  ad  is  U\ 

Let  T  be  the  exponent  of  ad. 

Then, 

a'  =  1  (mod  m)  a'^'  =  1  (mod  m), 

therefore 


therefore 


therefore 


Again, 


therefore 


therefore 


Similarly, 


a^'  =  1  (mod  m) 


a'^'  =  1  (mod  m), 


{aay  =  1  (mod  m), 

T  divides  tt\     (Prop.  2.) 

(aa')"^  =  1  (mod  m), 

(aa')^'  =  1  (mod  m), 

^/T/  ^  -^  (mod  m), 

«'  divides  T<  (Prop.  2), 


«'  divides  T. 


t  divides  T, 


and  therefore  (since  t  and  t'  are  co-prime), 


therefore 


«'  divides  T, 


T  =  tf\ 


Corollary. — It  follows  that  if  the  numbers  a,  a\  d\  .  .  .  have  exponents  (for 
modulus  m)  t,  t'  lf\  .  .  ,  these  exponents  being  all  co-prime,  then  the  exponent  of 
a^  a   ...  is  tt'lf'  •  •  • 

Example.— The  exponent  of 


and  the  exponent  of 


23  mod  308  is  6 ;  (23.  221.  155.  177.  67.  1), 
113  mod  308  is  5  ;  (113.  141.  225.  169.  1). 


Since  5  and  6  are  co-prime,  it  follows  that  the  exponent  of 

135  =  23.  113  is  30. 


Corollary.     Example. — The  exponent  of 


MDOOCXCin. — ^A. 


2  c 
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111  is  2 
221  is  3 
113  is  5 


J 


therefore  the  exponent  of  111,  221.  113  =  3  is  30. 


(6.)  Let  a  have  exponent  t  and  a'  exponent  t'  and  suppose  that  t  and  t'  are  not 
co-prime.  Then,  if  t  and  t'  contain  no  prime  factor  raised  to  the  same  power  in  both, 
the  exponent  of  oaf  is  the  L.C.M.  of  t  and  t\ 

Let 

1  where  r  and  r  are  co-prime, 

then 

a*  has  exponent  t  (Prop.  4), 

a"  has  exponent  r  (Prop.  4), 
therefore, 

{aa'Y  has  exponent  rr  (Prop.  5). 

So  if  aa  has  exponent  T,  then 

K  Z 

where  rr'  divides  T,  z  divides  k  and  z  is  prime  to  rr.     (Prop.  4.) 

Now  since  t  and  t'  contain  no  prime  raised  to  the  same  power  in  each,  therefore  rr 

contains  every  prime  factor  which  occurs  in  t  and  t'  and  therefore  contains  every 

prime  factor  which  occurs  in  k.     Hence  z  cannot  divide  k  and  be  prime  to  rr'  unless 

it  J3e  unity. 
Therefore, 

T-ktt'  =  L.C.M.  of  t  and  t\ 

(7.)  If  a  has  exponent  <,  a  has  exponent  t\  a"  —  t'\  &c.,  for  modulus  m,  and  if,  of 
the  tt't" . . .  numbers  a^a^o!'^' . . .  (mod  m)  formed  by  giving  to  r  all  values  modulus  <, 
to  r  all  values  modulus  ^' .  .  .,  no  two  are  congruent ;  and  if 

a'a'^'a"'"  .  .  .  =  1  (mod  m) ; 
then  we  must  have 

a'  =  1,    a''  =  1,     a"'"  =  1,  .  .  .  (mod  m). 

For  suppose  that  at  least  one  of  these  congruences  is  violated. 
Say 

a'  ^  1  (niod  m), 
and,  therefore, 

^  ^  0  (mod  t). 
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Then,  because 

a^a^'a'^'  .  .  .  =  1  (mod  m), 

therefore  (multiplying  by  a'"'), 

afa^'a^' .  .  ,=  a^"'  (mod  m), 
or 

a^a''a''*'  .  .  .  =  a'"'  (mod  m), 
or 

aVa"'"  .  .  .  =  a'"'  a'V'^  .  ,  ,  (^j^a  ^)^ 

which  is   contrary   to  the  supposition  that  no  two  numbers  of  the  form  a^a'^  .  .  . 
(mod  m)  are  congruent ;  for  the  last  congruence  obtained  shows  that  if  we  make 

0/  inn  -» 

T  •=•8      r   =  s    ...  I 

r  =  t'-s     r'=0     r=0   .  .  .J 
where 

t  —  s^O  (mod  <), 

the  two  numbers  are  congruent. 
Hence,  we  must  have 


and,  therefore, 
Similarly, 


5  =  0  (mod  t)y 

a'=l  (mod  t). 

(1**  =  1  (mod  <'),  &C. 


Definition. — If  a,  a',  a"  .  .  .  have  exponents  t,  t\  i'\  .  .  .  and  if  no  two  of  the 
tt't*' .  .  .  numbers  that  can  be  formed  by  products  of  their  powers  are  congruent 
modulus  m  (as  in  the  last  proposition),  then  these  numbers,  a,  a\  a'\  ...  which 
generate  the  tt'lf' .  .  .  incongruent  numbers,  will  be  called  independent  generators. 

The  last  proposition  may  then  be  stated  thus  : — If  a  product  of  powers  of  a  set 
of  independent  generators  be  congruent  to  unity,  then  each  of  those  powers  is  itself 
congruent  to  unity. 

(8.)  If  a,  a\  a", .  .  .  independent  generators,  have  exponents  t,  t\  t'\  .  .  .  then  the 
exponent  of  aa'a"  ...  is  the  L.C.M.  of «,  t\  t"  ,  .  . 

Let  T  be  the  L.C.M.  of  ty  t\  t'\  .  .  .  and  r  the  required  exponent  of  aaa   .  .  . 

a'  =  1  (mod  m), 
therefore, 

a'^  =  1  (mod  m). 
Similarly, 

iP  =  1  (mod  ni)^  &c. , 
2  c  2 
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therefore, 
therefore, 

Again, 

therefore, 


therefore. 


therefore, 


therefore. 


{aa'a    .  .  .  )^  =  1  (mod  m), 

T  divides  T.     (Prop.  2.) 

{oaa   .  .  .)*  =  1  (j^od  w), 

a^a^a!'^ .  .  .  =  1  (mod  m), 

T  =  0  (mod  t) 

T  =  0  (mod  t')  WProp.  7), 

T  =  0  (mod  r )  ^ 


T  divides  r, 


T  =  T. 


Corollary. — If  the  exponents  «,  t\  t'\  be  all  of  them  powers  of  the  same  prime,  and 
a,  a'y  a\  .  . .  are  independent  generators,  then  the  exponent  of  the  product  (xaa"  .  .  . 
is  equal  to  the  greatest  of  the  exponents  i,  t^'  i'  .  .  . 

(9.)  If  the  exponent  of  a  for  modulus  m  is  ^  and  for  modulus  n  is  t\  and  if  m  and 
n  are  co-prime,  then  the  exponent  of  a  for  modulus  mn  is  the  L.C.M.  of  t  and  t\ 
Let  t"  =  tT  =  t'r  where  r  and  t  are  co-prime,  so  that  ^'  is  the  L.C.M.  of  t  and  t\ 
Let  the  exponent  of  a  for  modulus  mn  be  T. 
Thus  we  have 

a^=  1  (mod  m), 
and,  therefore,  raising  to  the  power  r, 

a'''  =  1  (mod  m). 
Similarly, 

a'''  =  1  (mod  n), 

and,  therefore  (since  m  and  n  are  co-prime). 


therefore 


Again, 


therefore 


therefore 


a*"  =  1  (mod  mn)^ 
T  divides  t'\  (Prop.  2.) 

a^  =  1  (mod  mn)y 

d^=l  (mod  m), 


^  divides  T. 
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Similarly, 
therefore 


Therefore 


t'  divides  T, 


t!'  divides  T. 


T  =  r. 


Corollary. — If  the  exponents  of  a  for  moduli  m,  m\  m\  .  .  .  are  respectively 
t,  t\  t'\ . . .  and  the  moduli  are  co-prime,  then  the  exponent  of  a  for  modulus  mm'm"  .  . 
is  the  L.C.M.  of  «,  t\  t"  .  .  . 

Examples. — The  exponent  of 


3  for  mod    4  is  2 " 
3  for  mod    7  is  6 
3  for  mod  11  is  5 


(3.  1.) 

(3.  2.  6.  4.  5.  1.) 

(3.  9.  5.  4.  1.) 


Therefore. the  exponent  of 


3  for  mod  4.  7.  11  =  308  is  30. 


The  exponent  of 


5  for  mod    4  is  1. 
5  for  mod    7  is  6 
5  for  mod  11  is  5 


(5.  4.  6.  2.  3.  1.) 
(5.  3.  4.  9.  1.) 


and,  therefore,  the  exponent  of 


5  for  mod  308  is  30. 


The  exponent  of 


9  for  mod    4  is  1. 
9  for  mod    7  is  3 
9  for  mod  1 1  is  5 


(2.  4.  1.) 

(9.  4.  3.  5.  1.) 


and,  therefore,  the  exponent  of 


9.  mod  308  is  15. 


(10.)  If  the  exponent  of  a  iat,  and  t  =  pqr  .  .  .  where  p,  q^  r  are  co-prime  factors 
of  t,  to  express  a  as  a  product  of  numbers  whose  exponents  are  p,  g,  r  .  .  . 
Let 

P  =  0  (mod  gr  .  .  .)]      Q  =  0  (mod^* .  .  .) 

=  1  (mod^)  J  =1  (mod  q) 


&c. 


These  congruences  determine  one  value  each  and  one  only  (mod  t)  for  P,  Q,  .  .  . 
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a^  has  exp  p  (Prop.  4), 

From  the  above  congruences  we  obtain 

P=l(modp), 

Q  =  0(mod^), 

R=0(mod2>), 

&c. 


therefore,  by  addition, 
Similarly, 


P  +  Q  +  R  +  .  .  .  =  1  (mod2>). 

P  +  Q  +  R  +  .  .  .  =  1  (mod  q), 

&c., 


and,  therefore,  since  p,  q^  ?•,...  are  co-prime, 

P  +  Q  +  R  +  .  .  .  =  1  (mod  «), 
therefore 

a^.  a^.a^...=a  (mod  m). 

And  so  a  is  expressible  (in  one  way  only)  as  the  product  of  numbers  a^,  a^  .  .  . 
whose  exponents  are  p,  q  .  >  » 

JExample. — 3  has  exponent  30  mod  308. 

To  express  it  as  a  product  of  3  numbers  with  exponents  2.  3.  5, 

P  =  0  (mod  15)         Q  =  0  (mod  10)         R  =  0  (mod  6) 

=  1  (mod  2)  =1  (mod  3)  =1  (mod  5), 

therefore 

P  =  15  Q  =  10  R  =  6, 

and,  therefore, 

3  =  3^^  3^^.  3«  =  111.  221.  113  (mod  308) 

where 

111  has  exp  2^ 

221    „      „    3 

113    „      „    5^ 

Similarly  79  has  exponent  30  (mod  308),  and 

79  =  79^^79^^  79^  =  43.  177.  141  (mod  308) 
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where 

43  has  exp  2 

177    „     „    3  . 

141    „     „    5} 

(11.)  The  number  of  numbers  that  belong  to  any  exponent  t  when  the  modulus  is 

a  prime  p  is  <^  (t). 

If  there  are  any  numbers  which  have  exponent  t,  mod  p,  let  a  be  one. 

Then  because 

(xf=  1  (mod^), 

therefore  each  of  the  t  incongruent  numbers 

a,  a',  a^,  .  .  .  a' 

when  raised  the  t^^  power  is  =  1. 

Hence  each  is  a  root  of  a'  =  1  (mod  p)  which  has  only  t  incongruent  roots. 

Therefore  every  number  fi  which  has  exponent  t,  and  which  is  therefore  such  that 
^  =  1  is  included  in  the  above  set.  Heftce  every  number  with  exponent  t  is  to  be 
found  in  the  above  set.  Now,  of  the  powers  of  a  there  are  <f>  (t)  which  have  their 
index  prime  to  t^  and  which,  therefore,  have  exponent  t  (Prop.  4). 

Therefore  if  there  is  one  number  with  exponent  t  there  are  <f>  («),  and  no  more. 

Now  if  <i,  <2,  • .  •,  are  all  the  divisors  of  ^  —  1 ,  and,  therefore,  all  possible  exponents 
(Prop.  3,  corollary), 

<^(<i)+<^(«2)  +  ...  =  <A(p). 

Corresponding  to  each  value  t  there  are  either  <^  (t)  numbers  or  none  with  t  as 
exponent.  The  number  of  numbers  altogether  is  <l>  (p).  Hence  in  no  case  can  there 
fail  to  be  (^  (t)  numbers  with  exponent  t. 

Corollary. — In  particular  there  are  ^  {p  —  1)  numbers  with  exponent  jp—  1, 
modulus  p,  i.e.,  any  odd  prime  p  has  ^  (??  —  1)  primitive  roots. 

(12.)  The  exponents  to  which  a  number  a  belongs  for  successive  powers  of  a  prime 
p  as  moduli. 

We  suppose  that  a  is  prime  to  p  and  that^  ^  2. 

Let  the  exponents  to  which  a  belongs  for  the  moduli  jp,  p%  p^,  .  .  .  p^  .  .  .  be 

h^  hi  ^3>  •  •  •  respectively. 

Then  because 

a'A+i  =  i  (mod^^^^), 

therefore 

aA+i  =  1  (mod^^), 

therefore 

t^  divides  ^x+i«     (Prop.  2.) 
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Again 

af^  =  1  (mod  p^)^ 

therefore  (raising  to  the  p^  power  a'^  =  1  +  #cp^) 

a^^=\  (mod2>^+^), 
therefore 

'a+1  divides  jp^;^.     (Prop.  2.) 

It  follows  from  these  two  results  that  either  tj^^i  =  t^,  or  i^+i  =  ph. 

Each  exponent  in  the  series  t^j  «2>  •  •  •  *a>  •  •  •  is  either  equal  to  that  immediately 
preceding  it  or  is  j?  times  that  value. 

We  can  show,  however,  that  after  the  first  Bet  of  equal  exponents  ^^  =  t^  =  .  .  . 
comes  to  an  end,  that  each  exponent  is  p  times  that  which  immediately  precedes  it. 

For  suppose  that,  if  possible,  after 

h^i  =  Pk 
we  can  have 


We  thus  have 

Now 

say,  where  x<p. 
Also, 

therefore 


^X+2  —   'x+l« 


^X  +  2  —  ^X  +  1   —  P^k* 


a*^  =  1  (mod  p^)  =  1  +  xp^  +yp^  ^  \ 


therefore 


and,  therefore, 


Therefore 


a^>'A  =  a'^+2  =  1  (mod  p^+'), 

(1  +  ajp^  +  yp^  +  ^)^=l(modjo^^') 
1  +.Tp^  +  ^  =  l  (mod ^^+2) 

x  =  0, 

a'A=  i+yp^  +  i 
=  1  (mod  J9^  -^ '). 

^  +  1  divides  t^, 


which  is  not  so.     Therefore  we  cannot  have 

^X  +  2  ^^    ^X  +  1 
if 

^x  +  1  =  P'x> 

and  therefore  we  must  have 

^A  +  2  ^^  Pk  +  !• 
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If,  then,  the  exponent  of  a  for  modulus  p  be  fj  =  <  and  a*  —  1  contain  p'  as  the 
highest  power  of  p,  we  have 

a*=l  (mod  p'), 
and 

Ci  — -  to  — —  •    •    •    —   r^  —   C • 

And  after  these 

**  + 1  =  i>*#, 

&C. 

Hence  the  exponent  of  a  for  modulus  p^  is 

where  t  is  the  exponent  of  a  for  modulus  jp,  and  p'  is  the  greatest  power  of  p  that  will 
divide  a'  —  1. 

Corolla7*y. — The  greatest  value  that  t  can  have  is  p  —  1.  This  is  so  when  a  is 
congruent  to  a  primitive  root  of  p  (Proposition  11,  corollary).  The  greatest  value 
that  p^"*  can  have  is  got  by  making  s  as  small  as  possible,  viz.,  by  making  5  =  1,  t.e?., 
by  taking  a  so  that  a^"^  —  1  (though  necessarily  divisible  by  p)  is  not  divisible  by  p^ 

Therefore  the  greatest  possible  exponent  that  a  number  can  have  for  modulus  p^  is 
(p  —  1)  .  j?^"\  and  aa  this  is  equal  to  <(>  (p^)  it  follows  that  primitive  roots  exist  for  a 
modulus  a  power  of  a  prime. 

Examples. — Exponent  of  3  for  mod  5^. 

The  exp  of  3  for  mod  5  is  4  (3.  4.  2.  1). 

3*  —  1  =  80  is  divisible  by  5^. 
Therefore 

exp  of  3  is  4.  5^  (mod  5^). 

Exponent  of  24  for  mod  5®. 

The  exp  of  24  for  mod  5  is  2  («  =  2). 

24^  —  1  =  575  which  is  divisible  by  5^.  {s  =  2). 
Therefore 

exp  of  24  mod  5®  =  2.  5*. 

(13.)  The  exponent  to  which  a  number  a  belongs  for  a  power  of  2  as  modulus. 

The  number  a  is  now  to  be  considered  odd. 

Let  <i,  <3,  <3, .  .  .  ^x  •  •  •  be  the  exponents  of  a  for  moduli  2,  2^,  .  .  .  2^ .  .  . 

MDCOCXCin. — A.  2   D 
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We  have 


Therefore 


therefore 


Again 


Therefore 


and  therefore 


a'A+i  =  1  (mod  2^^'). 
a'A+i  =  1  (mod  2^) ; 

t^  divides  tj^^^.     (Prop.  2.) 
a'^  =  1  (mod  2^)  =  1  +  X.  2^  +  y.2^+*  (where  a;  =  1  or  0). 

a«^=l  (mod  2^^^), 


Therefore  either 


or 


Suppose  now  that  after 


we  can  have 


Then 


Therefore 


^;^+i  divides  2ti,. 


Now  if  X>2,  then 


and  therefore 


Now 


therefore 


Therefore 


therefore 


a'^  =  1  (mod  2^)  =  1  +  x.  2^  +  y.2^+*. 

a^^=l  +  a;. 2^^^  +  x-2^  (mod  2^+^). 

2X5X  +  2, 

a*'^  =  1  +  a;.  2^+*  (mod  2^+*), 
a^K  =  a'^+2  =  1  (mod  2^+*), 


x  =  0. 


a'^  =  1  +  a;.2^  +  y2^^'  =  1  (mod  2^-^*), 


tf,+i  divides  <x> 
which  is  not  so. 

Hence  we  have  the  result,  when  X  ^  2  and  <x+i  =  ^t\f  then  t^+2  =  2<;^+i. 

The  first  exponent  i^,  of  the  series,  is  equal  to  unity. 

If  this  be  followed  by  a  set  of  I's  (at  least  one),  then  by  what  has  been  proved  they 
will  be  followed  by  the  series  2,  2^,  2'  .  .  . 


FOR  ANY  COMPOSITE  MODULUS,   REAL  OR  COMPLEX.  203 

If  the  second  exponent  be  a  2,  the  third  may  be  also,  and  so  on ;  the  series  then 
continues  with  2\  2\  2*,  .  .  .  Of  the  2's  there  are  at  least  two  ;  for  otherwise  the  first 
three  exponents  would  be  <x  =  li  '2  =  2,  fg  =  4,  making  4  an  exponent  for  mod  2^  =  8, 
which  is  impossible. 

Hence  the  series  of  exponents  run  either  thus — 

!•   !•   1*  •  •  •   !•  Z*  ^  •  i2  •   Z    •  •  • 

or  thus 

These  results  can  be  expressed  thus — 

Let  the  highest  power  of  2  which  divides  a^  —  1   be  2'  ^  ^     (Since  a  is  an  odd 
number,  s  is  at  least  equal  to  2. ) 
Then  the  exponent  of  a  is 


if  X>5,  2^-' 

=  1  (mod  2^)  and  ci  ^fe  1  (mod  2^). 
(mod  2'). 


—  -  -  -  -  / 

r2if  a«=l 
I  1  if  a  =1 


>>  >> 


)>  >> 


Corollary. — The  greatest  exponent  possible  for  mod  2^  is  2^"^;  and  as  ^(2^)  =  2^~S 
primitive  roots  do  not  exist. 

Examples. — ^Exponent  of  3  for  mod  2^. 

Exp  of  3  for  mod  2   is    1, 

2»is    2, 
2»is    2, 

2*  is    4, 

and  therefore 

exp  of  3  for  mod  2®  is  16 

Exponent  of  35  for  mod  64  =  2«  (X  =  6). 

35«-  1  =  1224  =  l53.2^ 
therefore 

8=2, 

therefore 

exp  of  35  is  2*. 

Exp  of  41  for  mod  128  =  2^  (X  =  7). 


41^-1  =  1680  =  105.2*, 

2  D  2 
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therefore 

5=3, 

therefore 

exp  of  41  =  27-3  --2* 

(14.)  The  numbers  which  belong  to  exponent  2  for  modulus  2*  (^>  3). 

Let  a  have  exponent  2,  modulus  2*. 

Then 

a^  =  l  (mod  2') 

and 

a  ^  1  (mod  2«). 

The  congruence 

a^  =  1  (mod  2«) 

gives 

(<r  -  1)  (a  +  1)  =  0  (mod  2«). 

Since  a  is  odd,  if  2'  is  the  highest  power  of  2  that  divides  a  —  1  and  5  >  1,  then 
the  highest  power  of  2  that  divides  a  +  1  is  2,  and  vice  vefi^sd. 
Hence  either 

a  +  1=0  (mod  2'-^), 
or 

tt— 1=0  (mod  2'-^). 

Therefore  (excluding  a  =  1  (modulus  2*))  we  have  three  numbers  whose  exponents 
are  2  for  modulus  2*,  viz., 


\K-\ 


+  1,     2*  — 1,     2'-^  — 1.     (mod2«). 


The  product  of  each  pair  of  these  is  congruent  to  the  third. 

(2«-'  +  1)(2«—  1)  =  2«-*  —  I 

(2*-  1)(2«-^  -  1)=- 2*-^  +  1  =  2'-^+  1  Wmod2«). 

(2«-i  -  l)(2«-^+  1)  =  2*-  I 

(15.)  The  numbers  which  have  exponent  2'  for  modulus  2*. 

We  have  already  seen  that  5  :J>  ic  —  2,  and  we  have  already  treated  (Prop.  14)  of 
the  case  when  5=1. 

Let  a  have  exponent  2*. 

The  exponents  to  which  it  belongs  for  successive  powers  of  2  as  moduli  are  given 
either  by 

exp 

mod 


!•         1.  1.     •  .  I  ^.  /in  .      •     .     ^        I 

2.  2*.  28 2''-'.  2,'-"  '.  2'-'+' 2'y 
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or  by 

Exp  1.  2.   2.   .  .  .       2.         22.    ...  2' 

Mod  2.  2^.  2^  .  .  .  2'--^'.  2r-\  ...  2' 
In  either  case 

a^=l  (mod  2«-*  +  ^) 
a^^t  i(mod2*-'  +  -), 
therefore 

a^=l  +  2'-*  +  ^  (mod  2'--^'), 
and  therefore 

a  =  ±l  +  2'-*  (mod  2'-'^^). 

Thus  the  numbers  (modulus   2*)   which   have  exponent   2*  are  the  2*  numbers 
given  by 

db  1  +2*-' (mod  2*-'  +  ^). 

In  particular,  the  numbera  with  the  greatest  exponent  2*"*  are  the  2*"^  numbers 

±1  +  22  (mod  23). 
We  have  seen  that  there  is  one  number  (viz.,  unity)  with  exponent  1. 

there  are  3        numbers  with  exponent  2. 
92  o2 

^  «f  99  ,,         i^  • 


>f      »    **  >>  >>  >> 


o«  -  2  rtK  -  2 

>)         >>       ^  »  >j  >>  ^         • 


In  all,  1  +  3  +  2^  +  2^  +  .  .  .  +  2'-^  =  2'-*  =  <^(2«),  the  number  of  odd  numbers 
less  than  2',  as  it  should  be. 

(16.)  If  we  take  any  number  g  which  has  exponent  2*"*  for  modulus  2*,  the 
successive  powers  of  g  give  2* "  ^  incongruent  numbers,  one  half  of  the  complete  set  of 
odd  numbers  less  than  2'. 

Of  these,  one  and  only  one,  has  exponent  2,  viz.,  ^""^  (Prop.  4). 
Now 

gr  =  ±  1  +  2^      (mod  2') 
squaring, 

g'^=       1  +  2'      (mod  2*) 
and  successively  squaring 

/'     =       1  +  2*      (mod  2«) 
9^'*=      1 +2'-*  (mod  2'). 
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So  of  the  three  numbers  2'  —  1,  2'"'  +  1,  2'"'  —  1,  it  is  always  2'"'  +  1  to  which 
the  power  2*"*  of  any  number  with  exponent  2""*  is  congruent. 

Let /be  either  of  the  two  numbers  2*  —  1,  2*-'— 1 ;  so  that  ^~'  ^/(mod  2"). 
Consider  the  2*  ~ '  numbei-s 

g  ,9^'  ,f   ■    •    sT 

fgJ^Jf  •  •  •  /s^"'. 


-2 


^  (mod  2'). 


Clearly  no  two  in  the  first  row  are  congruent,  nor  in  the  second. 
The  supposition 

//  =  flr+'(mod2') 
leads  to 

'      (/=/(mod2'), 

which  is  contrary  to  the  supposition  that  ^r*'  ,  and  therefore  no  power  of  gr  is    % 
congruent  to/. 

Therefore  no  two  of  the  above  2* "  *  odd  numbers  are  congruent  mod  2*,  and  hence 
they  are  the  2* "  ^  numbers  (mod  2*). 

If  for /we  take  2*  —  1  =  —  1  (mod  2*),  the  2*"'  numbers  may  be  written 

±  flr,  ±  g\  ±g\...±9''''  (mod  2^. 
Whichever  number  be  taken  for/  any  number  (mod  2*)  is  expressible  in  the  form 

a  ^p^  (mod  2"), 

where 

i  is  referred  to  mod  2, 

3  is  referred  to  mod  2* "  ^. 

Note. — In  the  last  propositions  relating  to  mod  2*,  k  is  supposed  to  be  >  3. 
In  the  cane  ic  =  2,  when  the  modulus  is  2^  =  4,  there  are  two  odd  numbers,  less 
than  the  modulus,  viz.,  1  and  3,  and  3  (having  exponent  2)  is  a  primitive  root. 
In  the  case  #c  =  1  when  the  modulus  is  2,  the  only  odd  number  is  unity. 
We  see  that  the  case  when  the  modulus  is  a  power  of  2,  differs  very  much  from  the 
case  when  the  modulus  is  a  jpower  of  an  odd  prime. 
When  the  mod  is  2*  (#c  >  3). 

(i.)  The  highest  exponent  is  not  <^(2')  =  2*"^,  but  2*"*,  and  hence  there  are 

no  primitive  roots, 
(il)  The  form  of  the  numbers  which  belong  to  any  exponent  is  known,  and  the 
numbers  can  be  at  once  written  down  when  k  is  known.      In  particular 
the  niunbers  ±1  +  2^  (mod  8)  always  belong  to  the  highest  exponent. 
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When  the  modulus  is  a  power  of  an  odd  prime, 
(i.)  Primitive  roots  always  exist. 

(ii.)  The  determination  of  primitive  roots  depends  on  a  knowledge  of  those  of 
the  prime  in  question. 
Examples. — For  modulus   2^  =  32   the  numbers  which  belong  to  the  different 
exponents  are 


Expl. 
Exp  2. 
Exp  4. 

Exp  8. 


I. 
15.  17.  31. 

7.  23.    9.  25 (±1  +  8  (mod  16)). 

3.  11.  19.  27.  5.  13.  21.  29  (±  1  +  4  (mod  8)). 


The  residues  of  powers  of  3  are 

3.  9.  27.  17.  19.  25.  11.  1. 

Multiplying  each  by  2^  —  1  =  31  we  get 

29.  23.  5.  15.  13.  7.  21.  31, 
and,  multiplying  by  2*  —  1  =  15,  we  get 


the  same  set. 


13.  7.  21.  31.  29.  23.  5.  15, 


The  Table  of  Indices  for  Generators  3  and  15  is — 


•  •    1 

I 

0 

1 

1 
2       3 

1 

4 

5 

6 

7 

0 

1 

3 

9 

27 

17 

19 

25 

1] 

1 

]5 

13 

7 

21 

31 

29 

23 

6 

(Index 
of  3.) 


(Index 
of  16.) 

(17).  From  propositions  (9),  (12)  and  (13)  the  exponent  to  which  any  number  a 
belongs  for  modulus  m  =  2*p^g'* .  •  .  is  readily  determined. 

For  by  (9)  the  exponent  is  the  L.C.M.  of  the  separate  exponents  of  a  for  moduli 
2*,  2>\  9^, .  .  .  separately. 

These  exponents  are  separately  determined  by  propositions  (12)  and  (13). 

The  greatest  possible  separate  exponents  are 


yfor  mod  2",  (/>  —  1)  j?^"^  for  mod^\  &c., 


2«-Mf  k53 
2  if  #c=-2 
1       if#c=l 

and,  henoe,  the  greatest  exponent  possible  for  modulus  m  is  the  L.C.M.  of  these. 
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The  value  of 

and,  since  p  —  1,  (/  —  1,  .  .  .  are  all  even,  the  L.C.M.  can  only  equal  ^  {m)  when 

(i. )  there  is  the  only  one  odd  prime  2^  present ;  and 
(li.)  #c  =  1  or  0. 

Hence  the  only  moduli  which  admit  of  primitive  roots  (which  exist  only  when  the 
highest  exponent  is  equal  to  (f>  (m)),  are  powers  of  odd  primes,  and  double  the  powers 
of  odd  primes. 

Examples.— WhsLt  is  the  exponent  of  3  for  mod  1000000  =  2^  5^  ? 

The  exp  of  3  for  mod  2^  is  2*. 

,)  ,,  0     JS  4  •  0  • 

Therefore 

exp  of  3  mod  10«  =  2* .  5"  =  50000. 

How  many  decimal  places,  are  there  in  the  period  of  the  product  of  '01  and  '01,  i.e., 
what  is  the  exponent  of  10  for  mod  99  X  99  =  3*.  1 1^ ? 

Exp  of  10  for  mod    3=1. 
„  ,,  3"  =     1. 

,,  ,,  3   ==     o. 

,,  ,,  o  =    y. 

11   =    2. 


99  99 


1 1*  =  '22. 


ff  9i 

Therefore 

exp  of  10  for  mod  3* .  11«  =  9  X  22  =  198. 

Hence  there  are  198  figures  in  the  period  of  (01)^ 

How  many  decimals  are  there  in  the  period  of  (•OOl)*,  i.e.,  what  is  the  exponent 
of  10  for  mod  (999)-  =  37" .  3^-  ? 

The  exp  of  10  mod  3  is  1, 

and 

10  —  1  is  divisible  by  3^ 

therefore 

exp  of  10  mod  3^**  is  3^-^ 
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Exp  of  10  mod  37  =  3, 

and 

37^  divides  10^-1, 

therefore 

exp  of  10  mod  S?**  =  3 .  37"-\ 

therefore 

exp  of  10  mod  37* .  3«"  =  3^"^ .  37«-S 

the  number  of  figures  in  tiie  period. 

(18.)  We  will  next  briefly  consider  the  residues  of  successive  powers  of  a  number 
not  prime  to  the  modulus. 

Let  a  be  the  number,  m  the  modulus. 

Let  m  =  pP  :  where  p  consists  of  powers  of  those  primes  which  occur  as  factors 
of  a,  and  P  is  prime  to  a. 

Consider  the  series  of  residues 

a  .  a^ .  a^  .  .  .  (mod  m). 

Suppose  that  the  first  term  which  is  repeated  is  a^  and  suppose  that 

a'"'^'  =  a'"(mod  m), 

for  which  we  seek  the  smallest  values  of  r  and  t. 

Then  after  the  first  7*  —  1  terms  we  shall  have  a  period  of  t  terms  constantly 

repeated. 

We  have 

a' (a'  —  l)  =  0(modPp), 

and  P  is  prime  to  a.     Therefore 

a' -1=0  (mod  P) (i.). 

Each  prime  factor  of  p  is  a  factor  of  a,  therefore  a'  —  1  is  prime  to  p.     Therefore 

a'"=0(modp) (ii.)- 

(i.)  Shows  that  t  is  the  exponent  of  a  for  modulus  P. 

(ii.)  Shows  that  r  is  the  least  number  that  makes  a*"  divisible  by  p. 

Coroll<iries. — (i.)  When  a=l  (mod  P)  <  =  1  and  the  period  consists  of  one 
term  only,  (ii.)  When  a  is  divisible  by  p  the  period  starts  from  the  first  terra, 
(iii.)  When  both  these  hold  good,  then  every  power  of  a  is  =  a  (mod  m). 

Examples. — Eesidues  of  powers  of  2  mod  100. 


• 

100  =  5«.2l 

Exp  of  2  mod  5=4 

„      5*=  20 

MDCCCXCTII.— A. 

2  E 
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therefore 

and 

therefore 


t  =  20, 
2'  is  divided  by  2* 


r  =  2. 


2.  4.  8.  16.  32.  64.  28.  56.  12.  24.  48.  96.  92.  84.  68.  36.  72.  44.  88.  76.  52, 
the  points  uidicating  the  period. 

Powers  of  5  mod  1000  =  2'  .  5'. 

5  has  exp  2  mod  2^ 


therefore 


therefore 


<  =  2, 
5^  is  divided  by  5', 

r  =  3. 
5.  25.  125.  625. 


Powers  of  5  mod  1 000000  =  2* .  5". 

5  has  exp  2*  =  16  mod  2*, 


therefore 

and 

therefore 


<=16, 
5*  is  divisible  by  5', 


r  =  6. 
5.  25.  125.  62f.  3125. 


15625 
78125 
390625 
953125 
765625 
828125 
140625 
703125 
615625 
578125 
890625 
453125 
265625 
328125 
640625 
203125 


> 


15625 
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Powers  of  57  .  5'  =  890625  mod  1000000. 


and 


therefore 


and 


Exp  of  57  .  5«  mod  2«  is  1  (890625  =  I  (mod  2«)), 

57  .  5"  is  divisible  by  5*, 


t  =  1 


r=l, 


and  so  all  powers  of  890625  are  =  890625  (mod  1000000). 

890625 
890625 

453125 
81250 
3750 
25 

890625 

(19.)  Let  m  =  PiPiP^  •  . .  ,  where  ^j,  p^,  Ps, .  .  .  are  co-prime. 

Take  any  number  a  prime  to  m. 

Suppose  that 

a  =  ai(mod^i), 

=  aj(mod2>2). 
=  oj  (mod  ps), 

&c. 

Since  a  is  prime  to  m  and  therefore  to  2h*  it  follows  that  a^  is  prime  to  p^.  So  a^  is 
prime  to  p2f  03  to  p^,  &c. 

Suppose  now  that,  conversely,  a^,  a^,  ag,  .  .  .  prime  to  Pi,  2h*  2^3>  •  •  •  ^^^  given,  and 
we  wish  to  find  a,  such  that  it  is  congruent  to  a^{modpj),  a2{modp2),  &c. 

Let  x^  be  determined  from 

ajj^aPs-  .  .  =l(mod;}i), 

which  can  be  done,  and  in  one  way  only,  since  p^^  ...  is  prime  to  p^ ;  and  when  x^ 
is  found  let  Xip^p^  .  .  .  =  ^i.  Determine  similarly  ^2>  ^3  •  •  •  Then  the  number  a  is 
given  by 

a  =  ttj^i  +  ao^2  +  aj^  +  -     -  (mod  m). 

2  E  2 
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For 


and 


Therefore 


and  similarly 


and  therefore 


^2»  ^8>  •  •  •  ^^®  ^'1  congruent  to  zero  modp^, 
^,  is  congruent  to  unity  mod  p^, 

n  =  aj(mod^>i), 

=  a^{modp.2), 
&c., 

a  =  a^fi  +  ttgf J  +  03^  +  .  .  .  (mod  m), 


a  formula  \vliich  gives  the  value  of  a  corresponding  to  given  values  of  the  as,  the 
coeflScients   ^  being   independent  of  the  a's   and    depending   only  on   the   moduli 

Ply  2^2  ••  • 

Note. — The  principal  use  to  be  made  of  this  proposition  and  the  next  will  be  for 
the  special  case  when  p^,  jh^  •  •  •  ^^®  ^^^  powers  of  primes  of  which  the  modulus  m  is 
the  product. 

(20.)  Let  us  take  two  numl^ers  expressed  in  this  form, 


in  which 


a  =  a^^^  +  a^ti  +  .  .  .  (mod  m), 
h  =  ^1^1  +  ^2^2  +  .  .  .  (mod  m), 

^1  =  1  (modpj) 
=  0(mod^'') 


with  similar  relations  for  ^o,  ^3,  .  .  . 

Let  us  form  the  product  of  a  and  h. 

By  Proposition  (18),  Corollary  (iii.),  all  powens  of  ^^  are  congruent  to  f^,  mod  m, 
therefore 

ai)8i^/^  =  a^^i^i  (mod  m). 

Taking  any  cross-term  such  as  aiiS^^if^*  since 


therefore 


Hence 


^i  =  0(modjt>27^3  .  .  .  ), 
^2  =  0  (mod  pi^jj .  .  .  ), 

^1^2  =  0  (mod  m), 
ah  =  ai/81^1  +  ao^Sn^o  +  a-A^3  +  •  •  •  {^^^^^  '^0' 
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i.e.,  the  multiplication  of  numbera  expressed  thus  is  simply  effected  by  forming  the 

products  of  the  coefl&cients  of  ^j,  £2  .  .  . 

Corollary  (i.).  If 

a  =  aj^i  +  a^^g  -f  .  .  .  4.  (mod  m), 

then 

a'  =  ol{^^  +  a^'^  +  •  •  •  (niod  m). 
Corollary  (ii.).  If 

a  =  a^^i  +  a2^2  +  •  •  •  (mod  m), 

then  a  is  congruent  to  the  product  of  the  numbers 

"«!  =  a^^i  +  ^3  +     .  .  (mod  m), 
^  ^2  =  ^i  +  ^2^2  +     .  .  (mod  w), 
&c. 

Or,  since  ^1  +  £3  +  •  •  •  =  1  (mod  m)  ((?/!  Prop.  10), 


«!  =  (a^  —  I)  fi  +  1  (mod  7«), 
a.,  =  (a^  —  1)  ^2  +  1  (mod  m), 


Examples. — To  find  a,  modulus  308,  so  that 


a  z=:  a^  (mod  4) 

=  ttg  (mod  7) 

=  a3  (mod  11) 

• 

7.  11.  0:1  =  1  (mod  4)         4. 

11.  ajo—  1  (mod  7) 

3.     3.  .Ti  —  I  (mod  4) 

2.  ^2  =  1  (mod  7) 

Xi  =  I  (mod  4) 

a;o  =  4  (mod  7) 

ii  =  77  (mod  308) 

£2— 176  (mod  303) 

4.  7.  OTj  =  1  (mod  11) 

1  (mod  11) 

2  (mod  11) 
^a  =  56  (mod  308) 


6.  A  = 


•*^3  ^= 


and  BO 


e.</. 


then 


a  =  77  «!  +  176  a^  +  56  oj  (mod  308), 

a  =  3  (mod  4) 
=  6  (mod  7) 
=  1  (mod  11) 

«  =  77.  3  +  176.  6  +  56.  1  (mod  308) 
=  HI  (mod.  308), 


214         MR.  G.  T.  BENNETT   ON   THE  RESIDUES  OF  POWERS  OF  NUMBEEIS 

and 

111  =(77.  3  +  176  +  56)  {77  +  176.  6  +  56)  (77  +  176.+  56) 

=  155.  265  (mod  308). 

(21.)  The  number  of  numbers  which  belong  to  a  given  exponent  when  the  modulus 
is  a  power  of  a  prime. 

I.  Let  the  prime  be  an  odd  prime,  and  p^  the  moduhis. 

In  Proposition  (12),  Corollary,  we  saw  that  for  modp^  primitive  roots  exist. 
Let  ghQ  B.  primitive  root. 

The  numbers  g,  g^y  S^,  .  .  .  ^^^{moAp^)  are  congruent  to  the  complete  set  of 
numbers  less  than  p^  and  prime  to  it. 

The  exponent  to  which  any  one  of  these  numbers,  gr*,  belongs  is  /,  where 

and  V  and  t  and  a  are  co-prime  (Prop.  4). 

S  =  /CO"  J 

For  any  given  value  of  t  the  value  of  fc  =-.  <^  (j^^)A  ^^  given. 
a  may  then  have  any  value  prime  to  t  such  that 

m 

Kcr  ^  Kt 
o-  >  /. 

Hence  a-  may  have  each  of  the  (f>  (t)  values  of  the  numbers  less  than  t  and  prime 
to  it. 

Therefore  there  are  <^  (t)  numbers  having  t  as  their  exponent  (mod  m). 

II.  Let  the  modulus  be  2*.  (k  >  3). 

In  this  case  we  have  seen  (Proposition  15)  that  there  are  2*  numbers  with  exponent  2* 
(if  5  >  1):  and  3  numbers  with  exponent  2  ;  and  1  number  with  exponent  unity. 

When  the  modulus  is  2^  there  is  one  number  with  exponent  2  and  one  with  unity. 

When  the  modulus  is  2  there  is  one  number  (unity)  with  exponent  unity. 

Definition. — When  a  number  m  is  expressed  in  the  form  m  =  2*Pi^>P3^« .  .  .  where 
Pi,  Pg,  .  .  .  are  different  odd  primes,  it  will  be  convenient  to  speaic  of  2*,  P^^  P/* .  .  . 
as  the  principal  factors  of  m. 

(22.)  The  number  of  numbers,  each  of  which  has,  as  exponent,  some  power  of  a 

prime  p^  for  modulus  m,  p  being  a  divisor  of  <f>  (m). 

Let 

m  =  2«Pi^»P^^,  .  .  . 

<f>  (P/0  =r  2«y^5~s  .  .  . 

^  (Pj^)  =  2''^q'^,  .  .  . 

&c. 


FOR  ANY  COMPOSITE  MODULUS,  EBAL  OR  COMPLEX.  215 

kny  number  has  for  its  exponent,  modulus  m,  the  L.C.M.  of  its  separate  exponents 
for  moduli  2*,  P/*,  P^^  .  .  .  the  principal  factors  of  m.     (Proposition  (9),  Corollary.) 

Hence,  when  the  exponent,  modulus  m,  is  a  power  of  a  prime  p,  the  exponent  for 
each  of  the  principal  factors  of  m  as  moduli,  must  each  be  either  unity  or  some  power 
o£p. 

Conversely,  if  we  take  a  set  of  numbers  Oq,  a^,  a^,  .  .  .  one  for  each  of  the  moduli 
2*,  Pi^*,  .  .  .  such  that  the  exponent  of  each,  for  its  own  modulus,  is  unity  or  some 
power  of  p,  then  the  number  a  =  a^^^  +  a^^^  +  .  .  .  (mod  7n),  will  have  a  power  of  p  as 
exponent,  modulus  m. 

The  numbers  f  are  given  by 

fo  =  1  ("^od  2*^),         ^1  =  1  (mod  Pi^'), 
=  0  (mod  ^  j  ,  =0  (mod  ^Y 

Thus,  by  giving  to  the  a's  all  possible  sets  of  values  consistently  with  each  having 
unity  or  a  power  of  p  as  exponent,  we  shall  obtain  all  the  numbers  (mod  m)  which 
have  (unity  or)  a  power  o{  p  as  exponent. 

There  are 

^  [p^)  numbers  which  have  exp  pf\  mod  P^^*.     (Prop.  21.) 

*^(y'-')    »      »      »     i>''-'    „ 

&c. 


»y  >>  »  ^  >> 


Hence  there  are  <^  {pf")  +  <^  (p''"^  +  .  .  .  +  1  =i>''  numbers,  mod  P^^',  which  have 
unity  or  a  power  oip  q&  exponent. 

Similarly,  there  are  pf*  for  mod  Pg^  and  so  on. 
Hence,  in 

a  =  ay^Q  +  a^^i  +  a^f^  +  •  •  •  (mod  m), 

we  can  give  1  value  (viz.,  unity)  to  a^ 
any  one  of  p'^  values  to  a^ 

&c. ,  &c. 

and  then  a  has  unity  or  a  power  of  p  as  exponent^  mod  m  ;  moreover,  in  this  way,  all 
such  nimibers  are  obtained. 

We  thus  obtain  p^^^^*  •  •  =  p^  incongruent  numbers,  each  of  which  has  a  power  of 
p  (or  unity)  for  exponent. 

In  the  case  when  2>  =  2 
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for  mod  2*,  all  2*  ^  numbera  have  powers  of  2  as  exponents, 

„      Pj^  <f>  (2"*)  +  <l>  (2'*"»)  +  .  .  .  +  1  =  2«»  have  powers  of  2  as  exponents, 

&c.  &c.  &c. 

Hence,  in  all,  there  are  2*"^^*^^''"'*"--  numbers,  which  have  unity  or  a  power  of  2  as 
exponent. 

Note.  — Any  number  a,  mod  m,  with  any  exponent,  must  be  congruent  to  a  product 
of  one  number  from  each  set  of  2*"*+*i+*«+  •  •  numbers,  with  powers  of  2  as  exponent,  p^^ 
with  powers  of  p  as  exponent,  .  .  .  &c.     (Proposition  10.) 

Hence  in  all  we  get  from  these 

2ic-i+«,+ . . .  p^q^  ,  ,  ,  numbers, 

=  <f,  (2«)  <f>  (P,*')  ... 

=  <^  (m)  numbers,  i.e.,  the  complete  set  of  numbers  prime  to  m. 

(23.)  The  number  of  numbers  having  exponent  p*y  mod  7n,  p'  being  a  divisor  of  the 
greatest  exponent. 

Let  a  be  such  a  number  and  let 


a  EE  Oq^o  +  ^ifi  +  a2^2  +  .  .  .  (mod  m), 


then  the  exponent  of 


Uq  mod  2* 
«!  mod  Pi^^ 
ttj  mod  Pg^ 
&c. 


must  each  be  unity  or  some  power  of  p,  and  the  greatest  power  of  p  must  be  p 
(Proposition  (9),  Corollary) ;  p  being  an  odd  prime  Oq  is  necessarily  unity. 

There  are 

<f>  (p'»)  numbers,  mod  Pj^*  with  exp  p^\ 

&c ,  &c., 

and  therefore  there  are 

p'>  numbers  with  exp  a  power  of  p  5  P'S 


pi.-i 


>9 


&C., 


99 


&C. 
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Hence  if 

li  <  s  there  are^^  numbers,  mod  P^^  with  exp  a  power  of  ^  ^  J^' 
and  if 

li  >  5  there  are  p'  numbers,  mod  P^^s  with  exp  a  power  oi  p  1^  p* 

Suppose  that  (Z^),  stands  for  s  if  Z^  J  5  and  for  Z^  if  Z^  <  5,  then  in  either  case 
there  are  j?^'*^  numbers,  mod  P^^*,  whose  exponents  are  powers  oip  j^  p*. 

Similarly  there  are  p^^  numbers  mod  P^^,  whose  exponents  are  powers  of  p  ^  p' 
and  so  for  Pg^,  &c. 

Giving  any  one  of  these  j?^^*^'  values  to  a^,  p^'  values  to  a^,  &c.,  we  obtain 

pih).  +  («.  +  ...  —  ^(20.  numbers,  mod  w, 

whose  exponents  are  powers  of  p  i>  p* ;  where  in  p^^^  each  number  Z  in  Z^  +  ^2  +  •  •  • 
is  to  be  replaced  by  s  if  it  exceeds  s. 

Similarly,  there  are  p<^>'-i  numbers,  mod  m,  whose  exponents  are  powers  of  p  :^  p*"^ 
&c*,  &c.,  p^^^  nimibers  with  exponents  p  or  unity,  and  1  number  with  exponent  1. 

Hence  the  number  of  numbers  whose  exponent  is  p*,  mod  m,  is 

pW*  —  p^^-*,  which  when  5  =  1  is  p^'^*  —  1. 

Corollary. — If  p*  be  the  highest  power  of  p  which  can  be  an  exponent  for  mod  m, 
i.e.,  if  p*  is  the  highest  power  of  p  that  divides  the  greatest  exponent,  i.e.,  if  $  is  the 
greatest  of  the  numbers  Z^,  Zg,  .  .  .  then 

1  +  (pOT,  -  1)  +  (pW.  _p<*'>i)  +  .  .  .  +  (p^^'^'  -p<^-)  =  p^^^' 

is  the  number  of  numbers  having  as  exponent  (mod  m)  a  power  of  p  (or  unity)  as 
exponent. 

Now  since  s  is  equal  to  the  greatest  of  the  quantities  Z^,  Zg,  .  .  .  (or  rather  is  not 
less  than  any)  (2Z),  =  XI  and  therefore  p^^'  =  p*' :  the  result  which  was  obtained  in 
the  last  proposition. 

(23a.)  To  find  the  number  of  numbers  having  exponent  2%  mod  m. 

(It  will  be  convenient  to  write  now  k  =  k'  +  2,  so  that  m  =  2*' + T^^^Pg^ .  .  . ). 

If  a  be  any  such  number,  and 

a  =  a^lo  +  a^f  1  +  .  .  .  (mod  m), 
the  exponents  of 

ttQ  mod  2* 
ttj  mod  P|^^ 
ttg  mod  Pg^ 
&c. 

must  each  be  unity  or  a  power  of  2,  and  the  greatest  power  of  2  must  be  2^ 

MDCOCXCm. — A.  2  F 
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First  suppose  that  ^  >  3,  and  so  k'  >  1. 
Then  there  are,  mod  2*'  "*"  \ 

2"'      numbers  with  exponent  2*' 


Ht'-l 


o«'-i 


>9 


99 


fi 


2* 

9» 

>9 

99 

2« 

3 

>> 

99 

>> 

2 

1 

number 

if 

>) 

1 

Hence  there  are 

2*'^  ^  numbers  with  exponent  a  power  of  2  :^  2*' 

2  f,  99  »  »9  ^2 


k'-I 


2* 
1 


99 

niunber 


99 


99 


9» 


99 


9> 


>2 
>  20 


If 


<r  >  K  then  there  are  2*'  * '  numbers  with  exponent  a  power  of  2  ;^  2',  mod  2**  *  *, 


and  if 


o-<K'then     „      „     2'+' 


99 


99 


99 


99 


99 


99 


(this  holds  unless  o-  =  0,  and  then  there  is  one  number  (unity)  with  exponent  1). 

In  either  case,  then,  there  are  2^"'^^  "*"  ^  numbers  with  powers  of  2  :^  2'  as  exponents, 
where  {k\  is  to  be  replaced  by 


Next  for  mod  Pj^'  there  are 


2'^"^  numbers  with  exponent  a  power  of  2  i^  2*»"^ 

2*1-2  4>  2**"* 

^  99  99  99  99  *!      ^ 

&c. 


Hence  (using  the  same  notation)  there  are  2^""^^  numbers  (mod  Pj^^)  having  exponent 
a  power  of  2  ;^  2^ 

Thus  ttQ  may  have  each  of  2^"'^^  values,  a^  each  of  2^*^*^  values,  &c.,  and  the  corre- 
sponding value  of  a  has  exponent  a  power  of  2  (mod  m),  :f>  2^ 

Hence  the  number  of  these  is  2^^^  "*"  \  where  in  Sk  =  ic'  +  'f i  +  'fg  +  •  •  •  ©ach 
number  ac  is  to  be  replaced  by  cr  if  it  exceeds  <r. 
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Similarly  the  number  of  numbers  whose  exponent,  mod  m,  is  a  power  of  2  i>  2*^"  Ms 

Hence  the  number  of  numbers  with  exponent  V  (mod  m)  is 

2(2*)^  +  1  _  2<^><r  -  1  +  \ 

This  holds  for  0-52.     When  o-  =  1  the  number  of  numbers  with  exponent  2  is 

2cs*)i+i  _  1. 

Secondly  suppose  that  k  =  2,  and  so  k  =  0. 

Then,  if  o-  is  >  1,  Oq  may  be  either  1  or  3,  two  values. 

Hence  the  number  of  numbers  with  exponent  2'  is 

2(2kV  + 1 2'^^^  - 1  "*■  ^ 

which  agrees  with  the  above  when  k'  is  omitted. 

K  o"  =  1,  the  number  of  numbers  with  exponent  1  or  2,  mod  2^,  is  2. 
Therefore  the  number  of  numbers  with  exponent  2,  mod  m,  is 

2<**^'*"*  —  1, 

which  agrees  with  the  above  when  k  is  put  =  0. 

Thirdly,  let  k=  1.     Then  Oq  must  be  unity  and  the  number  of  numbers  with 
exponent  2'  is  2(^)<'  —  2^^^-^  where  Sk  =  Kj  +  Kg  +  .  .  . 

Fourthly,  when  (k  =  0)  m  is  odd,  then  agaia  the  number  required  is  2W<r  —  2W<r-i, 

To  collect  the  results  : — 

When 

m  =  2*'+Ti^'P3^  ...  1   there  are  2^'^^'*^  —  1  numbers  with  exp  2, 
or  > 

2«Pi^>P2^  ...     J  2W<'+^  —  2(*')<r-i+i  numbers  with  exp  2'. 

And  when 

m  =  2Pi^*P.3^« ...      ^   there  are  2Wi  —  1  numbers  with  exp  2, 

or  >• 

Pi^^Pg^  ...        J  2(^)^  —  2W^-i  numbers  with  exp  2^ 

(23b.)  The  last  two  propositions  give  us  the  number  of  numbers  belonging  to  any 
exponent  t  =  2*p*g^  ... 

For  the  complete  set  of  these  numbei-s  is  formed  by  taking  all  possible  products  of 
a  niunber  with  exponent  2*,  one  with  exponent  p*,  &c. 

Hence  the  number  of  numbers  with  exponent  t  is  the  product  of  the  number 
of  numbers  that  belong  to  each  of  its  principal  factors  as  exponent. 

2  F  2 
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Examples. — The  number   of   numbers  that   belong  to  any  exponent  for    mod 
m  =  2*.  13.  17.  19. 
The  greatest  exponent  is  the  L.C.M.  of 


^(2*) 
<^(13) 
i>{l7) 
<t>{19) 


2»      -^ 
2*.  3 
2* 
2.  3* 


=  2*.  3«.         <f>  (m)  =  2»».  33. 


For  the  2-power  exponent  numbers  we  have  for  the  k's 


Therefore 


'  _  o 


Ki=  2 


K3  =  4 


4 
7 
8 
9 


fs=  !• 


belonging  to  exp  2*  there  are  2^** 

2'  there  are  2' 
2^  there  are  2^ 
2   there  are  2^ 


n 


» 


>> 


9> 


2®  numbers 
2®  numbers 
2^  numbers 
1  numbers 


For  the  8-power  exponent  numbers  we  may  take  li=  1,    h  =  2, 

(20.  =  2. 
(tl),  =  3. 


Belonging  to  exp  3^  there  are  3^ 

„     3  there  are  3^ 


» 


3^  numbers 
1   numbers 


The  number  of  numbers  belonging  to  any  other  exponent  is  at  once  got  from  these 
by  multiplying,  e.gr.,  the  number  of  numbers  with  the  greatest  exponent  2\  3^  is 
(210  «  2»)  (33  -  32). 

(24.)  We  shall  now  establish  a  particular  set  of  independent  generators  which 
generate  the  <f>  (m)  numbers  (mod  m)  prime  to  m. 
Any  number  a,  mod  m,  is  expressible  in  the  form 


Let 


a  =  Oy^o  +  ^if  1  +  «2^$  +  •  •  •  (inod  7n). 
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g^i  be  a  primitive  root  of  P/> 


Pa** 


and  let 


V 


go  have  exp  2*"^  mod  2' 

/be  =  2*  —  1  or  2-'  —  1  mod  2' 


(In  the  caae  when  k  =  2, /does  not  occur,  when  k  =  1  or  0,  neither /nor  g^.) 
Then 

aj  =  5r2^(modP2*«) 
&c., 


and 


«o = goif'  (mod  2") 


say. 


Therefore 


a  = 


where 


S'oy-'i'o  +  5'i''^i  +  •  •  •  (mod  m) 

(/fo  +  fi  +  •  •  .y  (i/olo  +  1^1  +  .  .  •)*■  (^0  +  fl'i^i  +  •  .  •)'■'  •  •  •  (mod  m) 
[(/- 1)  ^0  +  l? [(^0  -  1) fo  +  IpWi^i  -  1)  fi  +  1  J' .  .  .  (mod  «») , 

j  is  referred  to  mod  2, 


9> 


1  M 


>> 


)9 


mod  2*-^ 
mod  <^  (P/0, 


&c., 


and  so  the  set  of  indices  j\  Iq,  ij .  .  .  correspond  uniquely  to  the  number  a :  and  the 
numbers 

(/-l)e,+  l,     (flro-l)fo  +  l,     (5^1- 1)^1+1.... 
are  a  set  of  independent  generators,  with  exponents 

2,         2-^         <^(Pi^O,--- 

which  generate  completely  the  (f)  (m)  numbers,  mod  m,  which  are  prime  to  m. 
Example. — Take  the  modulus 


If 


m  =  112  =  2*.  7.         <f>{m)  =  (2^)  (2.  3)  =  2*  3  =  48. 

a  =  oLQ  (mod  2*), 
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and 

a  =  »!  (mod  7), 

a  =  tto^Q  +  ajfi  (mod  112). 

7xq  =  1  (mod  2*)  2%  =  1  (mod  7) 

Xq  =  7  (mod  2*)  2xi  =  1  (mod  7) 

lo  =  49  (mod  112)  x^  =  4:  (mod  7) 

fi  =  64(mod  112), 

a  =  49ao  +  64ai  (mod  112). 


We  will  take 


and 


Then 


and 


/  =  7  (=  2»  -  I) 
go  =  S  (having  exp  2*), 

grj  =  3  (a  primitive  root  of  7). 

(/  -  1)  fo  +  1  =  6.  49  -K  1  =  295  =  71  (mod  112), 

(5'o  -  1)  ^0  +  1  =  2.  49  +  1  =    99  (mod  112), 

(S'l  -  1)  fi  +  1  =  2.  64  +  1  =  129  =  17  (mod  112) ; 

71  with  exp  2 

99  with  exp  4   ^  generate  the  48  numbers  prime  to  112. 

17  with  exp  6 


J 


The  following  table  gives  the  indices  corresponding  to  any  number  : — 

Numbers    1.   3.    5.    9.11.13.15.17.19.23.25.27.29.31.33.37.39.41.43.45.47.51.53.55.57.59. 
Ind.  of  17   0152430     1524     30     1     524     30     152     4     301 
Ind.  of  99   0112332     0102     33     2     010     23     321     1     023 
Ind.  of  71    0010011     0010     01     1     Oil     00     110     1     100 

Numbers   61.  65.  67.  69.  71.  73.  75.  79.  81.  83.  85.  87.  89.  93.  95.  97.  99.  101.  103.  107.  109.  Ill 
Ind.  of  17    52430152430152430      1        5      2       4      3 
Ind.  of  99    301102320110232011        03       32 
Ind.  of  71    1001100100     1101100      11      0       1      1 

We  proceed  now  to  the  point  we  have  been  approaching  from  the  beginning,  viz., 
the  investigation  of  the  mode  of  formation  of  and  the  relations  among  the  most 
general  set  of  numbers  capable  of  generating  the  4>  (m)  numbers  (modulus  m)  which 
are  prime  to  the  modulus  m. 
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(25.)  Suppose  Gp  Gg,  G3,  .  .  .  with  exponents  <2>  '21  •  •  •  are  capable  of  acting  as 

complete  generators  of  the  <^  (m)  numbers. 

Then 

(i.)  tit^t^  .  .  •  =  <f>{^) 

and 

(ii.)  the  generators  must  be  independent. 

Since  the  numbers  G  generate  the  complete  set  of  <f>{m)  numbers  they  can 
generate  in  particular  the  numbers  which  have  a  power  of  a  prime  p  (which  is  a 
factor  of  <f>  (m))  as  exponent. 

Suppose  the  highest  powers  of  p  which  occur  in  t^,  ^2>  •  •  •  ^^  jP*S  P***  •  •  •  respec- 
tively. 

Say 

&c. 

Then  we  can  express  the  numbers  G  thus  (Proposition  10) : — 

Gi  =  g^i  (mod  m\ 
Gg  =  g^^  (mod  m), 
&;c.y 

when  g^  has  exponent  p*^  and  hy^  has  exponent  t\^  &c. 
Suppose  now  that 

G{^G^G^  ...  is  congruent  to  a  number  with  a  power  oip  b&  exponent^ 
and  so 


(S^iV«^  •  •  •)  {h%^  .  •  •) 


99  '9  ii  »  9f 


gi^  and  therefore  gi\  has  a  power  of  j?  as  exponent  (Proposition  4),  and  so  for  ^rgS  &c. 
Therefore 

9 1^92*  •  •  •  ^^  a  power  of  j?  as  exponent. 

The  exponent  of  ^j,  and  therefore  of  ^i^,  is  prime  to  p^  and  so  for  h^^  .  .  .  &c. 

Therefore  the  exponent  of  hi^^h^** .  .  .  which  divides  the  L.C.M.  of  the  exponents 
of  hi\  h^\  ...  is  prime  to  p. 

Therefore  the  exponent  of  {g^^g^*  •  •  •)  (^1'*^'" .  .  .)  is  the  L.C.M.  of  a  power  of  p 

and  of  a  number  (the  exponent  of  hi^^h^** .  .  .)  prime  top.     Now  the  exponent  is  to  be 

a  power  of  p.     Hence  the  exponent  of  h^'^h^** .  .  •  must  be  unity. 

Therefore 

h^^h^** .  .  .  =  1  (mod  m). 
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Now  we  can  show  that  this  cannot  be  unless 

hj^'  =  lfh2**=l,.*.  (mod  m). 

For  if  not  suppose  that  at  least  tj  ^  0  (modulus  t\). 
Then 

hi^z** '  '  '  =  ^/ '  (naod  m), 

/ig^Ag'" .  .  .  =^/^"*>  (mod  m). 
Let 

12  =  ^2  (niod  t'2)  and  the  same  for  I3,  &c. :  and     Ij  =  —  ^\  (mod  t\) 
=  0  (mod  jj*»),  =0  (mod  p''), 

so  that  T2  <  ^2  so  that  I^  <  ti 

gU  =  I      1  g^'^  =  1  (mod  m) 

then 

Gg'^Gs'* . .  .  =  Gi^^  (mod  m), 
where 

Ii  9^  0  (mod  <i), 

which  is  contrary  to  the  supposition  that  the  generators  G  are  independent^  and  that 
therefore  no  two  numbers  of  the  t^t,^  .  .  .  that  they  generate  shall  be  congruent. 
Therefore  we  must  have 

ii  =  0  (mod  c\)f 

1*2  =  0  (mod  t'2), 

&c. 

and  so 

hi'  =  1  (mod  m), 

^2^  =  1  (mod  m), 

&c. 

and  so 

G{'  =  gi'  (mod  m), 

&c. 

We  have  shown,  then,  that  when  a  product  of  powers  of  the  generators  G, 
Gi^G2^  ...  is  congruent  to  a  number  with  a  power  of  a  prime  p  as  exponent,  then  each 
fector,  Gi**,  Gg^,  .  .  .  must  have  a  power  of  p  for  its  exponent. 

Thus,  of  the  factors  of  the  product  to  which  G^  is  congruent,  each  factor  having  a 
principal  factor  of  <i  as  exponent  (Proposition  10), only  one  factor  gr^  (viz.,  that  which  has, 
as  exponent,  a  power  of  p)  is  effective  in  any  power  of  G^  which  can  be  used  to  form  a 
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number  with  exponent  a  power  of  p,  the  product  of  the  remaining  factors  h^  being 
necessarily  raised  to  such  a  power  i\  that  hi^  =  1  (mod  m). 

(It  will  be  convenient  to  call  the  numbers  which  have  a  power  of  p  as  exponent,  the 
"  p-power-exponent  numbers ''). 

Suppose  then  that  we  take  the  generators  G,  and  express  each  as  a  product  in  the 
manner  of  Proposition  10.  Then  take  from  each  the  factor  (if  any)  which  has  a 
power  of  the  prime  p  as  exponent.  Then,  since  the  numbers  G  can  generate  all  the 
numbers,  modulus  m,  which  have  a  power  of  p  as  exponent,  and,  since  in  the  number 
G  the  factor  g  is  alone  effective  in  so  doing,  it  follows  that  the  set  of  numbers  g 
generate  completely  the  p-power-exponent  numbers. 

If  we  take  from  each  generator  G  the  factor  which  has  a  power  of  any  other  prime 
q  as  exponent,  we  obtain  a  set  of  numbers  g\  which  generate  the  g^-power-exponent 
numbers,  and  so  on  for  each  prime  which  divides  <^  (m). 

We  see  now,  that  any  set  of  complete  independent  generators,  G,  must  be  formed 
from  these  special  sets  of  generators ;  the  formation  of  each  G  being  effected  by 
taking  one  number  (which  may  be  unity)  from  each  set  and  forming  their  product. 

In  order  to  obtain  the  most  general  set  of  generators,  G,  we  have  now  only 
to  obtain  the  most  general  method  of  producing  each  of  these  subsidiary  sets  of 
generators.  We  may  then  combine  them  as  products  (one  from  each  set)  in  any 
manner  we  please. 

(26.)  Suppose  that  F^,  Fg,  .  .  .  independent  generators,  generate  completely  the 
2>-power-exponent  numbers. 

The  exponent  of  each  number,  F,  must  be  some  power  of  p. 

Let  them  be  p"s  p*^, .  .  .  respectively. 

One  condition  that  the  numbers,  F,  must  satisfy  is  that  the  number  of  numbers 
they  generate,  which  belong  to  any  power  of  p,  p*  as  exponent,  should  agree  with  the 
number  already  found.     (Proposition  23.) 

Consider  any  number  generated 

a  =  T^T^  .  .  .  (mod  m). 

Since  Fj,  Fj,  .  .  .  are  independent  generators,  therefore  the  exponent  of  a  is  the 
greatest  of  the  separate  exponents  of  F^'s  F^S  .  .  .     (Proposition  8.     Corollary). 
Now  Fi  has  exponent  p''\  therefore  of  the  numbers  of  the  form  F^**,  there  are 

p^^  with  exponent  a  power  of  p  >  jp**, 

P"^"'         »  „  „         >P''^\ 

&c., 

and  similarly  for  each  of  the  others,  Fg,  F3.  .  •  . 

Hence  the  number  of  numbers  of  the  form  a  which  have,  as  exponent,  a  power  of 
p  :^  p*,  is  2>^*^  (using  the  notation  of  Proposition  23), 
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Hence  the  number  of  numbers,  with  exponent  p'  generated  by  the  numbers  r,  is 

and,  therefore,  we  must  have 

for  all  values  of  5  from  1  up  to  the  greatest  of  the  values  of  the  numbers  /. 
Hence  we5  get 

(2n),  =  (SO*. 
(Sn)3  =  (20„ 
&c. 

The  first  of  these  equations  shows  that  the  number  of  numbers  I  is  the  same  as  that 
of  the  numbers  n. 

The  second  then  shows  that,  of  each  set,  the  number  of  numbers  which  exceed  I  is 
the  same. 

The  third  then  shows  that,  of  each  set,  the  number  of  numbers  which  exceed  2  is 
the  same. 

And  so  on. 

Hence  the  two  sets  of  numbers  Z^,  Z^*  •  •  •  ^^^l  nj,  %, .  • .  are  identical  (in  some  order) 
term  for  term. 

We  have,  therefore,  shown  that  the  most  general  set  of  jp-power-exponent 
generators  must  have  as  exponents  the  powers  of  p,  2>'s  p^,  .  .  .  ,  which  occur,  one 
each,  as  a  principal  factor  of  <^  (Pi^O»  ^  (-^a^)  •  •  • 

When  j:>  =  2  we  have  the  special  case  of  the  2-power-exponent  generators. 

First  suppose  ic'  5  1,  then 

and  so 

{tK\  +  1  =  (tn),, 

(Sk),  +  1  =  {tn%, 

&c. 

Hence  the  set  of  numbers  n  are  identical  with  the  set  k  together  with  unity :  and  so 
the  exponents  of  the  2-power-exponent  generators  are 

2.  2"'.  V\  V' 

« 

Secondly,  suppose  k  =  2,  then  k  =  0,  and  the  exponents  of  the  generators  are 

2.  2'«.  Vk  .  .  . 
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Lastly,  when  ic  =  0  or  1,  we  have 

and  therefore 

(Sic),  =  (Sn)2, 
&c., 

and  so  the  numbers  n  are  identical  with  the  numbers  k. 

Hence  the  exponents  of  the  2-power-exponent  generators  are 

2*s  2*«,  2*- .  .  . 

We  can  now  see  the  least  possible  number  of  numbei's  G  that  can  generate  the 
complete  set  of  <f}  (m)  numbers. 

Since  each  number  G  contains  not  more  than  one  generator  from  each  of  the 
subsidiary  sets  of  generators  as  a  factor,  it  follows  that  there  cannot  be  less 
generators  G  than  the  number  of  generators  in  that  subsidiary  set  which  contains 
most. 

Now,  since  ^(Pi^*)  =  P^*''^(Pi  —  1),  and  Pj^  is  odd,  therefore  P^  —  1  is  even. 
Hence  ic^  =  1  at  least.  Therefore  of  the  generators  of  the  2-power-exponent 
numbers  there  are  at  least  as  many  as  there  are  odd  principal  factors  Pj^*,  Pg^  •  .  .  , 
in  m  :  and  so  the  number  of  2-power-exponent  generators  is  never  less  than  the 
number  of  generators  in  any  other  subsidiary  set. 

Therefore  when 

or 


the  least  number  of  generators  G  is  the  number  of  primes  P^,  when 

m  =  2\V^\  .  .  . 
the  least  number  of  generators  G  is  the  number  of  primes  Pj,  +  1,  and  when 

the  least  number  of  generators  G  is  the  number  of  primes  Pj^,  +  2. 

(27.)  We  shall  next  form  a  set  of  j:>-power-exponent  generators  of  a  particular 
kind,  similar  to  the  complete  generators  of  Proposition  (24). 

Let  a  be  any  p-power-exponent  number 

ct  =  Oq^o  +  ^^1^1  +  ^2^2  +  •  •  •  (^od  m). 

2g2 
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Then  we  must  have 

ao  =  1  (mod  2^^) 

aj  with  exp  a  power  of  p  (or  unity)  mod  P^^^ 

a.  „  „  p{  )modP3^ 

&c. 
Let 

y^  be  a  number  with  exp  p^  mod  Pj^* 

72  »  >y  JP^«modP2^ 

(If  in  any  case  p  is  not  a  factor  of  <j>  (P^)  y  is  =  1). 

Then  we  may  put 

»!  =  y/»  (mod  Vi"') 

a^  =  y^^  (mod  P^^), 

&c., 
and  therefore 

a  =  fo  +  71%  +  72%  +  •  •  •  (mod  m) 

a  =  (fo+fi  +  -  •  0(^0+71^1+  •  •  •)'M^o+  ^1  +  72^+  •  •  O^-  •  •  (modw) 
=  f7i'%^  •  •  •  i^od  m). 

The  first  factor  and  each  of  the  following  in  which  the  y  is  =  1  is  =  1  (mod  m). 

The  number  of  factors  remaining  is  the  number  of  the  principal  factors  P^  which 
have  a  power  of  ^  as  a  factor  of  <f>  (P^). 

These  factors  generate  the  p-power-exponent  numbers  :  corresponding  to  each  set 
of  indices  i  is  one  of  the  numbers  a  and  vice  versd. 

These  generators  are  only  a  very  special  kind  of  p-power-exponent  generators 
inasmuch  a^  each  is  congruent  to  unity  for  each  but  one  of  the  principal  factors  of  m 
as  modulus.  They  will  be  called  unitary  generators  and  will  be  useful  for  the 
discussion  of  the  more  general  type. 

In  the  case  when  jt?  =  2,  let 

/  be  =  2*  —  1  or  2*-i  —  1  (mod  2-^) 
yQ  have  exp  2*"^  (mod  2") 

(if  K=  2y  f  does  not  occur  ;  if  ic  =  0  or  1,  neither  g  nor  /), 

Yi  have  exp  2"*  (mod  Pj^*) 
yj  „  2'^-  (mod  Pa^, 
&c., 
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and  thus 

a  =  (/$,  +  ^1  +  .  .  .y  (yo^o  +  ^i  +  .  .  .)Mfo  +  yi^i  +  •  •  •)"  •  •  •  (mod  m), 

and  all  the  fietctors  in  this  product  (omitting  those  whose  y  is  =  1)  form  a  complete 
set  of  2-power-exponent  generators. 

Thus,  in  either  case,  when  p  is  an  odd  prime  or  is  equal  to  2  we  can  form  a  set  of 
j:>-power-exponent  generators  (having  the  exponents  found  to  be  necessary  in 
Proposition  26),  such  that  each  is  congruent  to  unity  for  all  but  one  of  the  principal 
factors  of  m. 

Example.  — Let 

m=308  =  2\  7.  II. 

^  (m)  =  (2).  (2.  3)  (2.  5). 

The  highest  exponent  is  30, 

There  are 

7  numbers  with  exp  2 1 
and  >  (Example  Proposition  26,) 

1  „  .,         ij 

We  will  form  unitary  generators  of  these  eight  numbers.     Since  2  enters  only  in 
the  square  into  m^  f'm  not  needed. 
We  must  take 

y^  =    3  (with  exp  2  mod  2-), 

yj  1=    6  (with  exp  2  mod  7), 
y^=,\Q  (with  exp  2  mod  11). 


Thus 


^,  =  77,  ^1  =  176,  ^3  =  56. 

^^=(3  —  1)    77+ 1  =  155  (mod  308) 

^j  =  (  6  —  1)  176  +  1  =  881  =  265  (mod  308) 

g^  =  (10  —  1)    56  +  1  =  505  =  197  (mod  308) 

are  a  (in  this  case  the)  set  of  2-power-exponent  unitary  generators. 

The  numbers  with  exponent  2  are  given  as  products  of  powers  of  these  by  the 
following  table  of  indices. 

Numbers.  197.  265.     155.     111.     43.     153.  307. 
Index  of  155     ...       0          0          1          110  1 

Index  of  265     ...       0  1  0  101  1 

Index  of  197     ...       1  00011  1 
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(28.)  In  what  follows  we  shall  need  the  following  lemma. 

Consider 

a^x  +  &iy  +  CjZ  +  .  .  .  =  A?!  (mod  p^) 

a^  +  h^y  +  C22  -f  .  .  .  =  A;^  (mod  p") 

a^x  '\'b^  +  c^z+  .  .  .=k^  (mod^*) 


as  many  congruences  as  unknown  quantities. 

What  is  necessary  in  order  that  the  congruences  may  have  one  solution,  for  any 
assigned  set  of  values  of  the  A;'s,  and  one  only  ? 

Multiply  the  equations  in  order  by  the  minors  of  the  elements  of  the  1st  column  of 
the  determinant 


ai 


a 


2 


6< 


'2 


'2 


a< 


and  add 


We  get 


X 


«!      &i 


a 


2 


a. 


^1     &i     c 

rCa         Oa         C, 

k^     o<^    c 


(mod  p'"). 


In  order  that  this  may  have  one  solution,  and  one  only,  the  determinant 


!       * 


&1      Cj 


must  be  prime  to  p%  and,  therefore,  prime  to  p. 

This  being  so,  then  to  each  set  of  values  of  the  k'a  corresponds  a  single  set  of  values 
of  Xy  y^  z,  .  .  . 

(29.)  We  have  now  to  find  the  most  general  type  of  a  set  of  jp-power-exponent 
generators.     (The  work  is  in  no  respect  different  in  the  case  when  jp  =  2.) 

Let  the  exponents  necessary  for  a  set  of  generators  be  p\  p\  ...  p'*^  as  determined 
by  Proposition  (26). 

Let 

gi  with  exp.  p'» 


92 


j» 


>> 


p^* 


>•  be  a  set  of  unitat^y  generators.     (Proposition  27.) 


9,^    »       »»     P^' 
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Suppose  that  r^,  Fg, .  . .  F^  are  the  most  general  set  of  ^-power-exponent  generators. 
We  know  already  (Proposition  27)  that  their  exponents  are  //»,  p\  .  . .  and  we  may 
suppose  them  to  be  so  in  this  order. 

Since  each  number  F  is  itself  a  ^-power-exponent  number,  each  is  expressible  as  a 
product  of  powei*s  of  the  g's. 

Let 

^2=9i''92''9s''  •  •  •  9j''^  {^od  m) 

^^=9i'^9^^9^"^'  •  •  9j^^  (naod  m) 

{Note. — V, ,,  is  the  index  of  gf^  i^  the  value  of  F,.) 

Since  the  exponent  of  F^  is  p\  it  follows  that  jph  is  the  least  multiplier  that  makes 

i2]i>'*  =  0  (mod  p^\ 

HiP^'  =  0  (mod  ;/«), 

&c., 
(Proposition  8,  Corollary),  and  similarly  forp'*,  &c. 

We  may  insert  here  a  lemma,  which  will  be  useful  presently. 
Lemma. — Iflr  >  Z„  then  i^  is  divisible  by  p. 

in  is  the  index  of  gr  in  the  product  F„ 
F,  = .  .  .  gj'^  .  .  .  (mod  m). 

Hence  (Proposition  8,  Corollary)  the  exponent  of  F,  is  ^  exponent  o(  gr*^\ 

Suppose,  if  possible,  that  i^  can  be  prime  to  p. 

Then  the  exponent  ofg/^isp^'  (Proposition  4). 

Now  the  exponent  of  F,  is  p\ 

therefore 

P^<P^, 
therefore 

which  is  contrary  to  the  supposition  Z,  <  Ir,  and  therefore  ir,  cannot  be  prime  to  p. 
Hence,  if  ?r  >  ^#,  then  ir,  is  divisible  by  p. 

Take  any  one  whatever  of  the^-power-exponent  numbers,  gi^g^* .  .  .  gj*"  (modulus  m). 
Then,  since  the  numbers  F  are  also  generators  of  these  numbers  (the  p-power- 
exponent  numbers),  the  numbers  gi'gz^' .  .  .  g^^f^  (modulus  m)  must  be  expressible  in 
the  form  Fi^^Fg** .  .  .  F^*^  (modulus  m)  in  one  way,  and  one  way  only. 

Therefore 

9i'92'  •  •  •  9h^''  =  '^i^'^2^  •  •  •  r/M(mod  m) 
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must  lead  to 

one  value  of  x^  (mod  p^'), 

„     X2{modp% 
&c. 

Substituting  the  values  of  the  r  s  in  terms  of  the  .^'s, 

{9&92''  •  •  •  ffj'^')''  {9\V  •  •  •  OJ^'Y*  •  •  •  {9&92^'  •  •  9J^y''  =  9i'9'2'  •  •  •  fl^/'^(mod  m), 
qM'^  +  »"^  +  • . .  +  »if* *M .  Qfg^*** ^ *"'*  + . . . V *M .  .  ,  Q  V*** **■  ^'***»  + . . . v*fi*M  =  9\^9^*  •  •  •  fl'/i^'*  (mod  m). 

Therefore  (Proposition  7)  it  follows  that 

hi^\  +  h^2  +  •  .  .  +  iiii^i.  =  Ti  (mod  p'O, 
^21^1  +  %^2  +  .  .  .  +  i^ic^  =  la  (mod  p% 

Vi^i  +  ^2^2  +  .  .  .  +  va^;,  =  I^  (modp'M ), 

and  we  need  that  these  shall  have  one  set  of  values  of  Xi  (modulus  jp'*),  a^  (modulus 
p'*),  &c.,  .  .  .  and  only  one. 

This  being  so  the  numbers  V  will  generate  completely  the  jt?-power-exponent 
numbers. 

We  may  suppose  that  the  moduli  p^\  p^  .  .  .  are  in  ascending  order  of  magnitude, 
so  that  /,</,  + 1. 

Suppose  that 

Any  one  of  the  unknowns  x^  is  to  be  found  with  regard  to  mod  p^. 
We  can  write  x^  in  the  form 

x.  =  l  +  L  p"^  +  Lp''  +  Lp''  +  .  .  .  (mod  p% 
where 

^-  <  p'' 

L 

&c. 
This  substitution  gives  in  particular, 


iCi     =  f  1  (mod  p^). 
iCg    =  f 2  (mod  p^). 


aJa    =  L  (mod  p'*). 
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a;«+i  =  f«+i  +  £,+i.,p''  (mod^''). 

•  •  •  • 

•  •  •  • 

•  •  •  • 

a*    =  £5  +  ^««  jj'-  (mod  p*). 

a;*+i  =  ^j+i  +  ^6+1..  i>''  +  ^6+i.i  P*  (mod^^). 

Xc    =  £.  +  £e«i>^  +  ^cbpf"  (modi)''). 

First  replace  each  modulus  which  exceeds  jih  by  p'*,  and  substitute  the  assumed 
values  of  the  aj*s. 

We  get  the  ft  congruences 

h\^\  +  hf>4  +  .  .  .  +  ^'iM^M  =  Ii  (mod  Tph), 
hi^i  +  %^9  +  .  •  .  4  v£m  =  I2  (mody-), 


Vi^i  +  V2^2  +  .  .  •  +  C^M  =  Im  (°^od  P^)* 

and  we    need  that  these   shall  determine  a  single  set  of  values  for  £i,  ^2*  •  •  •  fu 
(mod  iph). 

The  necessary  and  sufficient  condition  is  that  the  determinant 

(^ii>  %»  %>  •  •  •  w) 

should  be  prime  to  p  (Proposition  28). 

Suppose  that  this  is  so,  and  that  the  numbers  ^i,  ^2*  •  •  •  ^^  ^^^  determined. 

When  these  values  are  substituted  above,  suppose  that  the  values  of  the  left-hand 
sides  are  Ii  —  jp'' I\,  1^—  p^  1^2,  &c.  .  .  .  (.where  the  negative  signs  are  written  for 
convenience  in  what  follows,  and  I\,  I'g,  .  .  .  are  therefore  negative). 

Next  replace  each  modulus  which  exceeds  jih  by  p^,  and  substitute  the  assumed 
values  of  the  x's. 

The  first  a  congruences  are  already  satisfied. 

The  rest  give 

la+l  —p^Va^l  +  ?/•  (4  +  l.a+l  £t  +  l.a  +  ^a+l.a+2  £a+2.a  +  •   •  •  +  ^a+l^  O  =  ^a+l  (mod|/*). 
Ia+2  —  i>^  ra+2  +  P^  (4+2.a+l  fa+l.a  +  4+2.a+2  ^a+2^  +  .   .   .  +  4+2.^  ^f*a)  =  I«+2  (mod  p^). 

Im       —  Z^  I'f*        +  2>^  (V.a+1  ^«  +  l.«       +  Va+2  ^a+2u»        +  •   •   •   V  ff«»)  =  ^^  ("^^^  P^)' 
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Therefore 

^a+l.a+1  ha+lM  "T  ^a+l.tt+2  bo+2.a  4"   •   •   •    +  *a+l.fi  b)*o  =  ^  a+l  (HIOCI  ^         ) 
*a+2.tt+l'ba+l.a  T  *a+2.a+2  bo+2.a  'T   *  '  '   'T  ^a+2.fi  b)*o  =  ^  tt+2  (iHOd  p        f 

Vrt+l  Sa+l.a       +  V«+2*bo+2.a        "+■•••  ^w*  bf»a       =  A /i       (IHOCI  |>         ), 

and  we  need  that  these  shall  determine  a  single  set  of  values  of 

£a+l.a,   ^a+2.«,  •   •   •    ^^a  (mod  jp'*"'*). 

The  necessary  and  sufficient  condition  is  that  the  determinant 

should  be  prime  to  p. 

Suppose  that  this  is  so,  and  the  numbers  fa+i,a>  ^a+2.aj  •  •  •  (5)*a  ar^  determined:  and 
suppose  that  when  substituted  above  the  values  of  the  left-hand  sides  become 

r,,.  -  p^^-^r'a^r,  &c. 

Next  replace  each  modulus  that  exceeds  p^  by  p^,  and  substitute  again  the  values 

of  X. 

The  first  6  congruences  are  now  satisfied. 
The  rest  give 

(i,+i  -  r6+ii>'-)+(r6+i--r6+iP^"'-)i>'-+y*(t6+i.6+i£6+i.5  + . . .  h^i.^^^i»)=h^i{moip'') 

(I, -!>'•)      +(!;-!>'*-'•)        +2>'*(v,^,£,,,,     +...VU    =I,(modp^). 
Therefore 

*6+1.5+l  b6+l.i  +  ^6+1.6+2  b6+2.6  +    •   •    •    +  ^6+l.fi  h,ib  =  I    6+1  (mod  P  "   ) 
V-6+1  b6+1.6        +  V6+2  b6+2.6      +    •   •   •    ^  bM6  —  ^    ft  (mod  p  "  *), 

and  we  need  that  these  shall  determine  a  single  set  of  values  of 

^6+1^,  ^5+2. 6, .  .  .  £^6  (mod  jp'*-'*). 
The  necessary  and  sufficient  condition  for  this  is  that  the  determinant 

(h+l.b+U  ^6+2,6+2*   •   •    •   "^/i^) 

should  be  prime  to  p. 
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These  successive  steps  are  to  be  continued  until  all  the  quantities  f  are  determined. 
They,  and  therefore  the  numbers  x  will  be  determined  uniquely,  provided  that  the 
conditions  that 


(^11  •  •  •  Vm) 

V*o+l  *a+l>  •  •  •  *^/ 

(^6+1,  6+l>  •  •   •  '^ii^i) 
&C., 


shaU  all  be  prime  to  p,  are  satisfied. 


When  these  conditions  are  satisfied  the  generators  F  generate  the  complete  set  of 
jp-power-exponent  numbers. 

(30.)  We  have  not  yet  seen  whether  the  conditions  just  found  are  independent  or 
not.  We  shall  find  that  the  first  condition  (i\i,  %, .  . .  i^)  includes  all  the  others ;  it 
may,  however,  be  replaced  by  others  of  a  similar  kind,  but  practically  simpler. 

Let  us  write  down  the  complete  determinant  and  divide  it  into  squares  and  rect- 
angles thus : — 


hi 

t21 


hz 

. 


*a-l.l      *o-1.2 
Kl  ^a2 


^a+l,  1 


^61 


ha^l 
^2.0-1 


•   *a-l.a-l 


&C. 


ha 

. 
^2rt 


i 


^aa 


''o+l.  a 


'bn 


ha+l 


lb 


^cia+l 


*a6 


''a+l.o+1      *'o+l.  6 


*6a+l 


^» 


&C. 


For  reference,  we  may  name  these  squares  and  rectangles,  thus  :■ 


(«a) 

(ab) 

{ac) 

(6a) 

{bb) 
{cb) 

{be) 

{ca) 

{cc) 

&c. 
2  H  2 


&c. 
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The  lemma  proved  in  the  course  of  the  last  proposition  (that  if  Ir  >  Z„  then  iV,  b 
divisible  by  p)^  shows  that  every  element  /,  which  is  found  to  the  left  and  below  the 
determinants  (aa),  (66),  (cc)  ...  is  divisible  by  jp,  i.e.,  every  element  in 


(6a) 

(ea) 

{cb) 

(du) 

{db) 

(do) 

is  divisible  by  p. 


&c. 


The  complete  determinant  {in,  .  .  .  t^^)  can  be  expressed  as  the  sum  of  products  of 
pairs  of  complementary  determinants,  one  of  these  in  each  such  product  being  the 
determinant  formed  by  any  a  rows  taken  from  (aa),  (6a),  (ca)  .  .  . 

Now,  any  row  taken  from  (6a),  {ca),  .  .  .  has  every  element  divisible  by  p.  Hence, 
the  only  determinant  formed  by  a  rows  taken  from  (oa),  (6a),  (ca),  .  .  .  which  is  not 
immediately  divisible  by  jp,  is  the  determinant  (aa)  =  {in,  .  .  .  i^a). 

Hence 

Therefore,  if  {in  .  .  .  i^^)  is  prime  to  p,  then  {i^,  .  .  .  iaa)  and  {ia+i,a  +  u  •  •  •  v)  ^^^ 
both  prime  to  p  (and  vice  versd). 

Again,  take  the  determinant  (4  + 1.  a  + 1>  •  •  •  w)> 


(66) 


{cb) 


&c. 


&c. 


This  can  be  expressed  as  a  sum  of  products  of  determinants  in  the  same  way :  one 
determinant  in  each  product  being  formed  by  (6  —  a)  rows  taken  from  (66),  {cb)  .  .  . 
Of  these,  only  (66)  is  not  immediately  divisible  by  p. 
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Therefore 

and,  since 

(4+i.a  +  i,  •  .  .  i^)j^  prime  top, 
therefore 

(^a+i.a  +  i>  •  •  •  ^w)  and  (^6+1.6  +  1,  .  .  .  v)  ^r®  ^^^^  prime  to^, 
and  so  on. 

Hence,  ad  stated  above,  the  single  condition  (iij,  .  .  .  i^)  prime  to  p,  includes  all  the 
other  conditions  found  necessary  in  Proposition  (29),  and  is  therefore  a  necessary  and 
suflScient  condition  that  the  numbers  T  (having  the  proper  set  of  exponents)  may  com- 
pletely generate  the  p-power-exponent  numbers. 

Also,  this  single  condition  may  be  replaced  (with  much  advantage  practically)  by 
the  equivalent  set  of  conditions — 


\*11>  •   •   •  *aa/ 

(^o+l>  K+l9   •   •   •  ^66/ 

\h+lf  h+l9  •    •   •  ^«/ 
&C. 


>►  all  prime  to  p. 


(31.)  We  have  now  a  complete  series  of  methods  for  ascertaining  whether  a  given 
set  of  numbers  G  can  act  as  generators  of  the  complete  system  of  <^  (m)  numbers 
(modulus  m). 

(1.)  Find  the  exponent  to  which  each  belongs.     (Proposition  17.) 

(2.)  The  principal  factors  of  these  exponents  must  be  the  numbers  found  in 

Proposition  (26). 
(3.)  Express  each  number  G  as  a  product  of  numbers  with  principal  factors 

of  exponent  of  G  as  exponents.     (Proposition  10.) 
(4.)  Express  each  of  these  last  as  a  product  of  powers  of  unitary  generators, 

and  thus  get  for  each  a  set  of  indices. 
(5.)  Apply  the  series  of  conditions  of  Proposition  (30). 
If  (2)  and  (5)  are  both  satisfied  then  the  numbers  G  are  complete  generators. 
Conversely  to  form  any  set  of  generators — 

(1.)  For  each  prime  p  in  <l>  (m)  form  a  set  of  unitary  generators. 

(2.)  Form  from  these  any  set  of  jp-power-exponent  generators  satisfying  the 

conditions  of  Proposition  30. 
(3.)  Multiply  together  one  generator  from  each  of  the  sets  just  formed. 
Eocamples. 

Let  us  form  a  set  of  generators  for  mod  308  =  2^.  7.  11. 

m  =  22.  7.  11. 
<f>  (7)  =  2.  3. 
<f>  (11)  =  2.  5. 
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The  principal  fectors  of  the  exponents  of  the  generators  ai-e 


Z«  lt%  Z.  i5.  d« 


We  form  first  the  numbers  with  exponent. 2  to  generate  the  2-exponent  numbers. 
These  numbers  expressed  in  terms  of  the  unitary  generators,  155,  265,  197,  are 
given  by 


No. 

Ind.  of  155. 

Ind. 

of  265. 

Ind.  oj 

197. 

0. 

0. 

1. 

265. 

0. 

1. 

0. 

155. 

1. 

0. 

0. 

111. 

1. 

1. 

0. 

43. 

1. 

0. 

1. 

153. 

0. 

1. 

1. 

307. 

1. 

1. 

1. 

Of  these  (by  Proposition  30)  we  can  take  any  three  such  that  the  determinant 

formed  by  their  indices  is  prime  to  2,  i.e.,  odd. 

For  example, 

10     1 


0  1     1 

1  1     1 


and  so  43,  153,  307  may  be  taken  as  generators. 
Secondly  we  need  a  number  with  exponent  3. 
Of  these  there  are  two,  177  and  221.     Let  us  take  177. 
Lastly  we  need  a  number  with  exponent  5. 
Of  these  there  are  four,  113,  141,  169,  225.     Let  us  take  113. 
We  have  now  43,  153,  307,  independent  generators  with  exponent  2, 

177  with  exp  3, 
113     „        5,    5. 

These  we  may  combme  in  any  manner  we  please  as  products,  taking  only  one  from 
each  set  in  each  product. 

Let  us  take  43.  177.  113  =  107  (mod  308)  with  exponent  30. 
We  have  thus  obtained  three  generators 

107  with  exp  30" 
153      „       „      2  I 
307      „       „      2 


which  generate  the  complete  set  of  <^  (308)  numbers. 
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Conversely,  we  can  verify  that  107.  153.  307  are  complete  g;enerators. 

First  we  find  that 

i07  has  exp  30 

153    „      „      2  > 

307    „      „      2. 

and  so  the  exponents  have  the  necessary  principal  factors. 


where 


107  =  107^^  107^0.  107«  (mod  308), 
=  43.  177.  113  (mod  308), 

43  has  exp  2 


177 
113 


>>  )> 


>J  J> 


We  only  need  to  show  that  43,  153,  307  are  independent ;  and  since  the  indices  of 
these  when  referred  to  the  unitary  generators  are 

43,  1  0  1 
153,  0  1  1 
307,     1     1     1 

and  the  determinant  is  prime  to  2,  we  see  that  the  generators  43.  153.  307  are 
independent. 

Let  us  form  generators  for  modulus  999  =  3^  37. 

m  =  3^  37, 
<^(m)  =  (3l  2)(3^  2^). 

The  principal  factors  of  the  exponents  of  the  generators  are 


If 


a  = 


a  = 


2.  2^  3^  3^. 

ttj  (mod  3^), 

a2(mod37), 

«ifi  +  <h^2{^odZ\  37). 


37a;i  =  1  (mod  3^) 
lOa?!  =  1  (mod  27) 
cCi  =  19  (mod  3^) 


^1  =  37.  19  =  703  (mod  999) 


27aj3  =  1  (mod  37) 
^2=  11  (mod  37) 
i.  =  297  (mod  999) 


and,  therefore, 


a  =  703ai  +  2970^  (mod  999). 
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We  want  first  any  number  with  exponent  2. 

Suppose  we  take  a^  =  26  and  a^  =  36  each  with  exponent  2  (for  moduli  3^  and  37 
respectively). 
Then  we  get 

a  =  70S.  26  +  297.  36  (mod  999) 

=  998  (mod  999)  with  exp  2. 

We  want  next  a  number  with  exponent  4. 
Suppose  we  take 

a,  =  \ 

and 

a.,  =  6  (with  exp  4,  mod  37). 

Then  we  get 

a  =  703  +  297.  6  (mod  999) 

=  487  (mod  999)  with  exp  4. 

Lastly,  we  want  two  independent  generators  with  exponent  3^. 
We  first  form  unitary  generators  with  exponents  3^ 

a^  =  4     Og  =  1  gives  112  with  exp  3^ 
and 

»!  =  1     ag  =  12  gives  271  with  exp  3^. 

We  may  take  for  our  3-power-exponent  generators  any  two  numbers  of  the  form 
112'*  27lS  112''^  27r'S  provided  that 

1  2 

.^       .^      is  prime  to  3. 

Suppose  we  take  it 

1  1   I 

2  1  i 

and  then  the  genemtors  are 

112.  271=382  (mod  999) 

and 

1122.  271  =  826  (mod  999). 

Thus  we  have 

998  with  exp  2, 
487  with  exp  4, 
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and 

382  and  826  with  exp  3^ 
Hence  we  may  form,  say, 

998.  826  =  173  (mod  999)  with  exp  2.  3*. 
and 

487.  382  =  220  (mod  999)  with  exp  2\  3^ 
Thus 

173  with  exp  18 
220  with  exp  36 

generate  completely  the  2^.  3*  nimibers  prime  to  999. 


Indices  and  Tables  of  Indices. 

(32.)  Let  Gi  G2  .  .  .  G^  be  a  complete  set  of  independent  generators  for  modulus  m. 

Let  their  exponents  heti^t^...  t^ 

Then  any  number  a  prime  to  m  is  expressible  in  the  form 

a  =  Gi'^  Gg^  .  .  .  G>  (mod  m), 
where 

We  may  thus  make  a  table  giving  the  set  of  indices  i^,  ig,  .  .  .  i*  which  correspond 
to  any  number  a,  and  conversely  the  number  a  which  corresponds  to  any  set  of 
indices. 

We  may  conveniently  write 

and  then  if 

a   =z  ^i  1,  2-  2>  •  •  •  ^  «/ 

we  shall  have 

oa  =(ti  +  ii,  I2  +  »ij,  ...  I.  +  t,) 
and 

With  tables  of  this  kind  for  every  modulus  we  can  at  once  solve  any  congruence  of 

the  form 

ax^  =  6  (mod  m) 

whatever  m  may  be,  if  a  and  6  are  both  prime  to  m.     For  suppose  that 

Ot  H^  I  ft-i    fro   •    •    •     I 

6  =  (i'i  t's )  . 

X  zrz  (li»  ^2i  *  •  '  / 
MDCOCXCIII. — A.  2  I 
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Then  we  must* have 

ti  +  wli  =  ^^1  (tnod  <i) 

Vj  +  ^1-2  =  ^\  (mod  t^f 
&c. 

The  G.C.M.  of  n  and  t^  must  divide  i\  —  ?'i,  &c.,  in  order  that  the  congruences  may 
be  soluble. 

These  being  so  we  find  Ij,  Ig, . . .  by  reference  to  tables  with  moduli  ^i,  t^^  .  .  .  which 
are  (or  may  be)  composite  numbers. 

If 

v^  is  the  G.C.M.  of  n  and  i^,  I^  will  have  vi  values  mod  <p 

^2  »  »>  ^  and  ^2>  ^2  n  ^2  »»  ^2> 

&c. 

Hence,  by  reference  again  to  the  table  for  modulus  m,  we  obtain  at  once  the 
^i>  ^2>  ^3  •  •  •  numbers  which  satisfy  the  congruence  oaf  =  6  (mod  m). 

Let  us  now  solve  the  same  congruence  with  the  help  only  of  tables  of  indices  for 
powers  of  primes  as  moduli. 

If 

oq  is  a  solution  of  the  congruence  ax"^  =  h  (mod  2*), 

aj  „  „  „  ox"  =  &  (mod  Pi^»), 

&c., 
then 

X  =  ttofo  +  oe^^i  +  a^fg .  .  .       (mod  m) 

is  a  solution  of  the  congruence 

aoc^  =  6  (mod  m). 

Hence  the  solution  is  conducted  as  follows : — 
By  means  of  the  tables  of  indices  find 

all  the  values  a^  which  satisfy  oa;*  =  6  (mod  2*), 
,.  f>       «!  »  M  (mod  Pi^»), 

&c. 

Next  find  the  values  of  the  ^'s,  Proposition  (19),  each  being  found  by  the  tables. 
Lastly  the  values  of  x  which  satisfy •  oa?*  =  6  (mod  m)  must  each  be  calculated  sepa- 
rately by  giving  to  each  of  ocq,  a^, .  .  .  one  of  its  possible  values. 

In  the  case  of  a  multiple  solution  the  labour  involved  in  this  last  step  may  be  very 
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great ;  and  consequently  the  saving  of  labour  effected  by  the  use  of -tables  of  indices 

for  composite  moduli  proportionately  so. 

As  an  example  of  the  use  of  tables  of  indices  for  composite  moduli  let  us  use  the 

table  given  in  the  example  to  Proposition  (24). 

Solve 

9a:5  =  53(inod  112). 

53  =  (4.  1.  1.) 
(written  in  this  order  the  indices  are  referred  to  moduli  6.  4.  2), 


and^  therefore, 
If,  then. 


and,  therefore, 


therefore 


9  =  (2.  2.  0), 

a^  =  (2.  3.  1). 

X  =  (a.  6.  c) 
x"  =  (5a.  56.  5c), 

5a  =  2  (mod  6),  and,  therefore,  a  =  4, 
56  =  3  (mod  4),  and,  therefore,  6  =  3, 
5c  =  1  (mod  2),  and,  therefoi-e,  c  =  1, 


X  —  (4.  3.  1), 

X  —  109  (mod  112). 

Solve 

47a*  =  55  (mod  112). 

55  =  (3.  0.  1), 

47  =  (5.  2.  1), 

therefore 

«*  =  (4.  2.  0), 

therefore,  if 

X  =  (a.  h.  c) 

2a 

=  4  (mod  6), 

26  =  2  (mod  4), 

2c  =  0  (mod  2), 

a 

=  2  (mofl  3), 

6-1  (mod  2), 

c  =  0  or  1 

a 

=  2  or 

5. 

6  =  1  or  3. 

Hence  there  are  eight 

solutions 

(2 

1 

0) 

=51                 (5     1 

0)  =  19 

(2 

1 

1) 

=37                (5     1 

1)=    5 

(2 

3 

0) 

=  107                (5     3 

0)  =  75 

(2 

3 

1) 

=93                (5     3 

1)  =  61. 

2  I  2 
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PART  II.— ON  THE  RESIDUES  OF  POWERS   OF  NUMBERS  FOR  ANT  MODULUS, 

COMPOSITE   AND   COMPLEX. 

In  order  to  maintain  as  far  as  possible  the  parallelism  of  Parts  L  and  II.  a  number 
of  facts  and  relations  peculiar  to  complex  numbers  are  noted  (most  without  proof)  in 
the  following  Preface  to  Part  11. 

Preface  to  Part  II. 

Complex  primes. — i.e.,  numbers  either  real  or  complex  which  have  no  real  or  complex 
factors. 
These  are  of  two  kinds 


•  • 


(i.)  Real  primes  of  the  form  4i  +  3  J  ^-9-  3,  7,  11,  19,  . 
(ii.)  The  factors  of  real  primes  of  the  form  4i  +  1>  which  are  expressible  as  the 
sum  of  two  squares,  e.g.^  I  +  2i,  2  +  i,  3  +  2i,  2  +  3i  .  .  .    Among  the  last 
we  include  the  factors  of  the  real  prime  2,  viz.,  1  +  i. 

These  two  kinds  of  prime  we  shall  call  respectively  jpwre  and  mixed,  speaking  of  either 
as  a  complex  prima  By  a  real  prime  we  shall  mean  the  primes  ordinarily  so  called, 
real  numbers  which  have  no  real  factors. 

To  express  any  number  as  a  product  of  its  prime  factors. 

Let  a  +  6i  be  the  number.     Let  d  be  the  G.C.M.  of  a  and  6,  and  suppose  that 

a  -{-hi  z=i  d{a  -{-  fii). 

rf  is  a  real  number  and  can  be  expressed  as  a  product  of  real  primea 
Of  these,  those  that  are  not  complex  primes  can  be  separated  each  into  its  two 
factors. 
All  the  factors  of  a*  +  j8^  are  themselves  expressible  as  the  sum  of  two  squares. 
Say 

Then  the  prime  factors  of  a  -f  A  o,re 

Otg  jt  ^Pit  •  •   • 

whei'e,  in  each  pair,  the  sign  must  be  so  chosen  that 

a-\-  fii=  (ttj  ±  ifii)  (ttj  ±  ifi^) .  .  . 

Example. 

60  +  105i  =  15  (4  +  7i) 

15  =  3.  5  =  3(2+t)(2-i) 

4*  +  7^  =  65  =  5.  13  ==  (2*  +  1«)  (3*  +  2*) 
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Thus 

p^-rp'np'^r'         [q  prime  to  m/Ky 

and,  therefore,  since  a  and  6/k  are  also  prime  to  m/ic,  the  congruence  (ii.)  is  soluble  (if 
possible)  by  means  of  the  tables  giving  the  indices  of  numbers  prime  to  the  modulus. 
Each  solution   ^  of  the  congruence  (ii.)  gives  a  single  solution  x^^pf'p^' .  .  . 
(mod  m)  of  the  congruence  oaf  =  h  (mod  m). 
Example. — Solve 

22x5  =  54  (mod  672). 
The  congruence  is 

2.  11.  x^  =  2.  3^  (mod  2^  3.  7) (i.) 

Dividing  by  2  we  have 

11.  x5  =  33  (mod  2*  3.  7) (ii.) 

and  any  solution  x  of  this  gives  the  two  solutions  a:,  x  +  336  of  the  congruence  (i.). 
From  (ii.)  we  get,' dividing  by  3, 

11^  =  9  (mod  2*.  7). 

In  congruence  (ii.)  let  x  =:  3^. 
Then 


Now  (see  table,  p.  222) 


therefore 


therefore 


therefore 


Hence  (ii.)  has  the  solution 


1 1.  3*.  f 6  =  9  (mod  2*.  7) 
11.3lf5  =  i  (mod  2*  7). 

11  =(4.  3.  0), 
9  =  (2.  2.  0), 

9.  11  =(0.  1.  0), 


^  =  (0.  3.  0), 

f  =  (0.  3.  0) 

f=  43  (mod  2*.  7). 

a;  =  1 29  (mod  336), 


and  therefore  the  solutions  of  (i. )  are 


a;  =129,  465  (mod  672) 
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Then 

The  second  equation  gives  y  =  Y  (mod  d),  which  determines  y. 
Then 

a  and  fi  are  co-prime,  and  therefore  we  can  find  a  and  fi'  so  that  afi  —  afi'  =  1, 
and  then 


a 


>•  where  X  is  some  integer. 


Therefore, 


X  =  a;+ti[^(aa'  +  i8)8')  +  X(a«  +  i8*)] 
=  x  +  {Y  -y)  {ua'  +  fi^)+  \  .  d{a^  +  ^), 


and  therefore 


a;  =  X  -  (Y  -  y)  (aa'  +  fifi")  (mod  d  .  a^  +  ^8^), 


which  determines  x. 
So  a:  and  y  are  given  by 

y  =  Y  (mod  d) 

x  =  X  -  (Y  -  y)  (aa'  +  fi^)  (mod  d .  «»  +  ^8^) 

where  aa  +  )8^  is  a  constant  depending  on  the  modulus. 
JExample. 

Mod  3  (3  +  2i) 

The  reducing  formulae  are 

y  =  Y  (mod  3) 

«  =  X  +  5  (Y  -  y)  (mod  39). 

Thus  to  find  the  residues  of  the  successive  powers  of  1  +  *  •• 
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1  +    i 
2i 

—  2  +    2t  =  37  +  2i 
35  +  39i  =  35 

35  +  35i  =    5  +  24 
3  +    7t  =  33  +    i 

32  +  34t  =    2  +    i 
1+    3t=16 

16+  16i=  13+    i 

12  +    4i=33+  2i 
31  +  35i  =    1  +  2t 

—  1  +    3t  =  14 

14  +  14i  =  35  +  2t        (mod  9  +  6t) 

33  +  37t  =  18  +    i 
17+  19i=29+    i 

28  +  30t  =  22 

22  +  22i  =  10  +    i 
9  +  llt=15  +  2i 

13  +  17t=  10  +  2i* 
8  +  12t  =  29 

29  +  29i  =    8  +  2t 
6  +  lOt  =  12  +    i 

11  +  13t  =  32  +    % 
31  +  33t  =  1 

In  the  two  special  cases 

(i.)  m  =  a  +  ^t 

X  +  {Y  =  a;  (mod  a  +  ^i)  and  x 
is  determined  by 

a;  =  X  -  Y  (aa'  +  fi^  (mod  a*  +  ^). 

(ii.)  m^sd 

X  +  tY  =  a;  +  iy  (mod  d)    and    x    and    y 
are  given  by 

X  =  X  (mod  d), 

y  =  Y  (mod  d). 
WDOOoxcra. — ^a.  2  k 
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Number  of  residues  prime  to  any  modulus. 

Let   the  modulus  be   expressed  as  a  product  of  powers  of  its  prime  factors, 
m  =  jp*g^  .  .  .  then  of  the  N  (m)  residues, 

^  (m)  =  [N  (i>-)  -  N  (i>-')]  [N  {<f)  -  N  (g*-)]  .  .  . 

are  prime  to  m. 

In  particular  for  a  pure  prime  jp, 

<I>  {p)  =  p-  —  1     and     4>  (p*)  zi^p^  ^  p^*"^ ; 
and  for  a  mixed  prime,  a  +  hi^ 

<D  (a  +  hi)  =  a^  +  6'2  -  1     and    <I>  (a  +  61)'  =  {ct?  +  6-/  -  (a^  +  62)-\ 


This  value  4>,  when  we  are  dealing  with  complex  numbers,  must  be  distinguished 

from  the  value  ^  when  we  are  concerned  only  with  real  numbers. 

To  a  mixed  prime  ^  is  inapplicable,  and  to  a  real  it  has  the  relations  ^  (p)  =  p  —  1 , 
<^  (p-)  =  p- -  p-\ 

Any  modulus  may  he  multiplied  hy  —  1,  i,  or  —  i,  for  if  the  modulus  is  a  factor  of 
any  number  it  remains  a  factor  on  being  multiplied  by  —  1,  {,  or  —  t.  This  enables 
us  to  change  any  modulus  into  one  entirely  positive  : — 

For 

-a-^i=  -l(a  +  )8t)1 


)8  —  ai  =  —  i  (a  +  fit 


J- 


Pabt  it. — Residues  of  Powers  of  Numbers  for  any  Modulus,  Composite 

AND  Complex. 

(i.)  a  bein^  a  number  prime  to  m  each  term  of  the  series  of  residues 

a,  a^  a^,  .  .  .  (mod  m) 

is  one  of  the  $  (m)  residues  which  are  prime  to  m.  Hence,  as  in  (Proposition  1),  we 
see  that,  if  t  is  the  smallest  integer  for  which  a'  =  1  (mod  m),  the  infinite  series  of 
residues  consists  of  a  repetition  of  t  terms  beginning  from  the  first  term.  The 
number  t  is  called  the  exponent  of  a  for  the  modulus  m. 

Example. — The  series  of  residues  of  the  first  twenty-four  powers  of  the  number 
2  +  *  for  the  modulus  9  are 
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2  +  i 

3  +  4i 
2  +  2i 
2  +  Gi 

7  +  5»: 

Si 

1  +  7i 

4  +  6i 

2  +  7i 

6  +  7t 

5  +  2t 
8 

7  +  8t 

6  +  5t 

7  +  7t 

7  +  3t 

2  +  4t 

i 

8  +  2i 
5  +  3i 
7  +  2i 

3  +  2i 

4  +  7t 
I 

after  which  the  set  of  twenty-four  terms  constantly  repeats  itself. 

(iL)  The  proof  is  identical  with  2,  that  if  a  has  exponent  t  mod  m  anda'=  1,  then 
t  divides  s. 

(iii.)  The  proof  of  Fermat's  theorem  a*^*^  =  1  (mod  m)  is  identical  with  that  in 
(3)  if  for  "  the  ^  (m)  numbers  less  than  m  and  prime  to  it,"  we  substitute  *'  the  $  (m) 
residues  of  m  that  are  prime  to  it." 

Hence  the  corollary,  that  the  exponent  of  any  number,  modulus  m,  is  a  divisor  of 
4>(m). 

i:xample.~M.od  9  =  3l  *  (3^)  =  3*  —  3-  =  72.  In  Proposition  (i.)  we  saw  that 
the  exponent  of  2  +  i,  mod  9,  is  24,  a  divisor  of  72. 

(iv.)  The  proof  is  identical  with  that  of  (4).  If  a  has  exponent  <,  mod  m,  then  a' 
has  exponent  r :  where  t  =  kt  and  k  is  the  G.C.M.  of  s  and  t. 

2  K  2 
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Example. — Taking  again  the  successive  powers  of  2  +  h  oaod  9,  we  find  the 
exponent  of  each  of  the  twenty-four  numbers. 


No. 

f. 

T  =  ezp 

2+    t 

1 

24 

3  +  4t 

2 

12 

2  +  2t 

3 

8 

2  +  6t 

4 

6 

7  +  5i 

5 

24 

8t 

6 

4 

l  +  7i 

7 

24 

4  +  6t 

8 

3 

2  +  7t 

9 

8 

6  +  7i 

10 

12 

5  +  2i 

11 

24 

8 

12 

2 

7  +  Si 

13 

24 

6  +  5t 

14 

12 

7  +  7i 

15 

8 

7  +  3i 

16 

3 

2+  4t 

17 

24 

t 

18 

4 

8  +  2t 

19 

24 

5+  3i 

20 

6 

7  +  2* 

21 

8 

3  +  2» 

22 

12 

4  +  7t 

23 

24 

1 

24 

1 

(v.)  The  proof  is  the  same  as  that  of  (5). 

If  the  exponent  of  a  is  t,  and  of  a'  is  t\  and  t  and  t'  are  co-prime,  then  the 
exponent  of  aa  is  tt\ 

And  hence  the  corollary,  that  the  same  is  true  for  any  number  of  numbers :  if 
a,  a,  a\  .  .  .  have  exponents  t,  t\  t'\  .  .  .  co-prime,  then  aaa' .  .  .  has  exponent 

IfV    V  •      •      • 

Example. — ^The  exponent  of  3  for  mod  1  +  5i  is  3. 

Its  successive  powers  have  residues  3.  9.  1. 

The  exponent  of  6  for  mod  1  +  5i  is  4. 

Its  successive  powers  have  residues  5.  25.  21.  1. 

Hence  the  exponent  of  5  X  3  =  15  is  4  X  3  =  12. 

The  successive  powers  of  15  have  residues  15.  17.  21.  3.  19.  25.  11.  9.  5.  23.  7.  1» 
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Example. — The  exponent  of  2,  mod  7,  is  3.     The  residues  are  2.  4.  1. 
The  exponent  of  5  +  2i  is  8.     The  residues  are  5  +  2i,  6i,  2  +  2i,  6,  2  +  5i,  t, 
5  +  b%  1. 

Hence  the  exponent  of  10  +  4i  =  3  +  4i  is  3X8  =  24. 
The  successive  residues  are 


3  +  4i 

Zi 

2  +  2i 

0 

1  +6i 

• 

I. 

3  +  Zi 

4 

5  +  2i 

bi 

1  +  i 

6. 

4  +  Zi 

4t 

5  +  bi 

2 

6+t 

6t. 

4  +  a 

3 

2  +  5i 

2/ 

6  +  (Si 

1. 

(vi.)  The  proof  is  the  same  as  for  (6). 

Suppose  that  a  has  exponent  t^  and  a  has  exponent  t\  and  that  t  and  t'  are  not  co- 
prime.  .  Then,  if  t  and  t'  contain  no  prime  factor  raised  to  the  same  power  in  both, 
the  exponent  of  aa'  is  the  L.C.M.  of  t  and  t\ 

Example. — The  exponent  of  35  for  mod  9  +  6i  is  6. 

The  residues  of  its  powers  are  35.  16.  14.  22.  29.  1. 

The  exponent  of  3  +  7i  for  the  same  moduhis  is  4. 

The  residues  of  its  powers  are  3  +  7t.  14.  15  +  2i.  1. 

Hence  the  exponent  of  35  (3  +  7i)  is  the  L.C.M,  of  6  and  4=12. 

35  (3  +  7i)  =  105  +  245i=  33  +  2i  (mod  9  +  6t). 
The  residues  of  its  powers  are 


33  +  2»: 

29 

33 +  t 

22 

2i 

14. 

12 +  t 

16 

15  +  2t 

35 

18 +  t 

1. 

(vii.)  The  proof  is  the  same  as  for  (7). 

If  a  has  exponent  t,  a  has  exponent  t\  a'  has  exponent  t'\  &c.  for  modulus  m,  and 
if  of  the  tt't'' .  .  .  numbers  a^i'^a'^^^ .  .  .  (modulus  m),  formed  by  giving  to  r  all  values 
modulus  t,  to  r  all  values  modulus  t\  &c.,  no  two  are  congruent ;  then  if 

a'a'''  .  .  .  =  1  (mod  m), 
we  must  have 

a'=  1,  a''  =  1,  .  .  . 

in  other  words,  if  a  product  of  powers  of  numbers  that  are  independent  generators 
be  congruent  to  unity,  then  each  of  these  powers  is  itself  congruent  to  unity. 

(viiL)  Proof  identical  with  (8). 

The  exponent  of  the  product  of  a  number  of  independent  generators  is  the  L.C.M. 
of  their  exponents. 
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In  particular  if  the  separate  exponents  are  all  powers  of  the  same  pHme,  then  the 
exponent  is  equal  to  the  greatest  of  them. 

(ix.)  Proof  the  same  as  for  (9). 

If  the  exponent  of  a  for  modulus  m  is  t,  and  for  modulus  n  is  t\  and  m  and  n  are 
co-prime,  then  the  exponent  of  a  for  modulus  mn  is  the  L.C.M.  of  t  and  t'. 

Also  the  corollary,  if  the  exponents  of  a  for  moduli  m,  m\  m'\  ,  .  .  are  respectively 

ty  t\  i!\ . .  •  m,  m',  m" , . ,  being  co-prime,  then  the  exponent  of  a  for  modulus  mrn'm". . . 

is  the  L.C.M.  of  the  numbers  t,  t\  t\  .  . 

Example. 

1  +  i  =  4  (mod  2  +  i), 

and  the  residues  of  its  powers  are  4.   1.     Hence  the  exponent  of  1  +  i  for  modulus 
2  +  i  is  2. 

1  +  1=6  (mod  3  +  2i), 

and  the  residues  of  its  powers  are  6.  10.  8.  9.  2.  12.  7.  3.  5.  4.  11.  1.     Hence  the 
exponent  of  1  +  t  for  modulus  3  +  2i  is  12. 

The  moduli  2  +  i,  3  +  2i  are  co-prime,  therefore  the  exponent  of  1  +  »  for  modulus 
(2  +  i)  (3  +  2i)  is  12. 

1  +  i=19  (mod  4+  7i), 

and  the  residues  of  its  powers  are 

19.  36.  34.  61.  54.  51.  59.  16.  44.  56.  24.  I. 

Example. 

1  +  2i  has  exp  8,  mod  3  ; 

the  residues  of  its  powers  are 

1  4-  2i.  i.   1+2.  2.  2  +  i.  2i.  2  +  2i.  1. 
I  +  2i=  11  (mod  3  +  2i),  and  has  exp  12  ; 

the  residues  of  its  powers  are 

11.   4.   5.  3.  7.   12.  2.  9.  8.   10.  6.   1. 
1  +  2i=  26  (mod  6  +  1),  and  has  exp  3, 

the  residues  of  its  powers  are 

26.   10.  1. 

Hence,  since  3,  3  +  2t,  6  +  2  are  co-prime,  I  +  2i  has  for  modulus  3  (3  +  2i)  (6  +  t) 
exponent  =  L.C.M.  of  8,  12,  3,  i.e.,  1  +  2i  has  exponent  24  for  modulus  48  +  45i. 
The  residues  of  its  powers  are 

I 
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l  +  2i.  90 +  i.  1339 +i.  692.  275  +  1.  1419  +  2i.  1370 +2i. 

1231.  1012  +  2i.  291  +  i.   1015  +  i.   482. 

32  +  1.  540 +2i.  827  +  21.  211.  244  +  2i.  969  + 1.  439  +  ?. 

269.  1043  +  i.   741  +  2i.   503  +  2L       1. 

(x.)  Proof  identical  with  (10). 

If  the  exponent  of  a  is  ^  and  t  =  pqr . .  .  where  p,  q,  r  . . .  are  co-prime  factors 
of  f ,  then  a  can  be  expressed  as  a  product  of  numbers  whose  exponents  are  p,  q,  r .  .  . 
Example. — 2  +  i  has  exponent  24  for  modulus  9.     (See  example  Proposition  iv.) 

24  =  3.  8         16  =  1  (mod  3)  1      9  =  1  (mod  8). 

=  0  (mod  8)  f        =0  (mod  3). 


Hence 


2  +  z  =  (2  +  iy\  (2  +  if  (mod  9), 
=  (7  +  3i)  (2  +  7t)  (mod  9), 


where 


7  +  3i  has  exp  3 
and  y     (See  example  Proposition  iv.) 

2  +  7i  has  exp  8 

Example. — 33  +  2i  has  exponent  12   for  modulus  9  +  6i.      (See   example   Pro- 
position vi.) 

12  =  3.  4         4  =  1  (mod  3)         9  =  1  (mod  4) 

=  0  (mod  4)  =0  (mod  3). 


Therefore 


33  +  2i  =  (33  +  2t)*  (33  +  2i)»  (mod  9  +  6i) 
=  22  (15  +  2i)  (mod  9  +  6i), 


where  22  has  exponent  3,  and  15  +  2i  has  exponent  4. 

(xi.)  The  nimfiber  of  numbers  with  exponent  t,  when  the  modulus  is  a  prime  (pure 
or  mixed),  is  <f>  (t). 

Any  exponent  <  is  a  divisor  of  4>  (p),  p  being  the  prime  modulus  (Corollary,  Pro- 
position iii.).  Exactly  as  in  (11)  we  see  that  if  there  be  one  number  with  exponent  t 
there  are  <f>  {t)  and  no  more. 

Now  <i,  <2>  •  •  '  being  all  the  divisors  of  any  real  number  4>  {p), 

Corresponding  to  each  value  t  there  are  (f>{t)  numbei-s,  or  none  with  t  as  exponent. 
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The  number  of  residues  altogether  (prime  to  the  modulus  p)  ia^  (p).     Hence,  in  no 
case  can  there  fail  to  be  ^  (<)  numbers  with  exponent  t,  t  being  any  divisor  of  ^  (|>). 

Corollary. — In  particular,  any  prime  modulus  p  has  numbers  with  exponents  ^  (p), 
i.e.,  has  primitive  roots. 

The  number  of  these  primitive  roots  is  ^  [^  (p)]. 
If  p  is  a  pure  prime  this  is  ^  (p«  -  1). 

If  p  is  a  mixed  prime,  =  a  +  fii,  the  number  is  ^  (a'  +  /8^  —  1), 
.  Example. — Modulus  5  +  2i.     10  is  a  primitive  root  with  exponent 

0)  (5  +  2»)  =  (53  +  23  —  1)  =  28. 

The  residues  of  its  powers  are  given  in  the  table. 

Number     10     13     14     24     8     22     17     25     18      6       2      20     26     28 
Index  1       2       3       4      5      6       7       8       9      10     11     12     13     14 

Number     19     16     15      5     21     7      12      4      11     23     27      9       3       1 
Index         15     16     17     18    19    20     21     22     23     24     25     26     27    .28  or  0 

The  ^(28)  =  12  primitive  roots  are  10    14    8    18    2    26    19    15    21    11    27    3. 


Example. — Modulus  7.     Primitive  roots  have  exponent  4>  (7)  =  7*  —  1  =  48. 
2  +  i  is  a  primitive  root,  and  the  residues  of  its  powers  are  given  in  the  table. 

Number  2  +  i      3  +  4t  2  +  4i  3i     4  +  6i  2  +  2t  2  +  61      5 

Index  12  3  45  6               78 

Number  3  +  5i     1  +  6i  3  +  6t  i       6  +  2i  3  +  3i  3  +  2t      4 

Index  9             10  11  12        13  14            15          16 

Number  1  +  4t     5  +  2/  1  +  2i  5i      2  +  3i  1  +  t  1  +  3t      6 

Index  17            18  19  20         21  22            23         24 

Number  5  +  6i     4  +  3i  5  +  3/  4t       3  +  t  5  +  5i  5  +  t       2 

Index  25            26  27  28         29  30            31         32 

Number  4  +  2i      6  +  i  4  +  t  6i     I  +  5i  4  +  4t  4  +  5i      3 

Index  33             34  35  36         37  38             39         40 

Number  G  +  3i     2  +  5i  6  +  5i  2»      5  +  4i  6  +  6i  6  +  4t      1 

Index  41             42  43  44         45  46            47          0 
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The  ^(48)=  16  primitive  roots  are 


2  +  i 

4  +  6J 

2  +  6i 

3  +  6i 

6  +  2i 

1  +  U 

I  +2t 

1  +  3t 

5  +  6t 

3+» 

5  +  t 

4  +  » 

1  +  5t 

6  +  3t 

6+  5i 

6  +  4i 

(xii.)  The  exponents  to  which  a  number  a  belongs  for  successive  powers  *of  a  prime 
as  moduli. 

If  we  make  one  slight  alteration  the  proof  of  (12)  holds  good  throughout  in  the 
case  of  complex  numbers  for  powers  of  a  pure  prime  jp  as  moduli.  [In  place  of  "  a;  <  p  " 
read  "a;  =  one  of  the ^^  —  1  residues,  modjp."] 

The  exponent  of  a  for  mod  p^  is 

t  if  X  <  5, 

tp""-'  if  X  >  5, 

where  t  is  the  exponent  of  a  for  mod  p,  and  p'  is  the  greatest  power  of  p  that  divides 

a'  —  1. 

Corollaiy. — The  greatest  value  of « is  p^  —  1.     (Proposition  xi.) 

The  greatest  value  that  p^~*  can  have  is  got  by  making  ^  ==  1,  i.e.,  by  taking  a  so 

that  0^"^  —  1  (though  necessarily  divisible  by  ^)  is  not  divisible  by  p\ 
Hence  the  greatest  exponent  that  a  number  can  have  for  mod  p^  is 

(p«-i)p-\ 

Now  «I>(^*)=:p'^-^«<*-'>  =  (.p2- 1)^*<^-'),  which  is  p^-'  times  the  highest 
exponent. 

Hence  for  a  power  of  a  pure  prime  as  modulus  primitive  roots  do  not  exist. 

Consider  next  the  case  of  a  mixed  prime  (not  1  +  i). 

Suppose  a  +  fiiia  the  prime. 

Then,  if  (a  +  AT  =  A  +  Bi,  A  and  B  must  be  co-prime,  for  otherwise  A  +  Bi 
would  be  divisible  by  some  number  other  than  a  +  fii. 

Hence  the  N  (a  -f  fiiy  =  (a^  +  fi^Y  residues  can  be  taken  to  be  the  pure  numbers 

0,  I,  2,  .  .  .  (oL^  +  ^Y  -  1. 

Suppose  that  a  is  any  one  of  these  numbers. 
Then,  if  we  have  any  congruence  of  the  form 

a'  =  b  [mod  (a  +  fiif], 
a'  —  b  =  0  [mod  (a  +  ^i)^], 
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it  follows,  since  a*"  —  6  is  a  pure  number,  that 

a'^  —  6  =  0  [mod  (a  —  ^i)^], 

therefore 

ar^b  =  0  [mod  (a^  +  ^fl 

a'  =  h  [mod  (a«  +  ^)^]. 

Hence  for  the  modulus  (a  +  ^80^  *^®  residue  of  any  power  of  a  number  is  the  same 
as  for  the  modulus  (a*  +  P^Y* 
Now  a^  +  )8^  is  a  real  prime. 
Therefore  the  exponent  to  which  a  belongs  for  modulus  (a  +  fiif"  is 

^  if  X  <  5, 
t  {a?  +  ^)^-'  if  X  >  5, 


where  t  is  the  exponent  of  a  for  mod  a^  +  ^,  and  (a^  +  P'^)   is  the  highest  power  of 
oL^  +  p^  that  divides  of  —  1. 
The  greatest  exponent  is 

and 

*(a  +  piY  =  (a2  +  ^8^)^  -  (a^  +  /^^y-'  =  (a^  +  jS^  -  1)  (a^  +  fi^f'K 

Thus  for  powers  of  a  mixed  prime  primitive  roots  do  exist. 

(xiia.)  We  see  from  the  last  proposition  that  for  a  power  of  a  mixed  prime  as 
modulus  primitive  roots  exist,  and  any  one  of  them  generates  by  its  powers  all  the 
residues  prime  to  the  modulus.  But  in  the  case  of  a  power  of  a  pure  prime  ^\  the 
highest  exponent  isp^"^  (p^  —  1),  whereas  <E>  {p^)  =  p^^^""^^(p®  —  1). 

We  wish  now  to  find  how  all  thep^*^""*^(p^  —  1)  numbers  can  be  generated. 

Take  a  number  g  with  exp  p^^^  (/>^  ""  1) 
and,,       „       /     „       „    p""^ 

g  can  be  expressed  as  a  product 

g  =fh  (mod  p% 

Avhere 

/'hasexpp^-0 

2_j  >,  Jr reposition  x. 

fv  •«  ••         //  I 


>>        >> 


F 


faxi6.f'  are  each=  1  (mod^)    | 
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Suppose 

/=  I  +  ap  (mod  p^)         a  ^  0  (mod  p), 

/'  =  1  +  ap  (mod  p2)       a'  ^  0  (mod  p). 

The^^""^  X  p^"^  (p^  —  1)  numbers  generated  by  products  of  powers  of/a3id  g  will 
be  the  p*<^-  *>  {p^  "^  1)  residues  prime  to  the  modulus  p\  provided  that  no  two  of  them 
are  congruent.  We  shall  now  show  that  no  two  can  be  congruent  provided  that  k  is 
a  complex  and  not  a  real  number,  k  being  determined  by  the  congruence  ka=a 
(mod  p). 

Suppose  that  two  of  the  numbers  generated  are  congruent,  say 

Sr/^  =  ///  (mod  p'\ 

where 

i  9^  I  (mod  p^"^  •  p^  —  1), 

y^/(modp^-*). 

This  is  equivalent  to 

/-  =/f'  (mod  p% 

i"  =  i  -  i'  ^  0  (mod  j9*-i .  p«  -  1), 
/'=i-/^0(mod2>*-0, 

/'  may  be  divisible  by  a  power  of  p. 
Suppose 

where  /3  is  prime  to  p,  and  5  may  be  any  one  of  the  numbers  2,  3.  ...  X. 

Then  ; 

fl"  has  expjp'"^.     (Proposition  iv.), 

therefore 

p*"  has  exp  jo''"^ 

therefore 

where  /S*  is  prime  to  p.    (Proposition  iv.)    Therefore 

^(i." -  DP^  -  =y/.f* -  (mod  J)'), 

and,  therefore,  since 

hf"'^  =  I  {mod  p% 

Raise  both  sides  to  the  power  p*"*,  then 

yvd^-DP*-*  =/»»*-'  (mod  J9*). 

2  L  2 
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Let 

^^=1  (mod^) 

determine  f,  and  suppose 

13' (p^-l)^  =  y  (mod p). 

Baise  both  sides  to  the  power  ^,  then 


Now 


therefore 


and 


therefore 


therefore 


therefore 


therefore 


f=l  +ap{modp% 

/^^"'=  1  +  ap^''  (modp"), 

/'=1  •\'ap{modp% 

f'v^'-''=l  +  aVi>'-'  (mod  p% 

1  +  ol'yP^  "  *  =  I  +  ap^  "  *  (mod  p^), 

yoL  =  a  (mod  ]y), 

y  =  k  (mod  p). 


Now  t\  j\  /3,  ^y  and,  therefore,  f,  and  finally  y,  are  real  numbers,  whereas,  by 
supposition,  k  is  complex,  therefore  on  this  supposition  g  and  f  are  complete 
generator. 

Example. — Modulus  3*. 

*(32)  =  3*-32  =  72. 
The  highest  exponent  is 

3  (32-1)  =  24. 

We  shall  find  that  2  +  *  and  4  +  3i  can  be  taken  for  generators. 

gr  =  2  +  t    has  exp  24  mod  3* 
/=  4  +  3i  has  exp    3  mod  3* 

2  +  i  =  (2  +  iy^  (2  +  if  (mod  9) 

=  (7  +  3i)  (2  +  7i)  (mod  9), 

and 

/'  =  7  +  3i  has  exp  3. 

Now 

f=l  +(1  +  ?;).  3  (mod  32) 

/'  =  1  +  (2  +  t) .  3  (mod  32) 
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and 


il.(2 +  »•)=(! +»•)  (mod  3) 
*  =  2», 


gives 

which  is  not  a  real  number. 

llic  following  table  ^ves  the  indices  of  the  72  numbers. 


0 


I 

2  +  t 

5+  i 

8  +  t 

2 

3  +  4t 

7% 

6  +  .- 

3 

2  +  2i 

2  +  5} 

2  +  8i 

4 

2+  6i 

8  +  3f 

5 

5 

7  +  5i 

4  +  5t 

1  +  5* 

6 

Hi 

3+5f 

6+2i 

7 

I  +  7t 

1+4* 

1+t 

8 

4  +  6t 

7 

1  +  3* 

9 

2  +  7t 

5  +  7*' 

8  +  7* 

10 

6  +  7* 

8  +  t 

4* 

11 

5  +  2t 

5  +  5* 

5  +  8* 

12 

8 

5  +  6* 

2  +  3* 

13 

7  +  8t 

4  +  8* 

1  +  8* 

14 

6  +  5i 

2* 

3  +  8* 

15 

7  +  7i 

7+  4* 

7  +  * 

16 

7  +  3* 

1  +6* 

4 

17 

2  +  4t 

6  +  4* 

8  +  4* 

18 

• 

* 

6  +  4* 

3+7* 

19 

8  +  2* 

8  +  5t 

8  +  8* 

20 

5  +  3* 

2 

8  +  6* 

21 

7  +  2* 

4  +  2* 

1  +  2* 

22 

3  +  2* 

6  +  8* 

5* 

23 

4  +  7* 

4  +  4* 

4  +  * 

0 

1 

4  +  3* 

7  +  6* 

[The  pair  of  indices  for  any  number  are  found  at  the  end  of  the  row  and  at  the  head 

of  the  column  in  which  the  number  is  situated. 

Thus 

1  +  8*  =  (2  +  *)'»  (4  +  3if  (mod  9).] 
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(xiii.-xvi.)  Propositions  (13)  to  (16)  are  concerned  with  the  moduli  2\  In  Propofii- 
tions  xiii.-xvi.  we  shall  investigate  the  moduli  analogous  to  these  in  the  case  of 
complex  numbers,  viz.  (1  +  0^*  pPropositions  xiii.-xvi.  will  not  be  made  to  correspond 
individually  to  Propositions  (13)-(16) :  they  are  intended  to  cover  the  same  ground,} 

(xiii.)  In  the  case  of  the  smaller  values  of  X,  from  1  to  7,  we  shall  find  results,  some 
of  which,  though  they  are  really  particular  cases  of  the  general  results  for  any  value 
of  X,  are  not  conveniently  included  under  them. 

We  shall  start  by  a  separate  treatment  of  each  of  the  first  seven  moduli,  finding — 

(i.)  the  numbers  which  belong  to  each  exponent ; 

(ii.)  what  numbers  must  be  taken  in  order  to  generate  the  complete  set  of  residues. 

Mod  1  +  *•     There  is  only  one  residue,  viz.,  1,  whose  exponent  is  1. 
Mod  (I  +  i)-,     *  (1  +  if  =  2.     There  are  two  numbers,  viz., 

i  with  exp  2 
and 

1  with  exp  1 

Thus,  for  this  modulus,  i  is  a  primitive  root. 

Mod  (1  +  if.     *  (1  +  i)^  =  4.     The  four  residues  are 


iy  2  + 1  with  exp  4, 

3  with  exp  2, 

1  with  exp  1. 

i  and  2  +  ^  are  both  primitive  roots. 

Mod  (1  +  if.     *  (1  -f  i)*  =  8.     The  8  numbers  with  their  exponents  are 

2  +  Zi. 


Exp  4.     i. 

Zi, 

2  +  t, 

Exp  2.     3, 

1  +  % 

3  +  2i. 

Exp  1.     ]. 

The  square  of  each  of  the  four  numbers  with  exponent  4  is  congruent  to  the  same 
number  with  exponent  2,  viz.  3. 

Hence,  to  generate  the  8  numbers,  we  must  take  any  one  of  the  four  numbers  with 
exponent  4,  and  either  of  the  two  numbers  with  exponent  2,  viz.  1  +  2i,  3  +  2t. 

Mod  (1  +  if.     <E>  (1  +  1)5  =  16.     The  16  niunbers,  with  their  exponents  are 

6  +  31, 


Exp  4.    i 

Zi 

2  +  t 

2  +  Zi 

4  +  t 

6  +  i 

4  +  3t 

Exp  2.     3 

5 

7 

1  +  2i 

3  +  2t 

5  +  2t' 

7  -\-2i 

Exp  1,     1. 
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The  square  of  each  of  the  8  numbers  with  exponent  4  gives  the  same  number  with 
exponent  2,  viz.  7, 

Also  7  =  3.  5  =  (1  +  2i)(3+  20  =  (5  +  2i)(7  +  2i) .  [mod  (1  +  ifl 

Hence,  firstly,  we  must  take  as  generators 


one  number  with  exponent  4 
and 

two  numbers  with  exponent  2 


>•  ; 


and,  secondly,  the  two  numbers  with  exponent  2  must  neither  of  them  be  7,  and 
they  must  not  be  a  pair  of  the  numbers  as  arranged  above  whose  product  is  con- 
gruent to  7. 

Mod  (1  +  0*-      *(1  +  iy  =  32.      The    32    numbers   with   their  exponents  are 
arranged  below. 

Exp  1,    Exp  2.  Exp  4. 

1     5  +  4i  l  +  2i  l+6i  3  +  2i  3  +  6t  5  +  2i  5  +  6i  7  +  2i  7  +  6t 

3  +  4i  2  +  i   2  +  3i  2  +  5i  2  +  7i  6+i   6  +  3i  6  +  5i  6  +  7i 

7  4  +  i   4  +  3i  4  +  5i  4  +  7i    i  3i     5i  7i 

3 


1  +  ii 
7  +  4i 

The  24  numbers  with  exponent  4  are  written  in  three  rows,  and  the  number  with 
exponent  2,  to  which  the  square  of  any  one  of  them  is  congruent,  is  to  be  found 
written  at  the  end  of  the  row. 

Moreover,  the  three  numbers,  with  exponent  2  (viz.  5  +  ^h  3  +  **  a^d  7),  which 
thus  appear  as  the  squares  of  munbers  with  exponent  4,  are  such  that  the  product 
of  any  two  is  congruent  to  the  third ;  for 

7  (5  +  4i)  (3  +  4i')  =  1  [mod  (I  +  if]. 

Hence,  to  generate  the  32  numbers,-  we  must  take 

two  numbers,  with  exponent  4,  not  in  the  same  row 
and 

one  number,  with  exponent  2,  selected  from  3,  5,  1  +  4i,  7  +  42. 
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Mod 

(1  +  iy. 

Exp  I. 

Exp  2. 

1 

7 

9 

15 

3+4i 

5+4i 

ll+4i 

13+4i 

0(1  +  ^y  =  64,       The   64  numbers,  with  their  exponent4Sf^  are 

arranged  below. 
Exp  4. 

4+1  12+t         3i  8+3i  5i  8+5i  4+7i  12+7t 

3              5            11             13  l  +  4i  7+4i  9+4i  l5+4t 

i           8+i  4+3i  12+3i  4+5i  12+5i  7i  8+7t 

2+i  10+i  2+3i  10+3i  6+5i  14+5t  6+7t  14+7* 

5+2i       7+2i  13+2i  15+2i  l+6i  S+6i  9+6i  ll+6t 

6+i  14+i  6+3i  14+3i  2+5i  10+5i  2+7i  10+7i 

l+2i       3+2i  9+2i  ll+2i  5+6i  7+6z  13+6*  15+6* 

The  56  numbers  with  exponent  4  are  arranged  in  rows  coUinearly  with  the 
numbers,  with  exponent  2,  to  which  their  squares  are  congruent. 

The  7  numbers  with  exponent  2  can  be  arranged  in  7  sets  of  3,  so  that  of  each  3 

the  product  of  any  two  is  congruent  to  the  third  (or  the  product  of  the  three 

congruent  to  unity).     Thus  : 

7.  9.   15  = 

7  (13  +  4i)  (3  +  4i)  = 

7(5  +  4i)(ll  +  4i)  = 

9  (3  +  4t)(ll  +4i)  = 

9  (5  +  4i)  (13  +  4i)  = 

15  (3  +  4i)  (5  +  4i)  = 

15  (11  +  4i)  (13  +  4i)  = 

To  generate  the  64  numbers,  we  must  take  three  numbers  each  with  exponent  4. 
The  product  of  powers  of  three  such  numbers  can  only  be  congruent  to  unity  without 
each  being  separately  congruent  to  unity,  if  the  product  of  their  squares  be  so. 

Hence,  the  three  generators  must  be  chosen,  one  each  from  three  of  the  above 
rows,  and  the  numbers,  with  exponent  2  found  in  these  rows,  must  not  have  their 
product  congruent  to  unity. 

(xiv.)  The  numbers  which  have  as  exponents  2,  4,  and  S/ar  mod  (1  +  iY* 

We  shall  use  the  results  of  the  three  following  Lemmas : 

Lemma  (1). — If 

a2=l  [mod(l  +  i)*] 

(a  —  1 )  (a  -h  1)  =  0  [mod  (1  +  t)']. 
Now,  if 

a=l  [mod  (1  + if] 

a +1  =  2  [mod  ( I  +  if] 
=  0[mod(l+*T]. 


(mod  1  +  if. 
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t.e.,  if  a  —  1  is  divisible  by  (1  +  if  or  any  higher  power,  then  a  +  1  is  divisible  by 
(1  +  i)*  as  the  highest  power. 

Similarly,  we  can  show  that  if  a  higher  power  than  (1  +  if  divides  a  +  1,  then  no 
higher  power  than  (1  +  i)^  divides  a  —  1. 

Therefore,  if  /c  >  4,  either 

a=l  [mod  { I  +  i)*-3J 

or 

a  =  -  1  [mod  (1  +t)*-^], 

therefore,  k  being  >  4,  the  solutions  of 

a^=l  [mod(l  +iy] 

are  given  by 

a  =  ±l  [mod  (i  +  t)*-2]^ 

Lemma  (2). — If 

a^=  -  1  [mod(l  +t)*] 

(a  +  i)  (a  -  i)  =  0  [mod  (1  +  iy] 
Now,  if 

a  =  i  [mod  ( 1  +  *T] 

a  +  i=2i[mod(l  +  i)^] 
=  0  [mod  (1  +  t)2]. 

Thus  as  above,  if  either  of  a  +  t,  a  —  i  is  divisible  by  a  power  of  (1  +  ^)  above  the 
second,  then  (1  +  ^T>  is  the  highest  power  that  divides  the  other. 
Therefore,  if /c>4  the  solutions  of 

a«=-  1  [mod(l  +iy'] 
are  given  by 

a  =  ±i[mod(l  +  i)*-^]. 

Xemma  (3). 

a^=±i[mod{l +  iy] 

is  impossible  for  any  value  of  /c>  1. 
For  if  so. 


or 


smce 


which  is  impossible,  for 
and 


a^=±i [mod  (1  +  i)^], 

a«  =  i[mod{l  +ifl 

-i  =  i[mod(l  +i)2], 


t^^i[mod(l+i)2]. 
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Numbers  with  exponent  2  mod  (1  + 1)\     (X>  4.) 

All  these  numbers,  together  with  1,  which  has  exponent  1,  satisfy  the  congruence 


therefore 


a«=l[mod(l  H-i)*]; 
a=dbl[mod(l  +  t)*-*] 


gives  (together  with  unity)  the  numbers  which  have  exponent  2,  mod  (1  + 1)*. 
We  get  thus  7  numbers  with  exponent  2,  mod  (1  +  i)\    They  are  congruent  to 


—  1 

dbH-(H-t7 
±H-(l+*7 

±i+(i  +  t)^-«  +  (i+ty-> 


kA-2 


kX-1 


>  [mod  (1  +  %f\ 


The  product  of  any  two  of  these  is  congruent  to  a  third. 
7  numbers  thus — 

;8=+l+(l+^y-^ 

8  =  +H-(l  +  iy-», 
e=-l+(l+ty-', 
i;=+l+(l+ty-*+(l+ty-', 

^  =  -i  +  (i+zy-^  +  (i  +  »y-S 

then  these  relations  may  be  written  thus — 

aSe  = 
a.if6  = 

yhe  = 

yeq  = 
[which  includes  a/8 =y,  ay=^,  ;8y  =  a,  because  a^^l,  y8*=l,  /=!]. 

Numbers  with  exponent  4,  woe?  (1  +  i)\    (X>  6.) 
The  numbers  which  satisfy 

a*  =  l[mod(l  +t)*], 


If  we  name  the 
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and  which  do  not  satisfy 

are  the  numbers  with  exponent  4. 
Hence  Lemma  (1)  gives  us 

a«=dbl[mod(l  +  ^y-*], 
and  then  Lemma  (2)  gives 

a  =  db  1,  ±i  [mod  (1  +  ly-*]. 

If  of  these  numbers  we  exclude 

a=±l[mod(l  +ty-*], 

we  have  the  numbers  with  exponent  4. 
Hence  the  numbers  with  exponent  4  are 

=  ±i[mod(l  +  i)^-*], 
and 

=±i  +  (i+ty-* 

±  1  +  (1  +  if-*  I  mod  (1  + 1)*-*. 

±i  +  (i  +  ty-*  +  (i+ty-«J 

The  number  of  these  is 

2NL(H.t')*]  +  6N[(l+i)«] 
=  2 .  2*  +  2  . 3 .  22 
=  2»  +  3 . 2» 
=  2"  +  2*  +  2»  =  56. 

Numbers  with  exponent  8  mod  (1  +  iy.     \>  8. 
The  numbers  are  those  that  satisfy 

a8  =  1  [mod  (1  +  if], 
excluding  those  that  satisfy 

a*  =  1  [mod  (1  +  iY\. 
Now 

a8  =  1  [mod  (1  +  ifl 
gives 

a*  =  ±\  [mod  (1  +  i)*-*].     Lemma  (l). 

a*  =  ±  1  [mod  (1  +  t)*-*].     Lemmas  (l),  (2),  and  (3) 

a  =  ±1,  ±  t  [mod  (1  +  i)*-*].     Lemmas  (1)  and  (2) 

Of  these  we  have  to  exclude 

a  =  ±  1   ±  t,  [mod  (1  +  ty-*]. 

2  M  2 
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Hence  the  numbers  with  exponent  8  are 

±  1,  ±  i.  +  (1 + *r* 

±  1,  ±  i,  +  (1  +  if-'  }.  mod  (I  +  if-\ 

In  number  they  are 

4  X  3  X  N  (1  +  *•)* 

=  2«.  3  .  2* 

=  2«  +  27. 


We  have  not  specially  examined  the  modulus  (1  +  i)^.  The  general  results 
already  obtained  g^ve  us  the  numbers  with  exponents  2  and  4.  We  will  find  the 
nimibers  with  exponent  8. 


Of  the  solutions  of 


we  must  exdiide  those  of 


gives 


and 


a8  =  1  [mod  (1  +  if] 

a*=l[mod(l  +  i)8]. 
a8  =  1  [mod  (1  +  if] 

a*  =  ±l  [mod  (1  +  t)«] 

a*=±  l[mod(l  +ifl 


and  therefore 


a  =  i,  Si,  2  + 1,  2  +  3i,  3,  1  +  2i,  3  +  2»",  I  [mod  (l  +  i)*].     [See  mod  (1  +  »)*] 

The  numbers  to  be  excluded  are 

a*=l[mod(l +i)8] 

a*  =  ±  1  [mod  (1  +  if] 

a  =±1,  ±ilmod {I  +  if], 

a  =  1,  3,  I,  3i  [mod  (1  +  i)*]. 

Hence  the  numbers  =  2  +  t,  1  +  2i,  2  +  3i,  3  +  2i  [mod  (1  +  ^)*]  have  exponent  8. 
The  number  of  them  is  4  X  2*  =  2^ 
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(xv.)  The  numbers  which  have  exponent  2' for  mod  (1  +  *)^     [X>8  and  «>3.] 
The  numbers  are  those  which  satisfy 

a«'=l[mod(l+ty], 
and  which  do  not  satisfy 

a**"'  =  1  [mod  (1  +  t)*]. 
The  first  ^ves 

a  =  ±  1,  ±i  [mod  (1  +  if-'^']  if  X  -  2«> 2, 
and  the  second 

a=±l,±i,  [mod  (1  +  if-^*^. 


.mod  (1  +  iy-«'+«. 


Hence  the  numbers  with  exponent  2*  for  mod  (1  +  i)*»  (X  —  2«  >  2),  are 

±1.  ±i,  +(i+*y-''^^ 

±  1,  ±  i,  +  (1  +  i)'-"  +  (1  +  if-''^' 

The  number  of  them  is 

12  X  N  (1  +»)«'-* 

=  2«.  3.  2*'-2 

=  2**  +  22*+i. 

If  X  is  odd,  =  2fi  +  1  the  greatest  value  of  5  is  /*  —  I,  and  then  X  —  2»  >  2. 
So  there  are  2**"*  +  22^-1  numbers  with  exponent  2"-^  for  mod  (1  + 1)*'+\  viz., 

±  1,  ±  i,  +  (1  +  if 
±l,±t,  +  (l+t)* 
±1,  ±i,  +  (H-*7  +  (l+*)VJ 
7  +  2i,  5  +  2t,  6  +  3t,  6  +  1 1 
=  5  3        4+i        3t     lmod(l+i)l 

3  +  2i,   1  +  2t,  2  +  3t,  2  +  t 

So  for  mod  (1  +  i)^  *  ^  there  are 

22^-1  +  22^-2  numbers  with  exp  2"-^ 


►  mod  (1  +  i)*. 


22»+i  _|_  2^' 


I) 


>>      )> 


2'  +  2« 
26  +  2*  +  2'» 
2*  +  2  +  1 
1 


>> 


>i 


>> 


>> 


>>  >> 


>>  >> 


>»  » 


>>  >S 


28 
2« 
2 
1 


making,  in  all,  2**  =  *  (1  + 1)^+^  numbers,  as  it  should. 
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If  X  is  even  and  =  2/x,  then  we  may  have  «  =  /x  +  1,  and  in  this  case  X  —  2«  =  2. 
We  wish,  therefore,  to  find  the  numbers  with  exponent  2**""^  for  mod  (1  +  i)^. 
We  have  to  take  the  solutions  of 


and  -exclude  those  of 


The  first  leads  to 


and  the  second  to 


a^"^=l[mod(l+t)2^]. 

a^=dbl  [mod(l  + 1)*], 

a=±l,  ±t[mod(l+iy], 


therefore 


a=  1  +  2i,  2  +  i,  3  +  2i,  2  +  3i  [mod  (1  +  i)*} 


Hence  the  numbers  with  exponent  2'*"\for  mod  (1  +  i)^  are 

=  1  +  2i,  2  +  i,  3  +  2i,  2  +  3i  [mod  (1  +  i)*]. 

The  number  of  them  is  4  X  N  (1  +  i)***-* 


For  mod  (I  +  t)^  there  are 


2^"^  numbers  with  exp  2*^"^ 

22^-«  +  2^-*        „  „       „    2^-2 


22#  +  i  ^  2^ 


>j 


99 


„    2' 


27+  26 
26  +  2*  +  28 
2*  +  2  +  1 
1 


» 


99 


>} 


>> 


99 


>>  99 


J> 


99  99 


99        2« 

2^ 

99        2 
1 


> 


making,  in  all,  2^~^  =  <E>  (1  +  *)^  numbers  as  it  should. 

(xvi.)  Generators  for  the  modulus  (1  +  i)\ 

If  X  =  2/x  +  1 9  it  is  easy  to  see  that  in  order  to  generate  2^  numbers,  of  which  for 
each  exponent  there  shall  be  the  right  nimiber  of  numbers  (as  just  found),  we  must 
take  three  generators  : — 

two  generators  with  exp  2**  ~ ' 

and 

one  generator  with  exp  2^ 


>  . 


FOB  ANT  COMPOSITE  MODULUS,  REAL  OR  COMPLEX.  271 

If  X  =  2fi,  we  can  similarly  see  that  we  must  take  three  generators 


one  generator  with  exp  2**  ~  ^ 

9M-2 
y»  }9  2 


>   . 


We  have  now  to  show  how  these  may  be  selected,  so  that  all  the  numbers  generated 
may  be  incongruent. 

Any  number,  with  exponent  >  2  modulus  (1  +  i)\  has  one  of  its  powers,  and 
one  only,  which  has  exponent  2. 

Suppose  all  the  numbers  modulus  (1  +  i)^,  arranged  in  7  groups,  so  that  all  the 
numbers  in  a  group  may  have  the  same  number,  with  exponent  2,  as  a  power. 

We  shall  now  prove  four  Lemmas  with  regard  to  these  groups. 

Lemma  (i.).  A  power  of  a  number  belonging  to  any  gi'oup  belongs  to  the  same 
group. 

Let  a  have  exponent  2',  and  belong  to  the  group  a,  i.e., 

a^'"'  =  a[mod(l+ty]. 

Take  any  power  of  a,  say  a^'  where  i  is  odd. 
Its  exponent  is  2*"^     (Proposition  iv.) 
Therefore 

{of'Y"''''    has  exp  2, 

i.e., 

or'  *  has  exp  2, 

and  it  is  =  a*,  and,  therefore,  =  a,  because  i  is  odd. 
Therefore,  any  power  of  a  belongs  to  the  same  group. 
Lemma  (iL).     If  a  and  a'  have  exponent  2',  and  belong  to  the  same  group  a,  then 


For 


(aa7'"'  =  l[raod(l+iy]. 


2«-l    

or       =a. 


/2*-i 


a"      =a. 


Therefore 


Lemma  (iii).    If    . 


{aa'Y  ■ '  =  a«  =  1  [mod  (1  +  if]. 


a  has  exp  2'  and  belongs  to  group  a, 
and 

6       „        2'        „  „  ^, 

then 

ah 


J>  *^  >>  5> 
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where 


For 


Therefore 


and,  therefore, 


Lemma  (iv.).     If 


and 
then 


For 


and,  therefore, 


Therefore 


Therefore 


a/3y  =  l. 


or       =a, 


- 1 


(abf     =  a/8  =  y  [mod  ( 1  +  i)'], 
ab  has  exp  2',  and  beloogs  to  group  y. 


a  has  exp  2'*'  and  belongs  to  group  a. 


b       „        2' 

ab     „       2'* 


»J 


5> 


>5 


91 


A 


a. 


««+  O"  — 1 

a  =a. 


>»  +  O"  —  1 


=  1. 


{ab) 


^ 


+  <r-  I 


=  a. 


a6  has  exp  2*  "*"  ^,  and  belongs  to  group  a. 


Now,  suppose  that  we  take  these  generators  with  the  necessary  exponents.     They 
must  be  chosen  so  that  the  numbers  they  generate  are  all  incongruent. 
I^*  9iy  9^y  9z  ^  ^^^  generators. 
Then,  g^\  g^y  9z*  =  9i^\  92*\  93*'  [i^^od  (1  +  0^]  ^"s*  ^^  unpossible  imless 

ti  =  ii  (mod  exp  g^), 
h  =  tV  (mod  exp  gr^), 
ig  =  ig'  (mod  exp  g^), 

*•«•>  9i^'»  92^9  9^=^  [°^^d  (1  +  iy]  must  be  possible  only  when 

ji  =  0  (mod  exp  g^),      j\  =  0  (mod  exp  gc^),     j\  =  0  (mod  exp  5^3). 

We  shall  now  show  that  to  render  this  so,  the  three  generators  must  belong  to 
three  diflFerent  groups,  and  that  those  three  groups  must  not  be  any  one  of  the  seven 
sets  of  three,  such  as  a,  fi,  y,  for  v>Lich  a^  =  1. 
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Let  us  denote  the  exponents  of  gi,  g^^  g^  by  2'»,  2%  2*.     [When  X  is  odd  these  are 
2^-1^  2'*-^  2^  and  when  X  is  even,  2'^-S  2'*-^  2^.] 

First  suppose  that  any  two  of  the  generators  belong  to  the  same  group. 

Say  Qi  and  g^  both  belong  to  the  same  group  ;  s^  and  s^  may  be  equal  or  unequal. 

If  5i  =  «2,  Lemma  (ii.)  shows  that  the  exponent  otg^g^  divides  2'»'"^  therefore 

where 


(S'.fl'.r     =l[mod(l  +  tyj 
flr,«"-Vs'^-'  =  l  [mod  (1 +  {)*]. 


2'i  - 1  ^  0  (mod  2"), 
2*.  - 1  ^  0  (mod  2"), 

therefore  g^^  g^,  cannot  belong  to  the  same  group. 

If  «j  =  ^2  +  <^>  then  g^  has  exponent  «i,  and  Lemma  (ii.)  shows  that 

^/'"'fl'8*"'""'=l[mod(l+in 

where 

2*-  - 1  =  0  [mod  (1  +  if], 

therefore  gi  and  ^2  cannot  belong  to  the  same  group. 

Hence  the  three  generators  must  belong  to  three  diflFerent  groups. 

Next  suppose  that  the  three  generators  belong  to  three  groups,  such  as  a,  fi,  y. 

Then 

9r''9r'"9r''  =  ^^=^  [mod  (1  +  ifl 
where 

2'»-i  ^O(mod  2'»), 

2**-!^  O(mod  2**), 
2*-^gt  0(mod2*), 

and  therefore  the  three  generators  must  not  belong  to  three  such  groups. 

Finally,  we  can  see  that  if  the  three  generators  are  taken  from  three  different 
groups,  excluding  the  seven  sets  of  three  groups,  then 

9^1^'  9%^'  93^  =  ^  [mod  (I  +  iy] 
is  not  possible  unless 

j\  =  0  (mod  2*^), 

j^  =  0  (mod  2'-), 

^3  =  0  (mod  2*). 

Lemma  (i.)  shows  that  gi^',  g</\  g^^  belong  to  the  same  groups  as  do  g^,  g^  g^. 
Suppose  that  these  are  a,  jS,  and  8. 

MDCXXJXCni. — A.  2  N 
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The  Lemmas  (iil)  and  (iv.)  show  that  the  group  to  which  gi^  g2^ 9^^  helongB  is 
one  of 

a,  )8,  8,     afi,  oS,  138,     or     a/SB, 

a,  A  8>      y.     €,     17,       or       ^, 

and  in  no  case  is  the  product  congruent  to  unity,  save  when  each  factor  is  so 
separately. 

The  result,  therefore,  is  that  for  modulus  (1  +  ^y  we  have  to  take  three  generators 
with  the  exponents  determined  in  the  last  proposition,  and  such  that  the  product  of 
the  three  numbers  with  exponent  2  that  they  separately  produce  shall  not  be 
congruent  to  unity. 

Example.— Uod  (1  +  if.     4)  (1  +  i)^  =  2^. 

The  exponents  of  the  generators  are 

23,  2^  2^ 
The  2®  numbers  with  exp  2^  are 

'  +  ''■    ^  +  ^'  !•  (mod  4). 

The  2^  +  2*  +  2^  numbers  with  exp  2^  are 

!  y  (mod  4)  and  3,  5,  3  +  4i,  5  +  4i,  1  +  4i,  7  +  4i  (mod  8). 
3% 

The  2^  +  2  +  1  numbers  with  exp  2  are 

1-5,  9,  7,  1  +  8i,  15  +  Si,  9  +  Si,  7  +  Si. 

If  of  these  we  take 

2  +  t  with  exp  S, 
3  with  exp  4, 

i  with  exp  4, 


and 


we  have 


and 


and 


(2  +i)^=   9  +  8i  [mod  (1  +  if], 
3^=    9  [mod(l+i)8], 

1^  =  15  [mod(l+i)8], 

9  +  Si .  9  .  15  =  1 5  +  Si  ^  1  [mod  (1  +  ifl 


therefore,  2  +  i,  3,  and  i  generate  the  2^  numbers. 
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Example. — Mod  (1  +i)".    *(l  +  ^)''  =  2^    The  three  geaerators  have  exponents 
2»,  2*,  2«. 
The  2'  +  2'  numbers  with  exp  2'  are  (see  Proposition  xv.) — 

=  7+2i,  5+2/,  6+3i,  6+i,  5,  3,  4+i,  Si,  3+2i,  l+2i,  2+3i,  2+i[mod  (l+i)^]. 
The  2^  +  2^  +  2^  numbers  with  exp  2^  are 

=  ±  i  [mod  (1  +  if]  and  7,  9,  3  +  4r,  5  +  4i,  11  +  4t,  13  +  4t  [mod  (1  +  iy]. 

The  2^  +  2  +  1  numbers  with  exp  2,  are 

15,  17,  31,  7  +  82,  23  +  8i,  25  +  Br,  9  +  Si. 

If  of  these  we  take 

2  +  i  with  exp  8, 

3  with  exp  8, 

and 

i  with  exp  4, 

we  have 

(2  +  i)4  =  9  +  8i 

3*  =  17         }^and  15.  17  .  (9  +  8i)  =  7  +  8i  ^  1. 

i*=15 

Therefore  2  +  h  3,  and  i  generate  the  2®  numbers. 

(xvii.)  From  Propositions  ix.,  xii.,  xiii.,  and  xiv.  the  exponent  of  a  number  for  any 
modulus  (to  which  it  is  prime)  is  readily  determined. 

Let  the  modulus  be  expressed  as  a  product  of  powers  of  its  prime  factors, 

m  =  (1  +  O^P/^Pjj^  . .  .  QrQo''- .  .  ., 

where  P^,  Pg,  .  .  .  are  pure  primes,  and  Q^  Qg, . .  .  are  mixed  primes,  and  equal  to 

*i  +  fiih  «»  +  A*  .  .  . 

Then,  by  Proposition  ix.,  the  exponent  of  any  niunber  a  is  the  L.C.M.  of  its  separate 
exponents  for  the  moduli 

(1  +  2)  ,  Ir^  *,  iTg  ,  .  .  .  y^  *,  (^2    .  .  • 

The  greatest  exponent  possible. — ^The  greatest  exponent  for  mod  (1  +  i)*  is 

1  if  K  =  1, 

2  if  K  =  2, 

4  if  2  <  K  <  8, 


2*'-'  if  S^k=2k  ot2k  +  1. 
2  N  2 
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The  greatest  exponent  for  mod  P^^'  is 

Pi«  -  1  if  Xi  =  1, 
PjA.-i(Pj2_l)if  Xj>2. 

The  greatest  exponent  for  mod  Q^"'  is 

W  +  fiiT-'  («!»  +  A*  -  1)  if  Ml  >  1, 

and  the  greatest  exponent  for  mod   m  is  the  L.C.M.  of  these  separate  greatest 
exponents. 
Primitive  roots  exist  when  the  greatest  exponent  is  equal  to  4>  (m),  and 

^  (m)  =  ^  (1  +  i)' .  ^  (Pi^-) .  ^  (Pj^)  .  .  .  ^  (Qi"')  ^  (Qa*^)  .  .  . 

and 

^  (1  +  i)«  =  1  if  K  =  1 

=  2'-Mf  K>  1, 

*  (Pi*')  =  Pi«  -  1  if  Xi  =  1 

=  Pi*<*'-'>(Pi«-l)if  Xi>2, 

^(Qi''0  =  «i*  +  i8i^-lif  f*i=l 

=  (V  +  i8i«)''>-(ai*  +  A«-l). 

The  only  cases  in  which  the  greatest  exponent  can  be  equal  to  ^  {m)  are  those  in 
which  the  separate  exponents  are  each  equal  to  the  4>  of  the  modulus  they  refer  to 
and  are  also  co-prime. 

Hence  we  have  the  following  moduli  possessed  of  primitive  roots  : — 

(1)  The  moduU  1  +  i,  (1  +  i)\  (1  +  if ; 

(2)  Any  pure  prime  and  (1  +  i)  X  any  pure  prime ; 

(3)  A.  power  of  a  mixed  prime  and  (1  +  i)  X  a  power  of  a  mixed  prime. 
Example. — To  find  the  exponent  of  3  +  2i  for  mod  1000. 

1000  =  28 .  53  =  -  (1  +  if  (2  +  if  (1  +  2if. 

The  exp  of  3  +  2i  for  mod  (1  +  if  is  4. 

3  +  2i=l(mod2  +  i), 
and  therefore  has  exponent  1. 

(3  +  2iy  ^  1  [mod  (2  +  if] 

therefore 
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3  +  2?  has  exp  5*  for  mod  (2  +  i)\ 

3  +  2t  =  2  (mod  1  +  2i), 
and  therefore  has  exp  4. 

(3  +  2t)*=21  [mod  (1  +  2i)*] 

therefore 

3  +  2i  has  exp  4  .  5^  for  mod  (1  +  2if. 

The  exponent  required  is  the  L.C.M.  of  4,  5^  and  4  .  5^  =  100. 
Therefore  the  exponent  of  3  +  2i  for  mod  1000  is  100. 
(xviiL)  Proof  identical  with  (18). 

If  a  be  not  prime  to  m  and  m  =  pP  where  p  consists  of  powers  of  those  primes 
which  occur  in  a,  and  P  is  prime  to  a,  then  the  series  of  residues 

a,  a^,  a^ . . .  a*", . . .  a'^^^  . . .  (mod  m) 

consists  of  periods  of  t  terms,  the  first  period  beginning  at  the  r^  term  :  where  t  is  the 
exponent  of  a  for  mod  P,  and  r  is  the  least  number  that  makes  a*"  divisible  by  p. 

Corollary. — ^When  a  =  1  (mod  P) «  =  1  and  the  period  consists  of  one  term. 

When  a  is  divisible  by  p  the  first  period  starts  from  the  first  term. 

When  both  these  conditions  hold  good  then  every  power  of  a  is  =  a  (mod  m). 

Example. — Residues  of  powers  of  2  +  i  for  mod  10. 

10  =  -  {1  +iY{2  +  i)  {1  +  2i), 
p  =  2  +  t, 
P  =  (l+if(l  +  2i), 

therefore  r  =  1,  and  t  is  the  exponent  of  2  -f  *  for  mod  (1  -f  *)*  (1  +  2i). 
Now 

2  +  i  =  i  [mod  (1  +  {f]  and  therefore  has  exp  2 
and 

2  +  i  =  4(modl  +  2i)  „         „         „        2 

therefore 

t  =  2. 

The  period  consists  of  two  terms  and  the  first  period  begins  at  the  first  term 

2  +  i 
(2H-tf  =  3  +  4i, 
(2  + 1)3  =  2 +  i, 
&c. 
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Example.— BeaidixeB  of  powers  of  (1  +  i)  for  mod  100  =  (1  +  i)*  (2  +  i)*  (1  +  2*)*, 

p=(l+t)* 
and  therefore 

r  =  4, 

1  +  t  has  exp  4  mod  2  + 1  and  (1  +  t)*  ^  1  [mod  (2  +  1)*], 
therefore 

1  +  i  has  exp  20  mod  (2  +  t)*. 
SimUarly 

1  +  t  has  exp  4  mod  1  +  2i  and  (1  +  i)*  ^  1  [mod  (1  +  2t)«], 
therefore 

1  +  i  has  exp  20  mod  (1  +  2t)*, 
and  therefore 

<  =  20. 
The  residues  are 

1  +  t     2i     98  +  2t       96     96  +  96i     92i       8  +  92i     16     16  +  16*     32t 

68  +  32i     36     36  +  36t     72i     28  +  72i     56     56  +  56*     12* 
88  +  12*     76     76  +  76*     52*     48  +  52*. 

Example. — The  residues  of  the  powers  of  688  +  784*  for  mod  1000. 

1000  =  -  (1  +  *)6  (2  +  if  (I  +  2t')». 
688  +  784*  =  0  [mod  (1  +  *)«]. 

688  +  784*  =  688  -  57  (784)  [mod  (2  +  **)»].     (See  preface.) 

=  0  [mod  (2  +  *)S]. 


and 


688  +  784*  =  688  +  57  (784)  [mod  (1  +  2*)"]. 

=  1  [mod  (1  +  2*)8]. 


Hence,  r  =  1  and  <  =  1,  and  so  all  powers  of  the  number  688  +  784*  are  congruent 
to  itself  for  mod  1000. 

688  688  784 

688  784  784 


504 

752 

136 

04 

04 

72 

8 

6 

8 

344 

392 

2 

656 

784 
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therefore 

(688  +  784t)*  =  (344  -  656  +  784»)  (mod  1000) 

=  688  +  784t  (mod  1000). 

(xix.  and  xx.)  The  proofs  and  results  are  the  same  as  in  (19)  and  (20). 
Example.— ilLod.  10  =  2.  5  =  -  (1  +  if  (2  +  j)  (1  +  2t). 
To  find  a  so  that 

»  =  «!  [mod  (1  +  %f\ 

=  Oj  [mod  (2  +  »)] 

=  a3[mod(l  +  2i)]. 
We  shall  have 

a  =  ttj^i  +  ojfa  +  ojfg  (mod  10), 

where  fj,  fg,  ^3  are  found  thus : — 

^1  =  (2  +  i)  (1  +  2t)  a;i=  1  [mod  (I  +  if], 

6ijCi  =  l  [mod  (I  +if\, 
»Xi  =  l[mod(l  +  i)3]. 

^1  =  5  (mod  10). 
^,  =  (1  +  if  (1  +  2i>,=  1  (mod  2  +  i), 

(2i  —  4)  aj^  =  1  (mod  2  +  i), 

—  8aJ2  =  1  (mod  2  4-  0» 
ccg  =  3  (mod  2  +  t), 

^2  =  8+  6i(mod  10). 
^3  =  (1  +  if  (2  +  i)  0^3  =  1  (mod  1  +  2i), 

(4t  —  2)  iC3  =  1  (mod  1  H-  2i), 

—  4a:8  =  1  (rood  1  4-  2t), 
0-8  =  1  (mod  1  +  2i), 

^3  =  8  +  4i(mod  10). 


and  therefore 


and  therefore 


and  therefore 


Hence 


e.g.,  if 


a  =  5ai  H-  (8  +  6i)  aa  +  (8  +  4i)  Og  (mod  10), 

ai  =  l  [mod(l  +ifY 
«£  =  4  (mod  2  +  i)      > 
03  =  3  (mod  1  4-  2i)  J 


-1.  J 
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then 

a  =  5  +  (8  +  6i)  4  +  (8  +  4r) .  3  .  (mod  10), 
=  5  +  2  +  4»  +  4+  2i  (mod  10), 
=  1  +  6i  (mod  10). 

(xxi.)  The  number  of  numbers  which   belong  to  a  given   exponent  when   the 
modulus  is  a  power  of  a  prime. 
We  have  three  cases  to  consider 

« 

(1)  When  the  modulus  is  a  power  of  a  pure  prime. 

(2)  When  the  modulus  is  a  power  of  a  mixed  prime. 

(3)  When  the  modulus  is  a  power  of  1  -f  *• 

(1.)  We  saw  in  Proposition  xiia,  that  for  the  modulus  p*"  we  can  generate  the 
4>  (p^)  =  p^^^"  ^>  (p2  —  1)  residues  prime  to  the  modulus  by  three  generators 

fBudf  each  with 
and 

h  with  exp  p 

How  many  of  the  residues  have  exponent  p't,  where  5  >  X  —  1  and  t  divides 
p«-  1? 

Of  the  p^  —  1  powers  of  A,  <f>  (t)  have  exponent  t 

Of  the  p^"^  powers  off,  pF  have  exponent  a  power  dip  >  jp*. 

Of  the  p^  "  *  powers  of  y ',  p'  have  exponent  a  power  of  p  ^  p'. 

Therefore  y  and  f  generate  p^  numbers  with  exponent  :|>  p',  and  similarly  ^^ "  * 
numbers  with  exponent  1^  p*'^. 

Therefore /and/'  generate  j>^  —  ^^""*  numbers  with  exponent  j>*. 

Therefore//',  and  g  generate  (p**  —  P**"*)  <^  (0  numbers  with  exponent  p%  i.e.,  the 
number  of  numbers  with  exponent  p't  mod  p*  is  (p**  —  p^"^)  <l>  (<)• 

In  particular  the  number  of  numbers  with  exponent  p*  is  p**  —  p^* "  *,  and  the 
number  of  numbers  with  exponent  <  is  ^  («)  if  <  is  prime  to  p. 

(2.)  Any  power  of  a  mixed  prime,  (a  +  fii)^^  has  primitive  roots,  and  hence,  as  in 
(21),  the  number  of  numbers  with  exponent  t  [any  divisor  of  (a^  +  ^Y  —  (a*  +  ^8*)^  "  *] 
is  <^  (<). 

(3.)  The  number  of  numbers  with  exponent  a  given  power  of  2  for  modulus  (1  +0^ 
was  found  completely  in  Propositions  xiv.  and  xv. 

(xxia.)  It  will  be  convenient  for  the  succeeding  propositions  to  express  the  nimiber 
of  numbers  which  have  a  given  exponent  for  modulus  (1  +  0\  in  terms  of  the 
exponents  of  the  generators.  By  so  doing  we  shall  avoid  the  detailed  discussion  of 
the  cases  arising  from  diflFerent  values  of  X,  which  was  necessary  in  Part  I. 

Suppose  2%  2*^,  2*"  are  the  exponents  of  the  generators. 

The  exponent  of  the  product  of  any  powers  of  the  generators  is  equal  to  the 
highest  exponent  of  the  three  (Proposition  viii.). 
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The  generator  with  exponent  2«  generates 

2*  numbers  with  exp  :^  2*  if  k  >  5, 
2*  numbers  with  exp  >  2'  if  k  <  5. 

Suppose  by  (ic),  we  denote  that  k  is  to  be  replaced  by  5  if  k  exceeds  s.     Then  in 
either  case  the  generator  with  exponent  2*  generates 

2  ^*^»  numbers  with  exp  J>  2*. 

Similarly  the  two  other  generators  generate  respectively 

2^*'^*  numbers  with  exp  :^  2', 
and 

2  ^*"^«  numbers  with  exp  ::^  2*. 

Therefore  the  three  generators  generate 

2  (« + «'  +  k"),  numbers  with  exp  :|>  2', 
i.e.,  there  are,  for  modulus  (14-  ty, 

2  (k + «'  +  k"),  numbers  with  exp  :^  2*. 

Similarly  there  are 

2(«  +  «'+o,-,  numbers  with  exp  >  2'-*. 

Hence  there  are 

2  (« +  k'  +  «")<, 2  ^^  +  *'  +  *'%  - 1 

numbers  with  exponent  2'  for  modulus  (1  +  i)\ 

This  result  clearly  holds  good  when  one  or  two  of  the  k  s  is  absent,  as  is  the  case 
when  X  is  less  than  5. 

(xxii.)  The  number  of  numbers,  for  modulus  m,  each  of  which  has  as  exponent  some 
power  of  a  prime  p,  p  being  a  divisor  of  4>  (m). 

Let 

m  =  (I  +i)*Pi^»P2^  .  .  .  Qi'^'Q^'** .  .  . 

where  Pj,  Pg,  .  .  .  are  pure  primes  and  Qi,  Q2,  .  .  .  are  mixed  primes. 

4>  (m)  =  ^  (1  +  i)« .  4>  (Pj^O  •  ^  {^2^)  •  •  •  ^  (Qr)  ^  (Q2'^)  •  •  • 

4)  (1  +  i)«  =  2^2^'2^'' 

where  2**,  2*»',  2*»",  are  the  exponents  of  the  generators  for  mod  (1  +i  )*,  and  suppose 

that 

4)  (Pi^»)  =  Pj2<^i-^)  (PjS  —  1)  =  2V>5f"*^ .  .  . 

^  (Pj^)  =  P3^^-^>  (PgS^  -  1)  =  2''«pV  •  •  • 

&c.  &c. 

MDCCCXCIII. — A.  2   O 
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With  regard  to  these  we  shall  follow  a  convention  which  will  be  useful  in  simpli- 
fying the  next  proposition. 

Firstly y  we  write  2'»2'^'2*°',  and  not  2*"  "^  "^  "^  **".     Thus  the  value  of  (Sk),  will  be 

('^o  +  'fo'  +  'fo"  +  '^i  +  ^^2  +  •  •  .  )#i  and  not  {kq  +  Kq  +  k^'  +  ^1  +  ^2  +  ...  )^ 
Secondly,  in  2*7;'»5'^» .  .  ,  occurs  the  prime  Pj  raised  to  the  power  2  (Xj  —  1). 
We  shall  suppose  it  written  V^^'^  .  Pl*»"^  and  not  Pj^  ^^*"*\ 
For  the  rest  of  the  principal  factors  no  such  arrangement  is  necessary. 
Let 

4)  (Q/»)  =  2«»p/''(7i**>' .  .  . 

&c.  Ac. 

As  in  (22)  the  number  of  numbers  which  have  some  power  of  ^  as  exponent  is  the 
product  of  the  number  of  such  numbers  for  each  separate  modulus  (1  +  i)*,  V^\  &c. 

Now  the  number  of  numbers  for  mod  P^^*  is  the  power  of  jp  in  ^  (Pi^O 

Po"*         „  „         4>(P2^)  ^Prop.  (xxi.). 

&c. 

Hence  the  number  of  numbers  with  exponent  a  power  of  j>  is  p^^'^ 

In  particular  the  number  of  numbers  with  exponent  a  power  of  2  is  2^^*\ 

(xxiii.)  The  number  of  numbers  having  a  given  exponent  p*  for  modulus  m,  p'  being 

a  divisor  of  the  greatest  exponent. 

Any  such  number  has  a  power  of  p  or  unity  for  its  exponent  for  each  of  the  moduli 

(1  +  t)*,  Vi\  .  .  .  &c.,  and  the  greatest  power  of  p  among  these  exponents  must  be  jp*. 
As  in  (23)  the  number  of  numbers,  modulus  P^^*,  which  have  as  exponent  a  power 

of  p  not  greater  than  p'  is  (if  P^  is  not  p)  p^'^\ 
In  the  particular  case  when  Pi  is  the  prime  p,  if 

X^  —  1  is  >  5  there  are  p^  numbers,  mod  P^^*  with  exp  a  power  of  p  >  |/ 
and  if 

Xi  —  1  is  <  5  there  are  ^*^^^"*^     „  „  „  „ 


In  either  case  the  number  isp<^»"^  +  ^»-'\ 

Now  we  have  arranged  that  in  4>  (Pi^*)  the  power  of  Pj  {p  in  this  case)  shall  be 
written  j^'ip's  and  not  p^' :  thereby  we  easily  express  the  number  of  numbers  with 
exponent  a  power  oi  p  1^  p'  for  modulus  P/»,  which  is  p^^^^p^^^  or  p^^^-^^^,  but  which 
is  not  jp^^'^. 

For  modulus  Qj**^  the  number  of  numbers  with  exponent  a  power  oip  ;J>  jp*  is  ^^'*\ 

Multiplying  these  numbers  we  get  p^^^  as  the  number  of  numbers  with  exponent 
a  power  of  ^  >  x^. 
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Hence  the  number  of  numbers  with  exponent  ^'  modulus  m  is 

jKrampfe.— Mod  3^(3  +  2i).     The  greatest  exponent  is  the  L.C.M.  of  3^(3^  —  l) 
and  12,  =  72. 

We  will  find  how  many  numbers  have  exponent  3^  and  how  many  numbers  have 
exponent  3. 

4>  (3^)  =  23 .  32 .  32. 

4>(3  +  2i)  =  2^3. 

The  number  of  numbers  with  exponent  3^  is 

3(2+2+1), 3(2+2+1)1 

=  3^  -  3\ 

The  number  of  numbers  with  exponent  3  is 

3(2+2+1)1 I 

=  33-1. 
Hence 

35  _  38  numbers  have  exp  3^. 
3^—1    numbers  have  exp  3. 
and 

1  number  has   exp  1.  J 


r 


(xxiiia.)  By  writing  4>  (1  4-  0*  ^^  ^^^  ^^^"^  2*°2'^'2'^"  we  are  enabled  to  apply 
exactly  the  same  method  to  this  case  as  we  have  to  the  case  of  any  odd  prime  p.  The 
result  we  obtain  is  that  the  number  of  numbers  with  exponent  2'  for  mod  m  is 

Example.— M.od  12  +  ii  =  i  (1  +  if  (1  +  2»).  Highest  exponent  =  2«,  ^  (m)  =  2«. 

4>(1 +t)8  =  22.2.2. 
*  (1  +  2t)  =  2^. 

The  numher  of  numbers  with  exponent  2^ 

=  2"  —  2* 
2  o  2 
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The  number  of  numbers  with  exponent  2 

—  o* 1 


Thus  there  are 


2^  —  2*  numbers  with  exp  4. 


2*-l         „  „  2. 


>>  » 


::i 


CoToHai'y  to  xxiii  and  xxiiia. — The  number  of  numbers  that  beloug  to  any- 
exponent  is  simply  the  product  of  the  number  of  numbers  that  belong  to  each  of  its 
principal  factors  as  exponents. 

Thus,  for  mod  m,  the  number  of  numbers  with  exp  t  =  ^'g'  ...  is 

Example.— i&fA  (1  +  t)« .  3*  (3  +  2t)  (4  +  i)  =  ~i.  72  (10  +  1 U). 

*  (I  +  i)»  =  2.  2-.  2-. 
^  (32)  =  2«.  3.  3. 
4>  (3  +  2i)  =  2*.  3. 
*  (4  +  i)  =  2*. 

The  highest  exponent  is  2*.  3'. 

4>  (ni)  =  2".  3». 

The  numbers  k  are  I.  2.  2.  3.  2.  4. 

(2»c)4  =  14, 

(2ic)3  =  13, 

(2k)s=11, 

(2k)i  =  6, 

(2k)o  =  0. 
Therefore 

£1*  —  2^*  numbers  have  exp  2*, 

218-2"      „         „         „      28, 
2"-2«        „         „         ,.      2«, 

The  numbers  I  for  the  prime  3  are  1.  1.  1. 
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(SOi  =  3. 

(SOo  =  0, 
therefore  3'  —  1  numbers  have  exp  3. 
From  these  we  deduce  that 

(3'  —  1)(2'*  —  2^')  numbers  have  exp  3.  2*. 

(33  -  1)  (2"  -  2")       „         „         „     3.23, 

(38  -  1)  (211  -  2«)         „         „         „     3.  2\ 
(33_i)(26_i)  „         „         ,,     3.2. 

Induding  1  which  has  exponent  1,  this  makes  the  complete  set  of  2^*.  3'  numbers, 
(xxiv.)  A  special  set  of  generators  which  generate  the  ^  (m)  numbers,  modulus  m. 

m  =  (1  +  if  Pi^' . . .  Qi"'  .  .  . 

Three  numbers  <f>,  <f>',  <f>",  generate  the  residues  for  modulus  (1  +  t)*.  (Propositions 
xiii.  and  xvi.)  Two  numbers  gi,  fi,  generate  the  residues  for  modulus  P^*'.  (Pro- 
position xiia.),  &c.  One  number  g\  generates  the  residues  for  modulus  Qi**'.  (Pro- 
position xii.),  &c. 

Suppose  any  number  a  modulus  m  is 

=  ao[mod(l-Hi')] 
=  ai  (mod  Pi*»), 

&c. 
=a\  (mod  Qi"'), 

&c. 
Then 

(I  =  Oy^o  +  "1^1  +  •  •  •  +  «'i^'i  +  •  •  •  (mod  m).     (Proposition  xix.) 

If  now 

oo  =  ^^f  V ''"•  [mod  (1  +  i)'] 

«i  =  fl'i'/r"  (mod  Pi^'). 

a\  =  gr'/.  (mod  Qi"'), 

&c. 
Thus 

a  =  *^' V%  +  ^iVi''^i  +  . .  •  +  ^'I'-fi  +  ...  (mod w) 

=  [*^o  +  fi  +  •  • .  +  Ti  +  . .  .?[*' e,+  fi  +  .  .  .  +  f  1  +  .  .  .J' 

[f'^o  +  ^i+  .  .  .  +  ri+  .  .  .]•"•  [^0  +  fl'i^i  +  .  .  .  +  fi  +  .  .  .J' 
[^0  +fi(i  +  ..•?•..  [^0  +  fi  +  ••  .  +9'ifi  +  •  •  -J'-  •  •  (mod  m) 
=  [(*  -  1)  4  +  l]** [(4>'  -  1)  ^0  +  !]'•  [(f '  -  1)  ^0  +  IJ"'  [{9i  -  1)  ^1  +  IJ' 

L(/i  -  1)  +  1]^' .  •  .  lig'i  -  1)  +  1  J- ...  (mod  m), 
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where  the  numbers  in  the  square  brackets  are  a  set  of  generators  whose  exponents 
are,  in  order,  Kq,  k q,  k'q,  Pj^*"^  (Pj^  —  1),  Pi^*"S  . .  .  4> (Qx"*) .  .  .  whose  product  is  equal 
to  4)  {m). 

Example.— Kodi  10  =  -  (1  +  if  (2  +  i)  (1  +  2i) 

i  with  exp  2  generates  the  2  numbers  mod  ( 1  +  if 
2         ,,        4  „  4  „  2  +  t 

2         ,,        4  „  4  „  l  +  2t. 


Hence  the  following  will  generate  the  4>  (10)  =  32  numbers,  mod  10,  viz., 

^1  +  2^3+    ^sluiod  10, 


where 


Hence 


^^  =  5     ^2=8  +6i    ^3=8  +  4i.      (See  Example,  Proposition  xix.) 
5/+      8+6i    H-      8  +  4i=6H-5r 
5  H-  2  (8  +  6i)  +      8  +  4i  =  9  +  6^*  [.(mod  10). 
5    +      8+6f    +2(8  +  4i)  =  9  +  4v 

9  +  4i  with  exp  4 " 
9  +  6i        „         4 
6  H-  bi        „         2 


>»  generate  the  32  residues. 


The  indices  corresponding  to  each  of  the  32  numbers  are  given  in  the  following 
table. 


Indices  of 

Indices  of 

Numbers. 

Nnmbera. 

1 

I 

1 

6  +  5i. 
0 

9  +  6t. 

9  +  4t. 

6  +  5t 

6  +  6t.    '    9  +  6*. 

1 

1 

9  +  4t. 

1 

1   1 

0 

0 

1        I        0 

0 

i     9i  U 

0 

0 

1 

4  +  9i 

1                0 

1 

j     5  +  2i 

0 

0 

2 

7% 

1                0 

2 

1     7  +  8t 

0 

0 

3 

2+3* 

]                 0 

3 

9  +  6i 

0 

1 

0 

4+    t 

1           1 

0 

7 

0 

1 

1        I 

2  +  6» 

1           1 

1 

3  +  8* 

0 

1 

2        1 

8  +  3» 

1           1 

2 

5  +  4» 

0 

1 

3        I 

9t 

1     1     1 

3 

54  8* 

0 

2 

0        i 

3i 

1                2 

0 

3  +  2i 

0 

2 

1 

8  +  7t 

1        1        2 

1 

9 

0 

2 

2 

4  +  5t 

1                2 

2 

l  +  6i 

0 

2 

3 

6+    % 

1                2 

3 

7  +  2i 

0 

8 

0        , 

2  +  7* 

1                3 

0 

5  +  6t 

0 

3 

1        ! 

• 

t 

1                3 

1 

l  +  4t 

0 

3 

2 

6  +  9i 

1                3 

2 

3 

0 

3 

1 

3 

8  +  5i 

1                3 

3 

E.g.,  6  +  /  =  (6  +  bi)  (9  +  61)=  (9  -\-  iif  (mod  10). 
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(xxv.)  Proposition  (25)  is  completely  applicable  to  the  case  of  complex  numbers 
and  moduli.  The  result  arrived  at  we  may  re-state  as  follows : — The  most  general 
set  of  numbers  which  generate  the  *  (in)  residues  for  modulus  m  must  always  be  con- 
structed in  this  manner,  viz.,  we  must  form 

a  set  of  jp-power-exponent  generators" 

a  set  of  (7-power-exponent  generators  >  ^'  ^V  \  *        ^^  /    ^ 

&c.  &c. 

e^h  generator  must  then  be  formed  by  taking  numbers  from  these  sets,  not  more 
than  one  from  each,  and  forming  their  product.  Each  number,  moreover,  in  these 
subsidiary  sets  is  to  appear  once  and  once  only  as  a  factor  of  one  of  the  generators 
that  axe  thus  formed. 

It  remains  to  investigate  the  most  general  mode  of  formation  of  a  set  of  p-power- 
exponent  generators. 

(xxvi.)  The  proof  of  Proposition  (26)  holds  good  for  complex  mmibers  and  moduli. 
It  shows  that  the  exponents  of  any  set  of  jp-power- exponent  generators  must  be  the 
same  set  of  powers  of  p  as  those  which  occur  in  the  4>'s  of  the  principal  factors  of  m ; 
i.e.,  they  are  what  have  been  denoted  by  p^\  p\  .  .  .  jp's  p'S  •  •  (see  Proposition  xxii., 
in  which  the  convention  stated  must  be  strictly  attended  to).  The  convention  of 
Proposition  xxii.  makes  the  treatment  of  the  2-power-exponent  numbers  uniform 
with  that  of  the  p-power-exponent  numbers ;  hence  the  same  result  is  true  for  the 
2-power-exponent  numbers,  viz.,  that  the  exponents  of  any  set  of  2-power-exponent 
generators  must  be  2*«,  2*«,  2'^»,  2*»,  .  .  .  2*'  ... 

The  least  number  of  generators  for  a  given  modulics  m. 

As  in  (26)  we  see  that  the  least  number  of  generators  is  equal  to  the  number  of 
terms  of  that  row  which  contains  most  among  the  following : — 

fl 

t      ft  /       / 

'^O    '^  0    '^  0    '^l     ^^2  •  •  •     '^  1     '^  2  '  *   • 

1    1         V    r 
1    2 ***  ^ \     2*** 

wij  m^  •  .  .  7/1 1  WI2  .  .  . 

Consider  first  the  set  of  numbers,  kq  kq  k'q  Ki  .  ,  .  k  i  .  .  . 
Since  Pi  is  an  odd  prime,  therefore 

is  even,  and  therefore  k^  always  occurs. 
Similarly  in 
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a,^  -i-  A^  is  a  real  odd  prime  number,  and  therefore 

^  (Q."') 

is  even,  and  therefore  k\  always  occurs. 

For  the  numbers,  k^  Kq  k'q,  all  three  occur  if 

K>  4        [m={l+  iyFr'^ .  .  .  Qr^ .  .  .]. 
two  occur  if 

/c=4, 
one  occurs  if 

/c=3,  2,  I, 
none  occur  if 

K=0. 

Hence,  if  we  denote  by  n  the  number  of  different  prime  factors,  P,  Pj .  .  .  Qi  Qj  .  •  . 
of  m  (excluding  1  +  i)  then  the  number  of  terms  in  the  set  of  numbers  #Cq  kq  k'q  k,  . .  . 

ic  I  •  •  •  IS 

n  +  3  if  ic>  4, 

n+2  if  ic  =  4, 

n+  1  if  /c=3,  2,  I, 

n  if  /c  =  0. 

These  numbers  give  an  inferior  limit  to  the  least  number  of  generators.     In  all  but 
one  exceptional  case  the  least  number  of  generators  coincides  with  these. 
Consider  next  the  set  of  numbers,  li  I2 .  .  .  1/  h'  •  >  > 
li  occurs  if  p  divides 

If  it  divides 

P,^  -  1 

it  occurs  once.     If  it  is  identical  with  Pi  then  it  occurs  twice  (li  =  Xj  —  1 ),  and  the 
set  of  numbers  would  be  written  Zj  Zj  /g  •  •  .  li  U  •  •  > 
Zg  occurs  if  p  divides 

Therefore  the  number  of  terms  in  the  set  exceeds  n  (and  is  equal  to  n  +  I)  only 
when  m  is  such  that 

^  (Qi'^O.  *  (Q2'^).  • .  •  <^  (Pi'O.  *  (P2^) . . . 

are  all  divisible  by  p  and  also  one  of  the  primes,  Pj,  P2,  .  .  .  is  equal  to  jp. 
If  this  be  the  case  when  /c  =  0  the  least  number  of  generators  is  n  +  1. 
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The  result  may  be  stated  thus  : — 

If  n  be  the  number  of  different  prime  factors  of  m  =  (1  +  i)*Pi^*  .  .  .  Qi"*,  .  .  . 
excluding  (1  +  i),  then  the  least  number  of  generators  is 

n  +  3  if  /c  >  4, 

n  +  2  if  /c  =  4, 

7i  +  l  if /c=3,  2,  1, 
n  if  ic  =  0, 

unless  one  of  the  primes  Pj  divides  P^^  —  1,  Pg-  —  1,  .  .  .  and  <l>  (Qi***),  <l>  (Qg*^), ...  in 
which  case  it  is  n  +  1. 

(xxvii.)  The  formation  of  a  set  of  t/nitory  p-power-exponent  generators  for  mod  m. 

Let  a  be  any  p-power-exponent  number,  and 

a  =  oo^o  +  ^\^\  +  ^2^2  +  .  .  .  +  a\f  1  +  a  2^2  +  •  •  •  (inod  m). 

Then  Oq,  a^,  a^, .  .  .  a'j,  .  .  .  must  each  have  as  exponent,  for  its  own  modulus, 

either  unity  or  a  power  of  p. 

Suppose  first  that  p  is  not  =  2,  but  an  odd  (real)  prime. 

Take 

yi  with  exp  jp'*  (mod  Pi^*), 

73     „      „    ^'-(modPg^), 

•  &c.,  &c., 

if  in  any  case  p  is  not  a  factor  of  <l>  (P^)  y  is  =  1. 

If  for  one  of  these,  say  P^,  p  =  P^,  then  take  also  /S^  with  exponent  p\  modulus 

Pi^»,  as  in  Proposition  xii.,  so  that  fii  and  y^,  each  with  exponent  Z^  =  Xj  —  1,  generate 

all  the  ^-power-exponent  numbers,  modulus  P^^*. 

Take  also 

y\  with  exp  p\  mod  Q/', 

72      n       »     p'\     „      Q2'^, 

&c.,  &c. 

Then  we  have 


and  can  put 


oo  =  I  [mod  (1  +  iyi 

a,  =  y^^fi^^  (mod  V,% 
ag  =  y/-  (mod  P^^), 

&c.,  &c., 

a'l  =  y\"'  (mod  Q,-). 
a',  =  yV"  (mod  Qg""), 

&c., 

MDCCXJXCIII. — A.  2  P 
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and  so 

«  =  [(r.-i)^,  +  i]''[(i8.-i)f,  +  ip"  [(72-1)1^3  +  1? 

[(y  1  -  i)f .  +  i7'[(y'2 -  i)r.  +  ip .  • .  (mod  m). 

The  quantities  in  the  brackets  we  shall  denote  by  g^gc,  •  •  •  git*  Each  is  congruent 
to  unity  for  all  but  one  of  the  principal  factors  of  m  as  moduli  Their  exponents  are 
the  exponents  of  any  set  of  ^^-power-exponent  generators  (Proposition  xxvi.),  viz., 

P'\  ;>S  .  .  . 

Next  let  p  =  2. 

Then  take  <^,  ^',  <^",  generators  for  mod  (1  +  0* 

y^  a  number  with  exp  2*»  (mod  Pi^')» 

&c.  &c. 

y\  a  number  with  exp  2*'»  (mod  Qi**'), 
&c.  &c. 


Then 


and,  therefore. 


ao  =  <^^"f/f  y'  [mod  (I  +  iy-] 
«!  =  y^'  (mod  Pi^»), 
&c., 

«',  =  y'/>  (mod  Q,"'), 
&c. 


a  =  [(^-i)^o+i?[(</''-i)fo+iF[(f'-i)^o  +  iF'[(r,-i)l^i  +  i]''-.. 

[(r'l  -  1)  fi  +  !]'■'• ...  (mod  m), 

and  the  numbers  in  brackets  are  unitary  generators  of  the  numbers,  modulus  m,  with 
exponent  powers  of  2. 

Each  is  congruent  to  unity  for  all  but  one  of  the  principal  factora  of  m,  and  their 
exponents  are  2*»  2*»  2*''«  2'^  2'' .  .  .  2''*  2**' ... 

Thus,  in  either  case,  whether  p  is  an  odd  prime  or  equal  to  2,  we  can  form  a  set  of 
p-power-exponent  generators  (having  the  exponents  found  to  be  necessary  in 
Proposition  xxvi.),  such  that  each  is  congruent  to  unity  for  all  but  one  of  the  principal 
factors  of  i?i  [( I  +  i),  Pi^',  .  .  .  Qi*** .  .  •]  as  moduli.  * 

(xxviii-xxxi.)  Propositions  28-30  are  concerned  with  a  discussion  of  the  most 
general  mode  of  formation  of  a  set  of  p-power-exponent  generators.  They  are 
throughout  completely  applicable  to  the  case  of  complex  numbers  and  moduli.  The 
result  we  may  state  as  folio wa  Let  //j,  g^2»  •  •  •  Ot^  ^^  ^  set  of  unitary  ^-power-exponent 
generators. 

Then  r^  To  .  .  .  r^  (with  the  same  set  of  powers  of  ^  as  exponents)  as  given  by 
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Ti  =  g{-  y.y  g^-  .  ,  .  (/;^» 

Tc,  =  g{-y^'^g^^...g;i-     w      i     \ 

>  (mod  m) 


r,  =  i7i'>  g.2'^^g^^  ...gj*^ 


will   be  independent  generators   provided   that   the   determinants  formed    by   the 
indices  i, 

(ill  *22  •   •   •   hia)  I 

V^o+l   «+l    •   •   •   *W*)     i  11  •  . 

Y  are  all  prime  to^. 

( W) 

The  indices  i  which  occur  in  any  one  of  these  determinants,  are  those  which  occur 

as  indices  of  generators  g  all  with  the  same  exponent ;  the  generators  r,  in  which  they 

occur,  having  also  this  same  exponent. 

The  summary  of  Proposition  (31)  is  also  true  of  generators  for  complex  modulL 

(xxxii.  and  xxxiii.)  With  one  modification,  Propositions  (22)  and  (23)  hold  good  for 

complex  numbei*s  and  primes. 

If  in 

ax"  =  h  (mod  7/i) 

a  and  m  have  G.C.M  /c,  then 


-af  =  -l  mod  —  )• 

AC  /c\  K I 


Each  solution,  rr,  of  the  second  congruence  gives  N  (/c)  solutions  of  the  first,  viz.,  all  the 

numbers  a:  +  5  — ,  where  s  is  any  one  of  the  N  (/c)  incongruent  residues  for  modulus  k. 

The  solutions  of  the  congruences  which  follow  are  intended  as  examples  of  these 
propositions  and  also  as  illustrations  of  the  Tables  placed  in  the  Appendix. 
Example  1. 

7a?  =  3  (mod  4  +  2l), 


From  the  tables 


therefore 


therefore 


(4)    (2) 

3  =  (3.  0) 

7  =  (1.  0), 

;r^=(2.  0), 

X  =  (2.  0) 

x  =  9  (mod  4  +  2^. 
2  P  2 
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Example  2. 
From  the  tables 


therefore 


thei'efore,  if 


therefore 


therefore 


(2  +  i)  a^  =  3  +  2i  (mod  9). 

3  +  2t  =  (22.,  0) 
2  +  /    =  (  1.  0). 

3?  =  (21.  0), 

X  =  (a.  b), 
3a  =  21  (mod  24), 

a  =  7,  15,  23  (mod  24) 
36  =  0  (mod  3), 

6  =  0,  1,2  (mod  3). 


There  are  thus  nhie  solutions,  viz. : 

(7.  0)=l+7t        (15.  0)  =  7  +  7i  (23.  0)  =  4  +  7t 

(7.  1)  =  1  +  it         (15.  1)  =  7  +  4i  (23.  1)  =  4  +  4t 

(7.  2)  =  l+t  (15.  2)=7  +  i  (23.  2)  =  4  +  t 


Example  3. 


From  the  tables 


therefore 


and  therefore 


Example  4. 


and  so 


Let 


Then 


3a:»  =  3  +  2t  (mod  10). 

(♦)    (4)    <2) 

3  +  2i  =  (l.  2.  0) 
3  =  (3.  3.  0), 

ar"  =  (2.  3.  0), 

X  =  (2.  1.  0) 
a;  =  3  +  8*. 

3a!«  =  3  +  2i  (mod  30  +  20i), 
Sgl^i^MmodlO). 

.(•  =  (3  +  2i)  f 
3  (3  +  2i)- f  *  =  1  (mod  10) 
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Now 


therefore 


also 


theiefortr 


theref<x^ 


!£V>r.  if 


E^au^n*.  I 


1  Tllf  Jk 


3  +  2i  =  n,  2,  0;, 


•  3  +  24V  =  rj,  0,  0;: 


=  J»  -^  -t.     JU  X    ^  \  , 


*-  =  -  ♦  -^  T    ■  UiVC   ^  -^  .  l» 


►-  =     1  ^       lu^i  :-  -^         -^  :-    V  -^  :. 


=L         lii\^  <  -^       , 


-UtT 


*fr  -Mi^    '    -^ 
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therefore 


therefore 


therefore,  if 


So 


Example  6. 


aud  therefore 


(2 +  *■)*.  4  =  (10.  0), 
J*  =  (1.2), 


f=(a.6). 
5a  =  1  (mod  12),     a\ 

56  =  2  (mod  4),       6  E 

£=(5.2), 

=  58  (mo<l  8  +  t). 


5, 

2. 


a;  =  58  (2  +  *)  (mod  15  +  lOt) 
=  1  +  3». 

2jr  =  26  +  32i  (mod  40), 

x=^  =  13+  16t(mod20). 


Each  solution  of  the  latter  gives  four  of  the  former,  viz., 

X,    a;  4-  20,     a;  +  20t,     a;  +  20  +  20t  (mod  40). 

The  congruence  is 

a:2  =  _  t  (1  +  2if  (4  +  i)  [mod  (1  +  i)\  (2  + 1).  (1  +  2i)], 
therefore 

1  ^2.=  -  i(l  +2i)(4  +  i)[mod(l  +*)♦.  (2  +  i)]. 

a!  =  (l  +  2t)£(mod20). 
(1  +  2t)  P  =  -  ,:  (1  +  2t)  (4  +  i)  [mod  (1  +  if.  (2  +  •)], 

^=  _  ,'.  (4  +  i)(mod  8  +  41), 

=  1  —  4i  (mod  8  +  4i), 
^  =  9  (mod  8  +  4t). 


Let 


Then 


and  therefore 


From  the  tables 


and  therefore 


<M   (*)   Ci) 

9  =  (2.  0.  0), 


e  =  (2.  0.  0). 
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This  gives  eight  solutions 


^  = 


0. 

0. 

0) 

(3. 

0. 

0) 

(1- 

2. 

0) 

(3. 

2. 

0) 

(1. 

0. 

1) 

(3. 

0. 

1) 

0. 

2. 

1) 

(3. 

2. 

1) 

17, 

13. 

7, 

3, 

1  +  2i, 

17  +  2i, 

n  +  2i, 

7  +  2i. 

Hence  there  are  eight  solutions  of  the  congruence 


a;«=13  +  16i(mod20), 


VIZ., 


7  +  ii 
3  +  6i 


17+Ai 

13  +  ei 


7  +  Ui 
3  +  16i 


17  +  14» 
13  +  16t 


and  hence  there  are  32  solutions  of  the  congruence 


VIZ., 


2a;«  =  26  +  32i  (mod  40), 


7+    4i 

17+    4i 

7  +  14i 

17  +  14i 

27+    4i 

37+    4i 

27  +  14t 

37  +  14* 

7  +  24i 

17  +  24i 

7  +  34i 

17+341 

27  +  24t 

37  +  2ii 

27  +  34t 

37  +  34* 

3+    6i 

13+    6» 

3  +  16i 

13  +  16* 

23+    6i 

33+    6t 

23  +  16i 

33  +  16* 

3  +  26i 

13  +  26t 

3  +  36i 

13  +  36* 

23  +  26i 

33  +  26t 

23  +  361 

33  +  36* 
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APPENDIX. 

Tables  of  Indices  for  all  Moduli  whose  Norms  do  not  exceed  100. 

Description  of  Tables. 

The  folio  wing  Appendix  contains  Tables  of  Indices  for  all  the  moduli  whose  norms 
do  not  exceed  100.  For  each  modulus  two  tables  are  given  :  the  first  arranged  so  as 
to  show  readily  the  number  that  coiresponds  to  given  indices,  the  second  to  show 
what  indices  correspond  to  a  given  number.  At  the  foot  of  any  column,  or  the  end 
of  any  row  in  which  indices  are  tabulated,  is  placed  in  a  bracket  the  exponent  of  the 
generator  to  which  those  indices  refer.  With  each  table  are  noted  the  formulae 
necessary  for  finding  to  which  of  the  numbers  in  the  table  any  given  number  is 
congruent.  There  are  also  given  for  convenience  the  prime  factors  of  the  modulus, 
the  norm,  the  highest  exponent,  the  value  of  <l>  expressed  in  factors  which  show  the 
exponents  of  the  generators,  and  the  generators  used  in  the  table.  All  these  will  be 
found  collected  in  the  reference  table  next  following.  In  this  are  also  noted,  for 
each  modulus,  the  least  possible  number  of  generators  and  the  values  of  the  numbers 
£  of  Proposition  xix.     E.(/.y  for  the  modulus  5  +  ^i  we  read  thus  : — 

5  +  5t  =  -  ?:(1  +  i)  (2  +  i)(l  +  2i),     N(5  +  5i)  =  50,     <l>(5  +  5i)  =  16  =  2l  2l 

Highest  exponent  =  4.     Least  number  of  generators  =  2,  those  used  in  the  table 

being  4  +  *  ^^d  9  +  4i. 

Also  if 

a  =  Oq  (mod  1  +  i) 

=  ttj  (mod  2  +  i) 

=  a^  (mod  1  +  2i)  ^ 
then 

a  =  5ao  +  (3  +  t)  aj  +  (8  +  4t)  a^  (mod  5  +  5i). 

The  reducing  formulae  (see  preface.  Part  II.)  are 

y  =  Y  (mod  5), 

.r  =  X  +  Y— y(modlO). 

The  tables  of  indices  for  powers  of  1  +  *  as  moduli,  up  to  ( 1  +  iff  ai*e  placed  at 
the  end. 

[The  tables  have  been  calculated  with  some  care,  but  they  have  not  been  revised.] 
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»i  =  2  +  i      N  (?n)  =r  5     * 
w  =  1  +  2t     N  (w)  =  5     * 

(m)  =  4  =  23      n.E  =  4     a;  =  X  +  3Y  (mod  5). 
(m)  =  4  =  2^     H.E  =  4     aj  =  X  +  2Y(moH  5). 

Generator  2. 

N 

2       4 

3        1 

I 

1        2 

1 

3        0 

(4) 

w  =  3    N(m)  =  9    4>{w)  =  8  =  2'    H.E=8    a;  =  X(mod3)    y  =  Y(mod3). 

Generator  1  + 1. 


0 

1 

1 

l  +  i 

2 

2t 

3 

l  +  2t 

4 

2 

5 

2  +  2t 

6 

»• 

7 

2+t 

• 

t 

1 
6 

2% 

2 

1 

0 

l+i 

1 

1  +  2* 

3 

2 

4 

2+i 

7 

2+2t 

5 

1 

(8) 


(8) 


m  =  3  +  t    =  — 


m  =  I  +  3*  = 


i(l+t)(l  +  2i)     N(»i)=10     *(w)  =  4  =  2«    H.E  =  4 
a;  =  X  +  7Y(modlO). 

(1  +  i)  (2  +  i)      N  (m)  =  10    4>  (m)  =  4  =  2«    H.E  =  4 
a;  =  X  +  3Y{modlO). 

Generator  3. 


N 


I       I 


9 


0 


(4) 


2  Q  2 
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m  =  3  +  2i    N  (m)  =  13     *  (m)  =  12  =  2«.3     H.E  =  12     x  =  X  +  5Y  (mod  13). 
»i  =  2  +  3t    N(m)  =  13     ^(w)=12  =  2*.3     H.E  =  12     a;  =  X  +  8  Y  (mod  1 3). 

Generator  2. 


I 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

N 

1 

2 

4, 

8 

3 

6 

12 

11 

9 

5 

10 

7 

(12) 


N 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

I 

0 

1 

4 

2 

9 

5 

11 

3 

8 

10 

7 

6 

(12) 


/«  =  4  +  i       N(m)=17     *(to)  =  16  =  2*    H.E  =  16     a;  =  X  +  13Y  (mod  17). 
/»=l+4i     N(m)=l7    4>(?»)=I6  =  2*    H.E=16    a;  =  X  + 4Y (mod  17). 

Generator  3. 


I 

1 

1 
1 

0 

I 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

16 

1 
N 

I 

3 

9 

10 

13 

5 

15 

11 

16 

14 

8 

7 

4 

12 

2 

6 

(16) 


N 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

I 

0 

14 

1 

12 

5 

15 

11 

10 

2 

3 

7 

13 

4 

9 

6 

8 

(16) 


m  ^ 


3  +  3t  =  (l+J)3     N(m)=18    *(m)  =  8  =  28    H.E  =8    y=Y(mod  3) 

X  =  X  +  3  (Y  -  y)  (mod  6). 

Generator  1  -f-  2t. 


0 

1 

1 

1-f  2i 

2 

• 

r 

3 

4+t 

4 

r> 

0 

2+i 

G 

3-f2i 

7 

5  +  2i 

• 

t 

2 

1 

0 

1  +  2/ 

1 

2-ht 

5 

3  +  2t 

6 

4-h* 

3 

5 

4 

5-h2i 

(8) 


(8) 
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»»  =  4  +  2»  = 


—  i(l  +  i)*(2  +  i')    N(i»)=20    *(m)=8=2.  2-     H.  E.  =  4 
y = Y  (mod  2)    ar  =  X  +  3  (Y  —  y)  (mod  10). 

Generators  7,  8  +  t. 


• 

0 

0 

1 

• 

1 

3 

1 

0 

1 

8+t 

i    1 

0 

0 

1 

0 

7 

'        3 

3 

0 

1 

1 

4+1 

'        4+1 

1 

1 

2 

0 

9 

6+» 

2 

1 

2 

1 

6+.- 

7 

1 

0 

3 

0 

3 

i        8+1 

0 

1 

3 

1 

1 

• 

9 

r 

2 

0 

(4)      (2) 


(4)    (2) 


m:= 


2  +  4i  =  -  I  (1  +  if  {I  +  2i)     N  (to)  =  20     *  (to)  =  8  =  2.  2*     H.  R 

y  =  Y(mod2)    x  =  X  +  7  (Y  —  y)  (mod  10). 

GieneiutorB  7,  4  +  t. 


=  4 


0 

0 

1 

• 

t 

1 

1 

0 

1 

4+i 

1 

0 

0         i 

1 

0 

7 

2+i 

2 

I 

1 

1 

• 

3 

3 

0 

2 

0 

9 

4+» 

0 

1 

2 

1 

2+t 

6+t 

3 

1      i 

3 

0 

3 

7 

1 

0 

3 

1 

6+t 

1* 

2 

0 

(4)     (2) 


(4;     (2) 


m  =  5  =  — 


t  (2  +  i){l  +  -It)    N  (to)  =  25     4»  (to)  =  16  =  2*.  2*     H.  E  =  4 

x  =  X  (mod  5)    y  H  Y  (mod  5). 
Generators  4  +  <*,  4  +  4t- 


0 

0 

1 

0 

1 

4  +  4/ 

0 

2 

2/ 

0 

3 

2+3i 

1 

0 

4+1 

1 

1 

2 

1 

2 

3  +  3t 

1 

3 

4t 

2 

0 

^* 

2 

1 

3+2t 

2 

2 

4 

2 

3 

1  +  t 

3 

0 

2+2/ 

3 

1 

• 

8 

2 

1^4/ 

3 

3 

3 

3 

1 

2i 

0 

2 

3* 

2 

0 

4i 

1 

3 

1 

0 

0 

1+t 

2 

3 

l  +  4i 

3 

2 

2 

1 

1 

2+2i 

3 

0 

2+3t 

0 

3 

3 

3 

3 

3+i?i 

2 

1 

3+3t 

1 

2 

4 

2 

2 

4+t 

1 

0 

4+4i 

0 

J 

(4)     f4) 


(4>     (4) 
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OT  =  4  +  3»=  —  t(]  +  2t)2    N(7»)  =  25     4> (m)  =  20  =  2*.  5     H.  E.  =  20 

x  =  X  +  7Y  (mod  25). 


m  =  S  -{■  ii  = 


(2+    if    N{m)  =  25     4>(m)=20  =  2«5     H.  K  =  20 
a;=X+  18Y(mod25). 

Generator  2. 


N 


0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

16 

16 

17 

18 

19 

1 

2 

4 

8 

16 

7 

14 

3 

6 

12 

24 

23 

21 

17 

9 

18 

11 

22 

19 

13 

(20) 


N 

12  3  4  6  7  8   9  11  12  13  14 

)6  17  18  19  21  22  23  24 

I 

0172853  14  16   9  19   6 

4  13  15  18  12  17  11  10 

(20) 


m  =  5  4*   *  =  — 


m  =  I  -4-  5t  = 


i(l+t)(2  +  3t)     N(m)  =  26     4>  (m)  =  12  =  2«.  3     H.E.  =  12 

ar  =  X+2lY(mod26). 

(l  +  i)(3  +  2t)    N(m)  =  26    *(m)  =  12  =  2*.  3    H.E.  =  12 

X  =  X  +  5Y  (mod  26). 

Generator  7. 


I 

0 

I   2 

3 

4   5   6   7 

8   9 

10 

11 

N 

1 

7  23 

5 

9  11  25  19 

3  21 

17 

15 

(12) 


(12) 
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w=5  +  2t    N(w)  =  29    *(w)=28  =  2*.  7    H.E.  =  28    a;  =  X+ 12Y(mod29). 
m  =  2  +  5i    N(w)  =  29    $(m)=r28  =  2»7     H.E.  =  28    a;  =  X  + 17Y(mod29). 

Generator  2. 


N 


N 


0        12        3        4 


5        6        7        8        9      10      11      12      13 


2        4,       8      16        3        6      12      24      19        9      18        7      14 


14      15      16      17      18      19      20      21      22      23      24      25      26      27 


(28) 


(28) 


28   27   25   21   13   26   23   17   6   10   20   11   22   15 


N 

1 

2 

3 

4 

5 

6 

7 

8 
3 

9 

10 

11 

12 

13 

14 

I 

0 

1 

5 

2 

22 

6 

12 

10 

23 

25 

7 

18 

13 

N 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

I 

27 

4 

21 

11 

9 

24 

17 

26 

20 

8 

16 

19 

15 

14 

(28) 


(28) 


m=  5 +  3t=—i(l +*)(!+ 4t)  N(m)  =  34  <I>(w)=16  =  2*  H.E.  =  16 

a!  =  X  +  2lY(mod34). 

w=3  +  5i=    (l+4)(4  +  t)  •N(m)  =  34  4)(m)=16  =  2*  H.  E.  =  16 

a;  =  X  +  13Y(mod34). 

Generator  3. 


(16) 


I 

0 

1 

2 

3 

4 

5   6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

N 

1 

3 

9 

27 

13 

5  15 

11 

33 

31 

25 

7 

21 

29 

19 

23 

N 

1 

3 

5 

7 

9 

11  13 

15 

19 

21 

23 

25 

27 

29 

31 

33 

0   1   5  11   2   7   4   6  14  12  15  10   3  13   9   8 


(16) 
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m  =  6=  — 


i{l+iy.3     N(m)  =  36     <l>(m)  =  16  =  2.  2^    H.E.  =  8 
a;  =  X(mod6)     y  =  Y(mod6). 

Generators  1  +  4t,  4  +  3i. 


0 

0 

1 

1 

0 

4  +  3i 

1 

0 

l  +  4i 

1 

4-fi 

2 

0 

3+2t 

2 

5t 

3 

0 

H-2t 

3 

4-f5i 

4 

5 

4 

2+3* 

5 

0 

5-h2t 

5 

2-h5i 

6 

3+4i 

a 

■*■                    1 

• 

7 

0        ' 

5-f4i 

7 

2  +  1 

• 

t 

6 

1 

5i 

2 

1 

1 

0 

0 

l  +  2t 

3 

0 

l+4i 

1 

0 

2-ft 

7 

1 

2+3t 

4 

1 

2-f5t 

5 

1 

3+2t 

2 

0 

3-h4t 

6 

0 

4+t 

1 

1 

4  +  3i 

0 

1 

4  +  6i 

3 

1 

5 

4 

0 

5+2i 

5 

0 

5-|-4i- 

7 

0 

(8)      (2) 


(8)      (2) 


m=6  +  i      N(m)  =  37    <I>  (m)  =  36  =  2*.  3^    H.R  =  36    a!=X  + 3lY(mod  37). 
TO=l  +  6t    N(w)  =  37    * (m)  =  36  =  2*.  3*    H. E.  =  36    x=X+    6Y(mod37). 

Generator  2. 


(36) 


I 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

N 

1 

2 

4 

8 

16 

32 

27 

17 

34 

31 

25 

13 

26 

15 

30 

23 

9 

18 

I 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

N 

36 

35 

33 

29 

21 

6 

10 

20 

3 

6 

12 

24 

11 

22 

7 

14 

28 

19 

N 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

I 

0 

1 

26 

2 

23 

27 

32 

3 

16 

24 

30 

28 

11 

33 

13 

4 

7 

17 

N 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

35  25  22  31  15  29  10  12   6  34  21  14   9   5  20   8  19  18 


(36) 


(36) 


(36) 
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»?  =  6  +  2i=-(l+tf(l+2t)     N(m)  =  40     ^ (m)  =.  16  =  2**.  2«    H.E.  =  4. 

y  =  Y(mod2)    a;  =  X  +  7  (Y  -  y)  (mod  20). 

Generators  3,  i. 


0 

0 

1 

0 

1 

• 

t 

0 

2 

19 

0 

3 

6+t 

1 

0 

3 

1 

1 

14 +t 

I 

2 

17 

1 

3 

12+t 

2 

0 

9 

2 

1 

16+t 

2 

2 

11 

2 

3 

10+1 

3 

0 

7 

3 

1 

2+t 

3 

2 

13 

3 

3 

4+t 

• 

% 

0 

1 

1 

0 

0 

2+t 

3 

1 

3 

1 

0 

4>+i 

3 

3 

C+t 

0 

3 

7 

3 

0 

9 

2 

0 

10+t 

2 

3 

11 

2 

2 

12+t 

1 

3 

13 

3 

2 

14+t 

1 

1 

16+t 

2 

1 

17 

1 

2 

19 

0 

2 

(4)     (4) 


(4)     (4) 


w  =  2  +  6i=— i(l  +  t)'(2  4-t)     N(ni)  =  40     ^ (w)  =  16  =  2*.  2     H.E.  =  4. 

y  =  Y(mod2)    a;  =  X  +  13  (Y  —  y)  (mod  20). 

Generators  3,  1 4  +  i. 


0 

0 

1 

0 

1 

14+t 

0 

2 

19 

0 

3 

• 

t 

1 

0 

3 

I 

1 

8+t 

1 

2 

17 

1 

3 

6+t 

2 

0 

9 

2 

1 

10+t 

2 

2 

11 

2 

3 

4+t 

3 

0 

7 

3 

1 

16+t 

3 

2 

13 

3 

3 

18 +t 

• 

t 

0 

3 

1 

0 

0 

3 

1 

0 

4+t 

2 

3 

6+t 

1 

3 

7 

3 

0 

8+t 

1 

1 

9 

2 

0 

10  +  t 

2 

1 

11 

2 

2 

13 

3 

2 

14+t 

0 

I 

16+t 

3 

1 

17 

1 

2 

18 +t 

3 

3 

19 

0 

2 

(4)     (4) 


(4)     (4) 
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?n  =  5  +  4t    N(w)  =  41    ^(m)  =  40  =  2».  5    H.  E,  =  40    a;  =  X  +  9Y      (mod  41). 
m  ==  4  +  5i   N  (m)  =  41    ^  (m)  =  40  =  2".  5    H.  K  =  40   x  =  X  +  32Y    (mod  41). 

Generator  6. 


0 

1 

2 

3 

4 

6 

6 

7 

8 

9 

10 

11 

12 

13 

14 

16 

16 

17 

18 

19 

N 

1 

20 

6 
21 

36 

11 

25 

27 

39 

29 

10 

19 

32 

28 

4 

24 

21 

3 

18 

26 

33 

34 

I 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

N 

40 

35 

5 

30 

16 

14 

2 

12 

31 

22 

9 

13 

37 

17 

20 

38 

23 

15 

8 

7 

(40) 


I 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

N 

0 

26 

• 

15 

12 

22 

1 

39 

38 

30 

8 

3 

27 

31 

25 

37 

24 

33 

16 

9 

34 

I 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

N 

14 

29 

36 

13 

4 

17 

5 

11 

7 

23 

28 

10 

18 

19 

21 

2 

32 

35 

6 

20 

(40) 


(40) 
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m  =  6  +  3t=(2  +  t)3       N(to)  =  45       4»  (w)  =  32  =  2*.  2» 
H.K  =  8      y=Y(mod3)      x  =  X  + 3(Y -y)(oiod  15). 

Generators  1  +  i,  I. 


0 

0 

1 

1 

0 

1 

0 

1 

• 

< 

i               2t 

2 

0 

0 

2 

u 

1 

0 

0 

0 

3 

«+2i 

1+. 

1 

0 

1 

0 

1  +  i 

l+2» 

r 

1 

1 

1 

14+1 

2 

;^ 

3 

1 

2 

5+2i 

2+2.- 

:?? 

z 

1 

3 

7+2* 

3+.' 

^ 

0 

2 

0 

2» 

3+2. 

c; 

2 

2 

1 

13 

4 

4 

2 

i 

2 

«+i 

4+.- 

3 

J 

2 

3 

2 

5  +  .' 

i!^ 

Z 

3 

0 

13+ -2i 

5+2v 

1 

z 

3 

i 

4+t 

6-i-i 

2 

2 

3 

2 

^+» 

«-r2.' 

0 

3 

3 

2+2. 

7 

e 

4 

0 

11 

7+2.' 

1 

:sj 

4 

1 

12+2.- 

^ 

* 

C 

1 

4 

2 

4 

^+.' 

% 

2 

4 

3 

»+» 

fe+2.' 

% 

V 

^ 

S-2i' 

>-.' 

4 

::; 

m 

i 

1+2. 

!.»-.' 

7 

^ 

^ 

2 

13- » 

l'/+2. 

7 

2 

^ 

i 

S+i 

11 

4 

0 

€ 

(^ 

Sv» 

11-t 

7 

<> 

« 

1 

•K 

1)*2. 

7 

1 

« 

2 

5-2-: 

12-ife' 

4 

1 

5 

4/ 

7 

145 

2 

f 
J 

0 

* 

li-i 

i;8-rt 

i 

2 

4 

1 

]:-i; 

W-ri-. 

:t5 

/ 1 

7 

2 

lC-26' 

14 

'^ 

2 

4 

3 

3Cw,' 

14^  i 

J 

3 

?> 


f4. 


f>,     ^f 


«/ 


::  i   :: 
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m=3  +  6i=  (1 +203       N  (w)  =  45       ^  (w)  =  32  =  2*.  2' 
H.  E.  =  8       y  =  y(inod3)      a;  =  X  +  12(Y  — y)(mod  15). 


Generators  10  +  2r,  9  +  2i 


.0 

0 

1             i 

• 

t 

0 

3 

0 

1 

9+2* 

2t 

2 

2 

0 

2        ' 

14 

1 

0 

0 

0 

3 

• 

l+i 

1 

3 

1 

0 

10+21                                       2 

2 

3 

1 

1 

8+2»                                        2+t 

5 

0 

1 

2 

14+»         ! 

2+2t 

3 

2 

1 

3 

l  +  » 

3  +  2t 

4 

3 

2 

0 

9+t                                         4 

4 

2 

2 

1 

13                                              4+t 

7 

2 

2 

2 

2t 

4+2( 

7 

3 

2 

3 

2 

5+t 

7 

1 

3 

0 

7+t 

5+2t 

7 

0 

8 

1 

13+2t 

6+1 

4 

1 

3 

2 

2+2t 

7 

6 

3 

3 

3 

11  +  t 

7+.- 

3 

0 

4 

0 

11 

7+2i 

5 

2 

4 

1 

6+t 

8 

6 

1 

4 

2 

4 

8+2t 

1 

1 

4 

3 

3+2i 

9+t 

2 

0 

5 

0 

2+t 

9  +  2t 

0 

1 

5 

1 

10  +  t 

10+t 

5 

1 

5 

2 

7+2t       1 

10+2t 

1 

0 

5 

3 

14+2i 

11 

4 

0 

6 

0 

12+2t 

11 +t 

3 

3 

6 

1 

8             ; 

12+ 1 

6 

2 

6 

2 

12+i        ; 

12  +  2t 

6 

0 

6 

3 

7 

13 

2 

1 

7 

0 

5+2t       1 

13+2* 

3 

1 

7 

1 

6+t 

14 

0 

2 

7 

2 

4+t 

14 +t 

1 

2 

7 

3 

4+2t 

14+2t 

5 

3 

(8)     (4) 


(8)     (4) 
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w  =  7    N(7)  =  49    0(7)  =  48  =  2*.  3.    H.  E.  =  48.     a;  =  X(mod7) 

y  =  Y(raod7). 

Grenerator  2  +  i. 


0 

1 

24 

1 

2+» 

25 

2 

3+4t 

26 

3 

2+4t 

27 

4> 

3t 

28 

5 

4+6t 

29 

6 

2+2t 

30 

7 

2+6t 

31 

8 

5 

32 

9 

3  +  6* 

33 

10 

l+6t 

34 

11 

3+6t 

35 

12 

■ 

t 

36 

13 

6+2* 

37 

14 

3+3t 

38 

15 

3+2» 

39 

16 

4 

40 

17 

l+4t 

41 

18 

5+2t 

42 

19 

l+2» 

43 

20 

5% 

44 

21 

2+3* 

45 

22 

1+i 

46 

23 

1+3* 

47 

6 

5-f6t 
4-h3* 
5+3t 

3+i 

6  +  5t 

5+t 

2 

4-h2i 

6+i 

4-ht 
61 
l+5i 
4+4^ 
4+6t 
3 

6+3i 
2-f5t 
6+6i 
2t 
6+4t 
6+6i 
6  +  4t 


t 

2* 
3t 
4t 
5i 
6t 
1 

l  +  » 

l-h2i 

l  +  3i 

l+4t 

l-f5t 

l+6i 

2 

2+t 

2-h2t 

2+3t 

2-h4i 

2-f5t 

2+6* 

3 

3+* 

3+2* 

3-h3* 


12 
44 

4 
28 
20 
36 

0 
22 
19 
23 
17 
37 
10 
32 

1 

6 
21 

3 
42 

7 
40 
29 
15 
14 


3+4* 

•     2 

3+6* 

9 

3+6* 

11 

4 

16 

4+*' 

35 

4+2* 

33 

4+3* 

26 

4+4* 

38 

4+5* 

89 

4  +  6* 

5 

5 

8 

5+t 

31 

5+2* 

18 

5+3* 

27 

5+4* 

45 

5+5* 

30 

6+6* 

25 

6 

24 

6+t 

34 

6+2* 

13 

6+3* 

41 

6+4* 

47 

6+5* 

43 

6+6* 

46 

(48) 


(48) 


(48) 


(48) 


vi=:7  +  i  =  — 


7n  =  1  +  7i  =  — 


t(l  +  t)(2  +  if    N(w)  =  50     *  (w)  =  20  =  2*.5     H.  K  =  20 

x  =  X  +  43  Y  (mod  50). 

t(l +  {)(!  + 2i)«    N(w)  =  50    4)  (m)  =  20  =  2*.  5     H.E.  =  20 

a;  =  X  +  7Y  (mod  50). 

Generator  3. 


I 

0    12      3      4 

5      6      7 

8 

9    10    11     12    13    14    15    16    17    18    19 

N 

1    3    9    27    31 

43    29    37 

11 

33    49    47    41    23    19      7    21     13    39     17 

• 

(20) 


N 

1    3 

7    9    11    13    17    19    21    23    27    29    31    33    37    39    41    43    47    49 

I 

0    1 

15    2      8     17    19     14     16    13      3      6      4      9      7     18    12      6    11     10 

(20) 
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m=5  +  5i= —i{l+i){2  +  i)(l +2i)    N(m)=50    * (w)  =  16  =  2*  2* 

H.E.  =  4     y  =  Y(mod5)     a  =  X  +  Y -y  (mod  10). 

Generators  4  +  *>  9  +  4*- 


0 

0 

1 

• 

3        1 

0 

1 

9+4i 

3t 

2        0 

0 

2 

5  +  2* 

1 

0        0 

0 

3 

2-1-3/ 

l+4t 

3        2 

1 

0 

4-l-t 

2+3t 

0        » 

1 

1 

7 

3 

3        3 

1 

2 

8-l-3i 

3+2t 

2        1 

1 

3 

5-h4i 

4+t 

1        0 

2 

0 

3i 

5+2t 

0        2 

2 

1 

3+2i 

5+4t 

1        3 

2 

2 

9 

6+» 

2        3 

2 

3 

6-l-i 

7 

1        1 

3 

0 

7+2i 

7+2t 

3        0 

3 

1 

• 
% 

8+3i 

I        2 

3 

2 

1-1-4* 

9 

2        2 

i        3 

1 
1 

3 

3 

9+4* 

0        1 

(4)     (4) 


(4)     (4) 


»»  =  6  +  4t  =  —  i  (1  +  i)3  (3  +  2t)    N  (m)  =  52    ^  (w)  =  24  =  2.  2«  3   H.  E. 

y  =  Y  (mod  2)    a;  =  X  +  5  (Y  —  y)  (mod  26). 

Generatore  15,  22  +  i. 


=  12 


0 

0 

1 

0 

22 +t 

1 

0 

15                1 

1 

10+t 

2 

17 

2 

12 +t 

3 

21                1 

3 

16+t 

4 

3 

4 

24 +i 

5 

10 

5 

14+f 

6 

25 

6 

20+t          I 

7 

11 

7 

6+i 

8 

0 

9 

8 

4>+i 

9 

0 

5 

9 

• 

t 

10 

23 

10 

18 +t 

11 

0 

7 

1      11 

i 

2  +  t 

1 

1 

• 

9 

1 

1 

0 

0 

2  +  t 

11 

1 

3 

4 

0 

4+t 

8 

1 

1        5 

9 

0 

6+t 

7 

1 

7 

11 

0 

9 

8 

0 

10+ i 

1 

I 

11 

7 

0 

12+t 

2 

1 

14 +t 

5 

1 

15 

1 

0 

16  +  t 

3 

1 

17 

2 

0 

18+t 

10 

1 

19 

5 

0 

20+t 

6 

1 

21 

3 

0 

22+t 

0 

1 

23 

10 

0 

24+t 

4 

1 

25 

6 

0 

(12)     (2) 


(12)     (2) 
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Hi  =  4  +  6i  =  —  »•  (1  +  if  (2  +  3i)     N  (m)  =  52     <I>  (m)  =  24  =  2.  2*.  3    H.  E. 

y  =  Y  (mod  2)     a;  =  X  +  21  (Y  —  y)  (mod  26). 

Generators  15,  6  +  i. 


=  12 


0 

0 

1 

0 

6+1 

1 

0 

15 

1 

20+* 

2 

0 

17 

2 

22 +♦ 

3 

0 

21 

3 

• 

t 

4 

3 

4 

8+t 

5 

19 

5 

24 +t 

6 

25 

6 

4+t 

7 

11 

7 

16+i 

8 

9 

8 

14 +t 

9 

5 

9 

10+i 

10 

23 

10 

2+» 

11 

7 

11 

12 +t 

• 

3 

1 

1 

0 

0 

2  +  t 

10 

1 

8 

4 

0 

4+t 

6 

1 

5 

9 

0 

6+t 

0 

1 

7 

11 

0 

8  +  1 

4 

1 

9 

8 

0 

10+t 

9 

1 

11 

7 

0 

12+t 

11 

1 

14 +♦ 

8 

1 

15 

1 

0 

16+1 

7 

1 

17 

2 

0 

19 

5 

0 

20 +t 

1 

1 

21 

3 

0 

22  +  1 

2 

I 

28 

10 

0 

24+i 

5 

1 

25 

6 

0 

(12)    (2) 


(12)     (2) 


m  =  7  +  2i    N(w)=.53    *(m)=52  =  2M3    H.  E.  =  52    !K  =  X+ 23Y(mod  53). 
m  =  2  +  7i    N(m)  =  53    *(to)  =  52  =  2M3    H.  E.  =  52    a!  =  X+ 30Y(mod53). 


Generator  3. 


I 

0    12 

3      4      5 

6 

7 

8      9    10 

11 

12 

13    14    15 

16 

17 

18 

N 

13    9 

27    28    31 

40 

14 

42    20      7 

21 

10 

30    37      5 

15 

45 

29 

I 

19    20 

21    22    23 

24 

25 

26    27    28 

29 

30 

31     32    33 

34 

35 

36 

N 

34    49 

41    17    51 

47 

35 

52    50    44 

26 

25 

22    13    39 

11 

33 

46 

1 

37      38 

39      40 

41 

42 

43      44 

45 

46 

47      48 

49 

50 

61 

N 

32      43 

23      16 

48 

38 

8      24 

19 

4 

12      36 

2 

6 

13 

(52) 


(52) 


(62) 
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N 


1      2    3      4      5      6      7      8    9    10    11     12     13    14    15    16    17    18    19 


N 


N 


0  49  1  46  15  50  10  43-  2  12  34 

47 

32 

7  16  40  22  51 

45 

20  21  22  23  24  25  26  27  28  29 

30 

31 

32  33  34  35  36 

37 

9  11  31  39  44  30  29   3   4  18 

13 

5 

37  35  19  25  48 

14 

38   39   40   41   42   43   44   45 

46 

47 

48  49  50  51 

52 

42   33   6   21    8   38   28   17 

36 

24 

41  20  27  23 

26 

(52) 


(52) 


m  =  7  +  3i  =  -  t (1  +  i){2  +  5t)     N (m)  =  58     *(m)  =  28  =  2«.7     H.  R  =  28 

jc  =  X  +  17Y  (mod  58). 


wi  =  3  +  7t  = 


(I  +  i) (5  +  2t)     N  (m)  =  58     <I>  (m)  =  28  =  2«.7     H.  E.  =  28 

a  =  X  +  41Y  (mod  58). 

Generator  3. 


1 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

N 

1 

3 

9 

27 

23 

11 

33 

41 

7 

21 

5 

15 

45 

19 

I 

14 

15 

16 

17 
31 

18 

19 

47 

20 
25 

21 
17 

22 

23 

24 

25 

26 

27 

N 

67 

55 

49 

35 

51 

37 

53 

4ii 

13 

39 

(28) 


(28) 


N 

1 

3 

6 

7 

9 

11 

13 

15 

17 

19 

21 

23 

25 

27 

I 

0 

1 

10 

8 

2 

5 

26 

11 

21 

13 

9 

4 

20 

3 

N 

31 

33 

35 

37 

39 

41 

43 

45 

47 

49 

51 

53 

55 

57 

I 

17 

6 

18 

23 

27 

7 

26 

12 

19 

16 

22 

24 

15 

14 

(28) 


(28) 
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TO=6  +  5i    N(«i)  =  61    ^(w)  =  60  =  2'.3.5    H.  E.  =  60   a:  =  X  + llY(mod61). 
wi=5  +  6i    N(m)  =  61^(m)=60  =  2»3.5    H.  E.  =  60   aj=X  + 50Y(mod6l). 

Generator  2. 


I 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

N 

I 

2 

4 

8 

16 

32 

3 

6 

12 

24 

48 

35 

9 

18 

36 

11 

22 

44 

27 

54 

I 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

N 

47 

33 

5 

10 

20 

40 

19 

38 

15 

30 

60 

59 

57 

53 

45 

29 

58 

55 

49 

37 

I 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 

54 

55 

56 

57 

58 

59 

N 

13 

26 

52 

43 

25 

50 

39 

17 

34 

7 

14 

28 

56 

51 

41 

21 

42 

23 

46 

31 

(60) 


(60) 


(60) 


N 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

I 

0 

1 

6 

2 

22 

7 

49 

3 

■ 

12 

23 

16 

8 

40 

50 

28 

4 

47 

13 

26 

24 

N 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

I 

55 

16 

57 

9 

44 

41 

18 

51 

35 

29 

59 

6 

21 

48 

11 

14 

39 

27 

46 

25 

N 

41 

42 

43 

44 

45 
34 

46 

47 

48 

49 

50 

51 

52 

53 

54 

55 

56 

57 

68 

59 

60 
30 

I 

54 

56 

43 

17 

58 

20 

10 

38 

45 

53 

42 

33 

19 

37 

52 

32 

36 

31 

(60) 


(60) 


(60) 


MDCCCXCIIT. — A.  2   B 


314         MB.  G.  T.  BENNETT  ON  THE  RESIDUES  OF  POWERS  OF  NOMBBEUS 

m  =  8  +    i  =  —  i  (1  +  2t)  (3  +  2i)     N  (t»)  =  65     <I>  (m)  =  48  =:  2«  2«  3 

H.  E.  =  12    a;  =  X  +  57Y  (mod  65). 

m  =  1  +  8i  =  (2  +    i)  (2  +  3i)     N  (w)  =  65     ^  (m)  =  48  =  2«.  2«.  3 

H.  E.  =  12     x  =  X-\-    8Y  (mod  65). 

w  =  7  +  4i  =  —  i  (1  +  2t)  (2  +  3t)     N  (m)  =  65     *  (w)  =  48  =  2*.  2*.  3 

H.  E.  =  12    a!  =  X  +  47Y  (mod  65). 

wi  =  4  +  7t  =  (2  +    i)  (3  +  2i)     N  (m)  =  65     *  (tn)  =  48  =  2*.  2*.  3 

H.  E.  =  12     a;  =  X+ 18Y(mod65). 

Generators  27,  2. 


000011112  2  223  3. 3. 3  44445555 


(12) 


01230123012     3     012301230123(4) 


1   27   14  53     2  54  28  41     4  43   56   17     8  21   47   34  16   42   29     3  32   19  58     6  < 


6     6     6     6     7     7     7     7     8     8     8     8     9     9     9     9   10   10   10   10   11    11    11    11  |  (12) 

t 

012301230123012     3     012     3     01231    (4) 


04   38   51    12   63    11    37   24   61    22     9   48   57    44   18   31   49   23    36   62   33   46     7   59  : 


I 
1     2     3     4     6     7     8     9   11    12    14   16    17    18    19   21    22   23   24   27   28   29   31    32 


01425    11     3     8760429538    10     701495;  (12) 


0030320213203     2     1      111312230 


(4) 


33  34  36  37  38  41  42  43  44  46  47  48  49  51  53  54  56  57  58  59  61  62  63  64  I 


U     3    10     7     6     1      4     2     9    11      3     8    10     6     0     1      2     9     5    11      8    10     7     6  I  (12) 

j 

032     2      131      111230231      2     0230300i    (4) 


FOR  ANY  COMPOSITE  MODULUS,  REAL  OR  COMPLEX. 


315 


m  =  8  +  2i  =  -  i{l  +  if{i  +  i)     N  (m)  =  68     <I>  {m)  =  32  =  2. 2*     H.  E.  =  16 

y  =  Y(mod2)     fic  =  X+13(y-y)(mod34). 

Generators  3,  i. 


0 

0 

1 

1 

2 

2 

3 

3 

4 

4 

5 

6 

6 

6 

7 

7 

8 

8 

9 

9 

10 

10 

11 

11 

12 

12 

13 

13 

14 

14 

15 

15 


0 
1 
0 

1 

0 

1 

0 

1 

0 

1 

0 

1 

0 

1 

0 

1 

0 

1 

0 

1 

0 

1 

0 

1 

0 

1 

0 

1 

0 

1 

0 

1 


1 

■ 

% 

3 

26 -h* 

9 

2  +  1 
27 

32  +  i 
13 
20 -ht 

5 
18 +  t 
16 

12-h» 
11 

28+i 
33 

8-ht 
31 

16+i 
26 

6-h» 

7 
10+t 
21 

22+1 
29 

24+t 
19 

30+t 
23 
14+1 


• 

0 

1 

0 

0 

2+« 

2 

3 

1 

5 

6 

0 

6+t 

10 

7 

11 

0 

8+» 

8 

9 

2 

0 

10 +t 

11 

11 

7 

12 +i 

6 

13 

4 

0 

14+1 

16 

15 

6 

0 

16 +t 

9 

18 +♦ 

5 

19 

14 

0 

20+t 

4 

21 

12 

0 

22 +» 

12 

23. 

16 

0 

24+t 

13 

25 

10 

26+« 

1 

27 

3 

28+» 

7 

29 

13 

30 +i 

14 

31 

9 

0 

32+* 

3 

33 

8 

0 

(16)      (2> 


(16)      (2) 


2  S  2 


316 


MB.  G.  T.  BENNETT  ON  THE  RESIDUES  OF  POWEBS  OF  NUMBERS 


TO  =  2  +  8t  =  —  t  (1  +  if  (1  +  4t)     N(m)  =  68     <I>  (m)  =  82  =  2.  2*     H.  E. 

y  =  Y(mod2)    x=X  + 21  (Y  —  y)(mod  34). 


=  16 


Generators  3,  26  +  i. 


0 

0 

1 

0 

26+t 

1 

0 

8 

1 

18+t 

2 

0 

9 

2 

284 1 

3 

0 

27 

3 

24+* 

4 

0 

13 

4 

12 +f 

5 

0 

5 

5 

10 +t 

6 

0 

15 

6 

4+t 

7 

0 

11 

7 

20+t 

8 

0 

33 

8 

• 

9 

0 

31 

9 

8+t 

10 

0 

26 

10 

32  +  t 

11 

0 

7 

11 

2  +  t 

12 

0 

21 

12 

14+t 

13 

0 

29 

13 

16+» 

14 

0 

19 

11 

22+t 

15 

0 

23 

16 

6+t 

t 

1 

2  +  t 

3 

4+t 

5 

6+t 

7 

8+t 

9 

10+t 
11 

12+t 
13 

U+t 
15 

16+t 
18+t 
19 

20+t 
21 

22+t 
23 

24+ 1 
25 

26+t 
27 

28+t 
29 
31 

32+t 
83 


8 
0 

11 
1 
6 
5 

15 

11 
9 
2 
5 
7 
4 
4 

12 
6 

13 
1 

14 
7 

12 

14 

15 
3 

10 
0 
3 
2 

13 
9 

10 
8 


1 
0 
1 
0 
1 
0 

1 

0 

1 

0 

1 

0 

1 

0 

I 

0 

1 
I 

0 

1 

0 

1 

0 

1 

0 

1 

0 

1 

0 
0 

1 

0 


(16)     (2) 


(16;    (2) 


FOR  ANY  COMPOSITE  MODULUS,  REAL  OR  COMPLEX. 
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m=6  +  6i=-i{l+i)\S     N(m)  =  72     <I>(m)  =  32  =  2».  2^    H.E. 

y  =  Y(mod6)     a;  =  X  +  Y  —  y  (mod  12). 

Generators  2  +  i,  i. 


=  8 


0 
0 
0 
0 


2 
2 

2 
3 
3 
3 
3 
4 
4 
4 
4 
5 
6 
5 
5 
6 
6 
6 
6 
7 
7 
7 
7 


0 
1 
2 
3 
0 
1 
2 
3 
0 
1 
2 
3 
0 
I 
2 
3 
0 
1 
2 
3 
0 
1 
2 
3 
0 
1 
2 
3 
0 
1 
2 
3 


11 

6+5t 
2+* 

ll+2i 
4+6* 
7f4t 
3-h4i 
8+3* 
3+2* 

10+3* 
8+5* 
1  +  2* 

10+* 
5+4* 
5 

5i 
7 
6+* 

10+5* 
1+4* 
8+* 
5+2* 
9+2* 
4+3* 
9+4* 
2+3* 
4+* 

11+4* 
2+5* 
7+2* 


« 

t 

0 

1 

5i 

4 

1 

I 

0 

0 

H-2t 

3 

1 

1+4* 

5 

1 

2+» 

1 

0 

2+3t 

6 

3 

2+5» 

7 

2 

3+2» 

2 

2 

3+4* 

2 

0 

4+t 

7 

0 

4+3i 

6 

I 

4+5t 

1 

2 

5 

4 

0 

6+2* 

5 

3 

5+4t 

3 

3 

6+t 

4 

3 

6+6* 

0 

3 

7 

4 

2 

7+2* 

7 

3 

7+4* 

1 

3 

8+t 

5 

2 

8+3» 

2 

1 

8+5t 

3 

0 

9+2» 

6 

0 

9+4* 

6 

2 

10+t 

3 

2 

10+3* 

2 

3 

10+5* 

5 

0 

11 

0 

2 

11+2* 

1 

I 

11  +  4* 

7 

1 

(8)    (4) 


(8)     (4) 


318         MR.  G.  T.  BENNETT   ON  THE  RESIDUES  OF  POWERS  OF  NUMBERS 

m  =  8  +  3t    N(m)  =  73    4>  (m)  =  72  =  2».  3«    H.E.  =  72    a;  =  X  +  46Y  (mod  73) 
m=3  +  8t    N(m)  =  73     4>(m)=  72  =  23.3*    H.E.  =  72    a;  =  X  +  27Y (mod 73) 

Generator  5. 


I 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

ir 

N 

1 

5 

25 

52 

41 

59 

3 

15 

2 

10 

50 

31 

9 

45 

6 

30 

4 

20 

I 

18 

19 

20 

21 

22 

23 
60 

24 

8 

25 
40 

26 
54 

27 

28 

29 

30 

31 

32 

33 

34 

35 

N 

27 

62 

18 

17 

12 

51 

36 

34 

24 

47 

16 

7 

35 

29 

I 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 

N 

72 

68 

48 

21 

32 

14 

70 

58 

71 

63 

23 

42 

64 

28 

67 

43 

69 

63 

I 

54 

55 

56 

57 

58 

59 

• 

60 

61 

62 

63 

64 

65 

66 

67 

68 

69 

70 

71 

N 

46 

11 

65 

56 

61 

13 

65 

33 

19 

22 

37 

39 

49 

26 

57 

66 

38 

44 

(72) 


(72) 


(72) 


(72) 


N 

1 

2 

3 

4 

6 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

I 

0 

8 

6 

16 

1 

14 

33 

24 

12 

9 

55 

22 

59 

41 

7 

32 

• 

21 

20 

N 

19 

20 

21 

• 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

I 

62 

17 

39 

63 

46 

30 

2 

67 

18 

49 

35 

15 

11 

40 

61 

29 

34 

28 

N 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

63 

54 

I 

64 

70 

65 

25 

4 

47 

51 

71 

13 

54 

31 

38 

66 

10 

27 

3 

53 

26 

N 

55 

66 

67 

58 

59 

60 

61 

62 

63 

64 

65 

66 

67 

68 

69 

70 

71 

72 

I 

56 

67 

68 

43 

5 

23 

58 

19 

45 

48 

60 

69 

50 

37 

62 

42 

44 

36 

(72) 


(72) 


(72) 


(72) 


FOB  ANY  COMPOSITE  MODULUS,  REAL  OB  COMPLEX. 


31  d 


m=:7 +  5i= -i{l  +  i){l  +  6i)     N(»»)=:74     O  (w)  =  36  =  2«.  3«     RE.  =  36 

a;  =  X  +  43Y(mod74) 


«i  =  5  +  7t  = 


(1  +  i)  (6  +  i)      N  (m)  =  74     O  (m)  =  36  =  2«.  3«     H.  E.  =  36 

a;  =  X+3lY(mod74). 

Generator  5. 


I 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

N 

1 

5 

25 

51 

33 

17 

11 

55 

53 

43 

67 

39 

47 

13 

65 

29 

71 

59 

I 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

N 

73 

69 

49 

23 

41 

67 

63 

19 

21 

31 

7 

35 

27 

61 

9 

45 

3 

15 

(36) 


(36) 


N 

1 

3 

5 

7 

9 

11 

13 

16 

17 

19 

21 

23 

25 

27 

29 

31 

33 

35 

1 

0 

34 

1 

28 

32 

6 

13 

35 

5 

25 

26 

21 

2 

30 

15 

27 

4 

29 

N 

39 

41 

43 

45 

47 

49 

51 

53 

55 

57 

59 

61 

63 

65 

67 

69 

71 

73 

I 

11 

22 

9 

33 

12 

20 

3 

8 

7 

23 

17 

31 

24 

14 

10 

19 

16 

18 

(36) 


(36 
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MB.  G.  T.  BENNETT  ON  THE  BESIDUES  OF  FOWEBS  OF  NUMBEBS 


w=  8  +  4i=  —  (1 +t)*(2  +  t)     N(m)  =  80     4>  (w)  =  32  =  2. 2*.  2*     H.E.  =  4 

y  =  Y(mod4)    a;  =  X  +  3  (Y  -  y)  (mod  20). 

Generators  17,  8  -|- 1,  5  +  2*. 


0 

0 

0 

1 

0 

0 

5+2* 

0 

1 

0 

8+  i 

0 

1 

18+  t 

0 

2 

0 

11 

0 

2 

15+2» 

0 

3 

0 

12+3* 

0 

3 

2+3* 

0 

0 

17 

0 

1+2* 

1 

0 

4+  t 

I 

14+  »• 

2 

0 

7 

2 

11+2* 

3 

0 

8+3* 

3 

18+3* 

2 

0 

0 

9 

2 

0 

13+2* 

2 

1 

0 

16+  t 

2 

1 

6+  « 

2 

2 

19 

2 

2 

3+2* 

2 

3 

0 

.3* 

2 

3 

10+3* 

3 

0 

0 

13 

3 

0 

17+2* 

.3 

1 

0 

• 

3 

1 

10+  i 

3 

2 

0 

3 

3 

2 

7+2i 

3 

3 

0 

4+3i 

3 

t 

3 

14+3t 

« 

« 

3 

1 

0 

3* 

2 

3 

0 

1 

0 

0 

0 

1+2* 

1 

0 

1 

2+3* 

0 

3 

1 

3 

3 

2 

0 

3+2t 

2 

2 

1 

4+  i 

1 

1 

0 

4+3* 

3 

3 

0 

6  +  2» 

0 

0 

1 

6+  t 

2 

1 

1 

7 

1 

2 

0 

7+2* 

3 

2 

1 

8+  t 

0 

1 

0 

8+3t 

1 

3 

0 

9 

2 

0 

0 

10+  »• 

3 

1 

1 

10+3* 

2 

3 

1 

11 

0 

2 

0 

11+2* 

1 

2 

1 

12  +  3* 

0 

3 

0 

13 

3 

0 

0 

13+2t 

2 

0 

1 

14+  »• 

1 

1 

1 

14 +.3* 

3 

3 

1 

15  +  2* 

0 

2 

1 

16+  t 

2 

1 

0 

17 

1 

0 

0 

17+2t 

3 

0 

1 

18+  » 

0 

I 

1 

18+3* 

1 

3 

1 

19 

2 

2 

0 

(4)      (4)     (2) 


(4)     (4)      (2) 


FOR  ANY  COMPOSITE  MODULUS,  REAL  OR  COMPLEX. 


321 


w  =  4  +  8t  =  -  (1  +  iy  (1  +  2i)     N  (w)  =  80     <P  (m)  =  32  =  2.  2\  2^    H.  E. 

y  =  Y(mod4)     a;  =  X  +  1 7  (Y  -  y) (mod  20). 


=  4 


Generators  17,  Zi,  17  +  2i. 


0 

0 

U 

0 

0 

0 

1. 

0 

0 

1 

0 

2 

0 

2 

0 

3 

0 

3 

0 

0 

1 

0 

1 

2 

a 

2 

3 

3 

2 

0 

0 

2 

0 

2 

1 

0 

2 

I 

2 

2 

0 

2 

2 

2 

3 

0 

2 

3 

3 

0 

3 

0 

3 

1 

3 

1 

3 

2 

3 

2 

3 

3 

3 

3 

1 

17  +  2t 

3t 
10+3* 
11 

7  +  2i 

4+  I 
14+  t 
17 

13  +  2t 
16  +  3i 

6+8t 

7 

3  +  2t 

10+  I 
9 

5+2t 
8+3t 

18  +  3* 
19 

15  +  2t 
12+  I 

2+  I 
13 

9  +  2i 
12  +  3i 

2+3i 

3 

19+2t 
16+  % 

6+  I 


• 

1 

3 

0 

Si 

0 

1 

0 

1 

0 

0 

0 

2+  t 

2 

3 

1 

2  +  3i 

3 

1 

1 

3 

3 

2 

0 

3  +  2* 

1 

2 

1 

4+  { 

0 

3 

0 

5  +  2t 

2 

0 

1 

6+  * 

3 

3 

1 

6+3i 

1 

1 

1 

7 

1 

2 

0 

7  +  2* 

0 

2 

1 

8+3t 

2 

1 

0 

9 

2 

0 

0 

9+2i 

3 

0 

1 

10+  I 

1 

3 

1 

10+3t 

0 

1 

1 

11 

0 

2 

0 

12+   i 

2 

3 

0 

12  +  3t 

3 

1 

0 

13 

3 

0 

0 

13  +  2t 

1 

0 

1 

14+  % 

0 

3 

1 

15+2t 

2 

2 

1 

16+  I 

3 

3 

0 

16+3i 

1 

1 

0 

17 

1 

0 

0 

17+2t 

0 

0 

I 

18+3i 

2 

1 

1 

19 

2 

2 

0 

19  +  2t 

3 

2 

1 

(4)      (4)      (2) 


(4)     (4)     (2) 


MDCCCXCUJ.— A, 


2   T 
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MR.  O.  T.  BENNETT  ON   THE  RESIDUES  OF  POWERS  OF  NUMBERS 


w=9  =  32    N(m)  =  81     4>  (w)  =  72  =  2».  3.  3     H.  E.  =  24 

a;  =  X  (mod  9)    y  =  Y  (mod  9). 

Geueratoi*s  2  +  j,  4  +  3t. 


0 

0 

1 

8 

0 

4+6« 

16 

0 

7+3» 

0 

1 

4+3t 

8 

1 

7 

16 

i 

1+6* 

0 

2 

7+6i 

8 

2 

1+3* 

16 

2 

4 

1 

0 

2  +  t 

9 

0 

2+7t 

17 

0 

2+4» 

i 

1 

5+t 

9 

1 

5+7* 

17 

1 

5+4t 

1 

2 

8+t 

9 

2 

8+7t 

17 

2 

8+4» 

2 

0 

3+4t 

10 

0 

6 -1-71 

18 

0 

• 

2 

1 

7t 

10 

1 

3+t 

18 

1 

6+4i 

2 

2 

6+t 

10 

2 

4t 

18 

2 

3+7* 

3 

0 

2+2t 

11 

0 

5+2t 

19 

D 

8+2» 

3 

1 

2  +  5i 

11 

1 

5  +  5t 

19 

1 

8+6* 

3 

2 

2+8i 

11 

2 

5+8t 

19 

2 

8+8t 

4 

0 

2  +  6t 

12 

0 

8 

20 

0 

5+St 

4 

1 

8+3t 

12 

1 

5  +  6i 

20 

I 

2 

4 

2 

5 

12 

2 

2+3» 

20 

2 

8+6* 

5 

0 

7  +  5t 

13 

0 

7+8t 

21 

0 

7+2* 

5 

1 

i+5i 

13 

1 

4+8t 

21 

1 

4+2* 

5 

2 

l+5t 

13 

2 

l+8t 

21 

2 

1+2* 

6 

0 

8i 

14 

0 

6+5i 

22 

0 

3+2* 

6 

1 

3+Si 

14 

1 

2t 

22 

1 

6+8* 

6 

2 

6+2« 

14 

2 

3+8t 

22 

2 

5* 

7 

0 

l+7t 

15 

0 

7  +  7t 

23 

0 

4+7* 

7 

1 

l+4t 

15 

1 

7+4t 

23 

1 

4+4* 

7 

2 

1+i 

15 

2 

7+i 

23 

2 

4+* 

(24)     (3) 


(24)    (3) 


(24)     (3) 


• 

I 

18 

0 

3+t 

10 

1 

6+» 

2 

2 

2i 

14 

1 

3  +  2t 

22 

0 

6+2i 

6 

2 

4d 

10 

2 

3+4t 

2 

0 

6+4* 

18 

1 

5t 

22 

2 

3  +  5i 

6 

1 

6+5* 

14 

0 

7i 

2 

1 

S  +  7i 

18 

2 

6+7* 

10 

0 

8i 

6 

0 

3  +  8t 

14 

2 

6+8* 

22 

1 

1 

0 

0 

4 

16 

2 

7 

8 

1 

1+t 

7 

2 

4+t 

23 

2 

7+t 

15 

2 

l4-2i 

21 

2 

4+2i 

21 

1 

7+2* 

21 

0 

H-3i 

8 

2 

4+3t 

0 

1 

7+3i 

16 

0 

14- 4t 

7 

1 

4+4t 

23 

I 

7+4* 

15 

1 

l4-5t 

5 

2 

4  +  5i 

5 

1 

7+5* 

5 

0 

14-6* 

16 

I 

4+6t 

8 

0 

7+6* 

0 

2 

l  +  7i 

7 

0 

4-h7t 

23 

0 

7  +  7* 

16 

0 

14- 8i 

13 

2 

4  +  8/ 

13 

1 

7+8* 

13 

0 

2 

20 

1 

*0 

0 

4 

2 

8 

12 

0 

2  +  t 

1 

0 

o  +  t 

1 

1 

8+* 

1 

2 

2  +  2i 

3 

0 

5  +  2/ 

11 

0 

8+2* 

19 

0 

2 +  3* 

12 

2 

5  +  3/ 

20 

0 

8+3* 

4 

1 

2^-4^ 

17 

0 

i         5  +  4/ 

17 

I 

8+4* 

17 

2 

24-5i 

3 

1 

5  +  5/ 

11 

1 

8+5* 

19 

1 

24-Ot 

4 

0 

5  +  0/ 

12 

1 

8+6* 

20 

2 

j         2  4-7/ 

9 

0 

5  +  7/ 

9 

1 

8  +  7* 

9 

2 

2 +  81 

3 

2 

;      5+8/ 

11 

'^ 

8+8* 

19 

2 

m)    (:t) 


(24)     (3) 


(24)     (3) 
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w  =  9  +  t  =  -  t  (1  +  ?)  (4  +  5i)     N  (m)  =  82     O  (m)  =  40  =  2».  5 

H.  E.  =  40     a;  =  X  +  7SY  (mod  82). 

w  =  1  +  9i  =       (1  +  i)  (6  +  4t)     N  (w)  =  82     *  (m)  =  40  =  2»  5 

H.  E.  =  40     a;  =  X  +  9Y  (mod  82). 

Generator  7. 


I 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

• 

16 

17 

18 

19 

N 

1 

7 

49 

15 

23 

79 

61 

17 

37 

13 

9 

63 

31 

53 

43 

55 

57 

71 

5 

36 

I 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

.34 

35 

36 

37 

88 

39 

N 

81 

75 

33 

67 

59 

3 

21 

65 

45 

69 

73 

19 

51 

29 

39 

27 

25 

11 

77 

47 

(40) 


(40) 


N 

1 

3 

5 

7 

9 

11 

13 

15 

17 

19 

21 

23 

25 

27 

29 

31 

.33 

35 

37 

.39 

I 

0 

25 

18 

1 

10 

37 

9 

3 

7 

31 

26 

■  4 

36 

.35 

33 

12 

22 

19 

8 

.34 

N 

43 

45 

47 

49 

51 

53 

55 

57 

59 

61 

63 

65 

67 

69 

71 

73 
.30 

75 

77 

79 
5 

81 
20 

I 

14 

28 

.39 

2 

32 

13 

15 

16 

24 

6 

11 

27 

23 

29 

17 

21 

38 

(40) 


(40) 


2  T  2 
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w  =  9  +  2t=-j'(2  +  i)(l  +  40     2  +  9t=(l  +  2t)(4+t)     7  +  f.t  =  (2  +  »)  (4  +  ») 

or  6  +  7t  =  - 1  (1  +2i)  (1  +  4t). 

ForallN(w)  =  85     *(m)  =  64  =  2«2*    H.E.  =  16. 

«j  =  9  +  2t     .T  =  X  +  38Y{mod  85)    m=2  +  9i     aj  =  X  +  47Y  (mod  85) 
w  =  7  +  6i    .r  =  X  +  13Y  (mod  85)     m  =  6  +  7t     x  =  X-\- 72Y  (mod  85). 

Generators  3,  52. 


0 

0 

1 

8 

1 
0 

16  . 

1 

0 

0 

43 

2 

1 

0 

1  ' 

52 

8 

1 

67 

2  . 

14 

3 

44 

3 

1 

0 

2 

69 

8 

2 

84 

3 

1 

0 

46 

13 

1 

0 

3 

18 

8 

3 

33 

4 

12 

2 

47 

4 

1 

1 

0 

3 

9 

0 

48 

6 

15 

3 

48 

9 

0 

1 

1 

71 

9 

1 

31 

7 

11 

0 

49 

6 

0 

1 

2 

37 

9 

2 

82 

8 

10 

1 

52 

0 

1 

1 

3 

54 

9 

3 

14 

9  ' 

2 

0 

53 

14 

1 

2 

0 

9 

10 

0 

59 

11 

7 

3 

54 

1 

3  1 

2 

1 

43 

10 

1 

8 

12 

13 

2 

56 

5 

1  ; 

2 

2 

26 

10 

2 

76 

13 

4 

3 

57 

15 

0  ' 

2 

3 

77 

10 

3 

42 

14 

9 

3 

58 

11 

2 

8 

0 

27 

11 

0 

7 

16 

8 

0 

59 

10 

0 

.S 

1 

44 

11 

1 

24 

18 

0 

3 

61 

3 

3 

3 

2 

78 

11 

2 

58 

19 

14 

0 

62 

7 

0 

o 

O 

3 

61 

11 

3 

41 

21 

12 

0 

63 

13 

0 

4 

0 

81 

12 

0 

21 

22 

5 

2 

64 

4 

2 

4 

1 

47 

12 

1 

72 

23 

15 

2 

• 

66 

6 

2 

4 

2 

64 

12 

2 

4 

24 

11 

1 

67 

8 

I 

4 

3 

13 

12 

3 

38 

26 

2 

2 

69 

0 

2 

5 

0 

73 

13 

0 

63 

27 

3 

0 

71 

1 

1 

5 

1 

56 

13 

1 

46 

28 

7 

2 

72 

12 

1 

5 

2 

22 

13 

2 

12  i 

29 

13 

3 

73 

5 

0 

5 

3 

39 

13 

3 

29 

31 

9 

1 

74 

15 

1 

6 

0 

49 

14 

0 

19  •• 

32 

6 

3 

76 

10 

2 

6 

1 

83 

14 

1 

53  j 

33 

8 

3 

77 

2 

3 

G 

2 

66 

14 

2 

36 

36 

14 

2 

78 

3 

2 

6 

3 

32 

14 

3 

2 

37 

1 

2 

79 

7 

1 

7 

0 

62 

15 

0 

57 

38 

12 

3 

81 

4 

0 

7 

1 

79 

15 

1 

74 

39 

5 

3 

82 

9 

2 

7 

2 

28 

15 

2 

23 

41 

11 

3 

83 

6 

1 

7 

3 

11 

15 

3 

6 

1 

42 

10 

3 

1 

84 

8 

2 

(16)    (4) 


(16)     (4) 


(16)      (4) 


(16)  (4) 
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wi  =  8  +  5t    N(m)=:89    «I) (m)  =  88  =  2M 1    H.E.  =  88  a;  =  X  +  34  Y(mod  89). 
»i  =  5  +  8t    N(m)  =  89    «I>(w)  =  88  =  2Ml    H.E.  =  88    a:  =  X  +  55  Y (mtxl  89). 

Grenerator  3. 


I 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

N 

1 

3 

9 

27 

81 

65 

17 

51 

64 

14 

42 

37 

22 

66 

20 

60 

2 

6 

18 

54 

73 

41 

I 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

4:^ 

N 

34 

13 

39 

28 

84 

74 

44 

43 

40 

31 

4 

12 

36 

19 

57 

82 

68 

26 

78 

56 

79 

59  1 

(88) 


(88) 


44  45  46  47  48  49  50  51  52  53  54  53  5(3  57  58  59  60  01  62  6.S  64  65   (88) 


^ . _  

I 

N  j  88  8*5  80  62   8  24  72  38  25  75  47  52  67  23  69  29  87  SS    71  35  16  48 


66    67  68  69  70  71  72  73  74  75  76    77  7S    79  80  81  82  83  84  85  86  87  ,  (88) 


N  '  55  76    50  61   5  15  45  46  49  58  85  77  53  70  32   7  21  63  11  33  10  30 


N  ! 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

I 

1 

0 

16 

1 

32 

70 

17 

81 

48 

2 

86 

84 

33 

23 

9 

71 

64 

6 

18 

35 

14 

82 

12 

1 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

as 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

I 

1 

57 

49 

52 

39 

3 

25 

59 

87 

31 

80 

85 

22 

63 

34 

11 

51 

24 

30 

21 

10 

29 

28 

N 

45 

46 

47 

48 

49 

50 

51 

52 

53 

54 

55 

56 

57 

58 

50 

60 

61 

62 

63 

64 

65 

66 

I 

72 

73 

54 

65 

74 

68 

7 

55 

78 

19 

66 

41 

36 

75 

43 

15 

69 

47 

8:^ 

8 

5 

13 

N 

67 

68 

69 

70 

71 

72 

73 

74 

75 

76 

77 

78 

79 

80 

81 

82 

as 

84 

85 

86 

87 

88 

I 

56 

38 

58 

79 

62 

50 

20 

27 

53 

67 

77 

40 

42 

46 

4 

37 

61 

26 

76 

45 

60 

44 

(88) 


(88) 


(88) 


(88) 
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w  = 


9  +  3t  =  -  7  (1  +  i)  (1  +  2t)  3    N  (m)  =  90     «I)  (m)  =  32  =  2«.  2* 
H.  E.  =  8     ?/  =  Y(mod3)    a;  =  X  +  7  (Y  —  »/)  (mod  30). 


Generators  2  -|-  i,  i. 


0 

0 

1 

• 

r 

'        0 

1 

0 

1 

• 

1 

0 

0 

0 

2 

29 

2+1 

1 

0 

0 

3 

9  +  2/ 

3+2i 

4 

1 

0 

2+i: 

4  +  t 

!        3 

2 

1 

29+2t 

5  +  2/ 

3 

0 

2 

7  +  2t 

6+t 

4 

3 

3 

10+» 

7 

6 

1 

0 

24+1 

7+2/ 

1 

2 

2 

1 

17 

9+2i 

0 

3 

2 

2 

15  +  2/ 

10+1 

1 

3 

2 

3 

13 

11 

4 

0 

3 

0 

5  +  2i 

12+1 

6 

2 

3 

1 

19  +  2/       1 

13 

2 

3 

3 

2 

4+t 

13  +  2i 

7 

3 

3 

3 

20+i 

14+1 

5 

2 

4 

0 

11 

15  +  2i 

2 

2 

4 

1 

3+2i 

IG+i 

5 

I 

4 

2 

19 

17 

2 

1 

4 

3 

G  +  i 

17+2i 

7 

2 

5 

0 

25+2t 

19 

4 

2 

5 

1 

16+i 

19+2i 

3 

1 

5 

2 

14  +  / 

20+1 

3 

3 

5 

3 

23  +  2/ 

22+i 

7 

0 

6 

0 

27+2t 

23 

6 

3 

6 

1 

7 

23+2i 

5 

3 

6 

2 

12 +r 

24+1 

2 

0 

(3 

3 

23 

25+2i 

5 

0 

7 

0 

22  +  t 

' 

26+1 

7 

I 

7 

1 

26  +  t 

27+2/ 

C 

0 

7 

2 

17+2/ 

29 

0 

2 

7 

3 

13+2i 

29+2i 

1 

1 

(8)     (4) 


(8)     (4) 
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m  =  3  +  9t  =  (1  +  i)  (2  +  i)3     N  (m)  =  90     4>  (in)  =  32  =  2*.  2» 
H.E.  =  8     y  =  Y(mod3)    a;  =  X  +  23  (Y  -  y)  (mod  30). 

Generators  23  +  2i,  21  +  2i. 


0 

0 

1 

0 

1 

21  +  2t 

0 

2 

29 

0 

3 

• 

0 

23+2» 

I 

20+» 

2 

28+* 

3 

l+2t 

0 

15  +  2t 

1 

17 

2 

2 

6+» 

2 

3 

13 

3 

0 

26+t 

3 

1 

10 +t 

3 

2 

25  +  2i 

3 

3 

ll  +  2t 

4 

0 

11 

4 

1 

24 +» 

4 

2 

19 

4 

3 

27+2i 

o 

0 

16 + 1 

5 

1 

7+2t 

6 

2 

6 +2* 

5 

3 

14+t 

6 

0 

18 +t 

6 

1 

7 

6 

2 

3+2i 

6 

3 

23 

7 

0 

13+2i 

7 

1 

17+2* 

7 

2 

8+t 

7 

3 

4+t 

• 

t 

0 

3 

1 

0 

0 

1  +  2* 

1 

3 

3f2t 

6 

2 

4+t 

7 

3 

5+2* 

5 

2 

6  +  t 

2 

2 

7 

6 

1 

7  +  2t 

5 

1 

8+* 

7 

2 

10 +t 

3 

1 

11 

4 

0 

11  +2* 

3 

3 

13 

2 

3 

13+2* 

7 

0 

14+*' 

5 

3 

15+2* 

2 

0 

16+t 

5 

0 

17 

2 

1 

17+2t 

7 

1 

18+* 

6 

0 

19 

4 

2 

20+* 

1 

1 

21  +  2f 

0 

1 

23 

6 

3 

23+2* 

1 

0 

24 +t 

4 

1 

25+2* 

3 

2 

26  +  t 

3 

0 

27+2* 

4 

3 

28+* 

1 

2 

29 

0 

2 

(8)    (4) 


(8)    (4) 
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m  =  9  +  4*     N(7n)  =  97     4>(w)  =  96  =  2^3     H.E.  =  96    a:  =  X  +  22Y  (mod  97). 


m 


=  i  +  9i    N(m)  =  97     *(m)  =  96  =  2^3     H.E.  =  96    a;  =  X  +  75Y(mod  97). 


Generator  5. 


I 

0 

1 

2  3  ' 

I      5  6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

N 

1 

5  25  28  43  21  8 

40 

6 

30 

53 

71 

04 

29 

48 

46 

36 

83 

27 

38 

I 

20 

21 

22  23 

24  25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

N 

93 

77 

94  82 

22  13 

65 

34 

73 

74 

79 

7 

35 

78 

2 

10 

60 

56 

86 

I 

39 

40 

41  42 

43  44 

45 

46 

47 

48 

49 

50 

61 

52 

53 

64 

55 

56 

57 

N 

42 

16 

80  12 

60   9 

45 

31 

58 

96 

92 

72 

69 

54 

76 

89 

67 

91 

67 

I 

58 

59 

60  61 

62  63 

64 

65 

66 

67 

68 

69 

70 

71 

72 

73 

74 

75 

76 

N 

44 

26 

33  68 

49  51 

61 

•14 

70 

59 

4 

20 

3 

15 

75 

84 

32 

63 

24 

I 

77 

78 

79  80 

81  82 

83 

84 

85 

86 

87 

88 

89 

90 

91 

92 

93 

94 

96 

N 

23 

18 

90  62 

19  95 

87 

47 

41 

11 

65 

81 

17 

85 

37 

88 

62 

66 

39 

(96) 


(96) 


(96) 


(96) 


(96) 


FOR  ANY  COMPOSITE  MODULUS,  HEAL  OR  COMPLEX 


32'J 


N 


1   2  3  4  5  6  7  8  9  10  11  12  13  U  15  16  17  18  19  2u  ^ 


1    0  34  70  t;8   1  8  31  6  44  35  80  42  25  i^5  71  40    ^    78  81  09   (96) 


N   21 


«ji  • 


23  24  25  26  27  28  29  :^J    31  32  :«  31  35  36  37  :3k  3r*  : 


5  24  77  76   2  59  18   3  13   9  i6  74  &)    27  32  16  91  19  95   (96) 


N 


40  41  42  43  44  45  46  47  48  49  50  ^1  52  5:3  54  55  56  57  58 


7  85  39   4  58  45  15  84  14  62  :>.;  6:3  93  IM  52  87  37  55  47  !  C^^V 


-.•   •—   ! 


N   59  60  61  62  63  64  65  66  67  6s  69  70  71  72  73  74  75  76  77 


1 


1   67  43  64  80  75  12  26  94  57  61  51  66  11  50  '28  29  72  5:3  21  i  (96j 


N    78  79  80  81  82  83  84  85  86  87  i>8  89  1*0  91  92  93  94  95  96 


1  i  33  ao  41  88  *23  17  73  90  38  83  92  54  79  56  49  2u  22  82  48 


(%) 


m=7  +  7i  = 


• 

u 

1 

1 

2-h/ 

2 

3-l-4t 

3 

9-h4f 

4 

3t 

5     ' 

lH-6f 

6 

9-h2t 

7 

9-h6t 

8 

5 

9 

l0-|-5f 

10    : 

1^6f 

11 

S^Oi 

12 

1 

13 

13-1-21* 

14 

10-h3t 

15     1 

3^2t 

16 

11 

17     i 

1^4f 

18 

5-h2t 

19     ' 

l-h2i 

20 

5i 

21 

2-h3i 

22 

8-ht 

23 

8+ai 

(4^> 
JHUCXJCXCllL 


(1  +  i)  7     N  (m)  =  98     *  (m)  =  48  =  2^  3 
y  =  Y  (mod  7)     ar  =  X  +  Y  —  y  (mod  14). 

Geiiei*aior  2  -(-  i. 


24 

13 

25 

5-1-61 

26 

4-1- 3i 

27 

12-1-31 

28     . 

7-h4i 

29 

10-l-t 

30     ' 

12-|-5f 

31     ' 

12-1-1 

32 

9 

33 

ll-l-2t 

34 

6-hi* 

35 

4-1-1' 

36 

7-h6i 

37 

8-1- 5i 

38 

ll-h4i 

:39 

4-1- 5i 

40 

3 

41 

6-h3f 

42 

2-|-5t 

43 

6-h5i 

44 

7-h2i 

45 

5-|-4t' 

46 

13+61     : 

47 

13-»-4t 

1 

I 

12 

3i 

4 

hi 

20 

1 

0 

l-h2< 

19 

l-h4i 

17 

l-f-6i' 

10 

2-hi 

1 

2-r3i 

21 

2-h5i 

42 

3 

40 

3  +  2/ 

15 

3-hW 

2 

3-h6i 

11 

4-hi 

00 

4-f-3i 

I/^ 

4-h5/ 

39 

5 

8 

5-1-2/ 

18 

5-1-4/ 

45 

5-f-6t 

25 

6-h/ 

:34 

6-1-3/ 

41 

6-l-5i 

43 

1 

'■k<j 


(,1b; 


H.  E.  =  48 


7  +  2i 

44 

7-h4i 

28 

7-h6i* 

36 

8-hi 

22 

8-h3i 

23 

8-h5/ 

37 

9 

:32 

9-h2i 

6 

9  +  4/ 

3 

9  +  6/ 

i 

10  +  / 

29 

10+3/ 

14 

10  +  5i* 

9 

11 

16 

11  ^2/ 

33 

ll+4i' 

38 

11+6/ 

^ 
a 

12  +  1 

31 

12+:ii 

27 

12  +  5» 

30 

13 

24 

13  +  2/ 

13 

13  +  4i 

47 

13  +  6/ 

46 

^^^) 


— A. 


•  » 


::  u 
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m  =  8  +  6i  =  —  (1  +  *)*  (I  +  2if    N  (m)  =  100     4> (wi)  =  40  =  2. 2^ 5. 
H.  E.  =  20    y  =  Y(inod2)    a;  =  X  +  7 ( Y  -  y)  (mod  50). 

Generators  3,  44  +  i. 


\     0 

0 

1 

0 

'    44-ht 

:    1 

0 

3 

1 

46 -fi 

2 

0 

9 

2 

2-ft 

3 

27 

3 

20  +  i     i 

4 

0 

31 

4 

24+t 

5 

0 

43 

5 

36  +  1      : 

6 

f\ 

29 

G 

22+ i 

7 

i  1 

37 

7 

30+i 

8 

11 

8 

4+t 

9 

0 

3:^ 

9 

26+1 

10 

0 

49 

10 

1 

42  +  t 

11 

0 

47 

11 

1 

40+ i 

12 

0 

41 

(20)  (2) 


12  1 

13  0 

13  1 

14  0 

14  1 

15  0 

15  1 

16  0 

16  1 

17  0 

17  1 

18  0 

18  1 

19  0 
19  1 


(20)  (2) 


34+1 
23 

16+t 
19 

12  +  1 
7 

21 

14+ 1 
13 
6+1 
39 

32  +  i 
17 
10  +  t 


• 

15 

1 

0 

0 

.       2  +  i 

2 

3 

1 

4+t 

8 

6+t 

17 

7 

15 

9 

2 

0 

10+1 

19 

11 

8 

0 

12  +  1 

14 

13 

17 

0 

14  +  t 

16 

16  +  t 

13 

17 

19 

0 

19 

14 

0 

20 +i 

3 

21 

16 

0 

22+1 

6 

23 

13 

0 

24+1 

4 

26  +  1 

9 

27 

3 

0 

29 

G 

0 

30+1 

7 

31 

4 

32+1 

18 

33 

9 

34+1 

12 

36+1 

5 

37 

7 

0 

39 

18 

40+1 

11 

41 

12 

0 

42  +  i 

10 

43 

5 

44+1 

0 

■*•        1 

46+1 

1 

1      1 

47 

11 

0 

49 

10 

0 

(20)  (2) 


(20)  (2) 


OT  =  6  +  8i  ^ 
H.E.= 


0 

0 

1 

0 

1      8+1 

1 

0 

3 

1 

10+1 

2 

0 

9 

2 

16+i 

3 

0 

27 

3 

34+1 

4 

31 

4 

38+1 

5 

43 

5 

• 

6 

29 

6 

36 +t 

7 

37 

7 

U+i 

8 

11 

8 

18 +t 

9 

33 

9 

40+t 

-  t  (1  +  t)  2  (2  +  if     N  (m)  =  100     4>  (m)  =  40  =  2. 2«.  5 
20     y  =  Y(mod2)     a;  =  X  +  43  (Y  —  y)  (mod  50). 

Generatore  3,  8  +  i. 


10 

0 

49 

10 

6+1 

11 

0 

47 

11 

4+1 

12 

0 

41 

12 

48+1 

13 

0 

23 

13 

30+1 

14 

19 

14 

26+1 

15 

7 

15 

14+1 

16 

21 

16 

28  +  i 

17 

13 

17 

20+1 

18 

39 

18 

46  +  1 

19 

0 

17 

19 

24+i 

• 

1 

5 

1 

1 

26+i 

14 

1 

1 

0 

0 

27 

3 

0 

3 

1 

0 

28+i 

16 

1 

4+i 

11 

1 

29 

6 

0 

Q-^-i 

10 

1 

;   30+i 

13 

1 

7 

15 

0 

31 

4 

0 

8+i 

0 

1 

33 

9 

0 

9 

2 

0 

34+i 

3 

1 

10 +i 

1 

1 

36+ 1 

r> 

1 

11    . 

8 

0 

37 

7 

0 

13 

17 

0 

38+i 

4 

1 

14+1 

15 

1 

39 

18 

0 

16+1 

2 

1 

40+i 

9 

1 

17 

19 

0 

!     41 

12 

0 

18+i 

8 

1 

43 

5 

0 

19 

14 

0 

44+i 

7 

1 

20+1 

17 

1 

46+i 

18 

1 

21 

16 

0 

47 

11 

0 

23 

13 

0 

48+i 

12 

1 

24+1 

19 

1 

49 

10 

0 

1 

(20)  (2) 


(20)  (2) 


(20)  (2) 


(20)  (2) 
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m 


=  10  =  — 


(l+,)S(l  +  2|-)(2  +  t)     N(i»)=100     «I)(m)^32=2.2«.2«.     H.K  =  4 

x  =  X  (mod  10)    y  =  Y  (mod  10). 


Generators  9  +  4»,  9  +  6f,  6  +  5t. 


0 

0 

0 

1 

• 
t 

1 

3 

1 

1 

0 

,0 

1 

,              6  +  fM 

3i 

0 

2 

1 

0 

1 

0 

9+Ci' 

7i 

2 

0 

1 

0 

1 

4+  f 

9i 

3 

1 

1 

0 

2 

0 

•5+8r 

I 

0 

0 

0 

0 

2 

3i 

l+4t 

2 

3 

0 

0 

3 

0 

7+2t 

l  +  6i 

3 

2 

0 

0 

3 

2  +  7t 

2+3i 

3 

0 

1 

0 

0 

9^4i         < 

2+5i 

1 

1 

1 

I 

1             1- 

0 

4-f9t 

2+7i 

0 

3 

1 

1       I 

1 

0 

7 

3 

3 

3 

0 

i 

2+5i'         j 

3  +  2f 

1 

2 

0 

2 

0 

3+2i 

3+8t 

2 

1 

0 

1 

2 

8  +  7t 

4+  » 

0 

1 

1 

3 

0 

5  +  0i 

4+5* 

2 

2 

1 

3 

i' 

4^9% 

I 

0 

1 

2 

0 

0 

5+2i 

5+2i 

2 

0 

0 

2 

0 

7i 

5+4f 

ii 

1 

0 

2 

1 

0 

3+8» 

5  +  6i 

I 

3 

0 

2 

1 

8+3i 

5+8» 

0 

2 

0 

2 

2 

9 

6+  » 

3 

2 

1 

2 

2 

4+5i'         I 

G+5i 

0 

0 

1 

2 

3 

H-4t         ! 

C  +  9t 

2 

3 

1 

2 

3 

G+9t 

7 

I 

1 

0 

3 

0 

0 

7  +  8t 

7f2* 

0 

3 

0 

3 

0 

1               1 

2+3f 

7+8t' 

3 

0 

0 

3 

1 

0 

.5  +  4f 

8+3i 

2 

1 

1 

3 

1 

9i' 

«+5i 

3 

3 

I 

;^ 

2 

0        1 

l+6t 

8+7t 

1 

2 

1 

3 

2 

A             1 

6+  ; 

9 

2 

2 

0 

3 

3 

0         1 

3 

9+4f 

I 

0 

0 

3 

3 

8  +  5t 

9+6f 

0 

1 

0 

(♦)     (*)     (2) 


(4)     (4)      (2) 
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Mod  (I  +0- 


Mod  (I  +if. 
Generator  i. 


Mod  ( I  +  i)\ 
Glenerator  i. 


1 


1 


■I 
1 


1 

0 


(2) 


• 

1 

3 

2 

2+1 

3 

1 

0 

Mod  ( I  +  »■)* 
Generators  /,  1  -|-  2/. 


(*) 


0 

0 

1 

0 

1 

i  +  2»: 

1 

0 

1 

1 

2+  t 

2 

0 

8 

2 

1 

8  ^-  2i 

8 

0 

:V 

3 

1 

2  +  3t 

% 
Si 

1 

l-f2i 

2+  » 
2-1- :^' 
3 
3+2i 


1 
3 
0 
0 
1 
3 
2 
2 


0 
0 
0 

1 
1 
1 

0 

1 


(4)     (2) 


(4)     (2) 


Mod  ( I  +  {)\ 
Generatoi-R  /,  1  +  2i,  3. 


0 

0 

0 

1 

0 

0 

1 

3 

0 

0 

H-2i 

0 

1 

7  +  2i 

1 

0 

0 

1 

1 

0 

1 

3i 

1 

0 

6-^  i 

1 

1 

2  +  32 

2 

0 

0 

7 

2 

0 

1 

2 

0 

3  +  2i 

2 

1 

6  +  2z 

3 

0 

0 

4  +  3t 

3 

0 

1 

4-1-  i 

3 

0 

6+3i 

3 

1 

2H-  i 

I 

• 

1 

0 

0 

3t- 

1 

0 

1 

1 

0 

0 

0 

l+2» 

0 

1 

0 

2+  { 

8 

1 

1 

2H-3V 

1 

1 

1 

8 

0 

0 

I 

8  +  2i 

4) 

1 

0 

4+  { 

3 

u 

1 

4H-3t 

3 

0 

0 

.5 

2 

0 

1 

5+2* 

2 

1 

1 

6+  V 

1 

1 

0 

0  +  3i 

8 

1 

0 

7 

o 

•« 

0 

0 

7  +  2* 

0 

1 

1 

(4)     (2)      (2) 


(4)     (2)      (2) 


FOR  ANT  COMPOSrrE   MODULUS.   REAL  OR  COMPLEX. 


S9S 


Mod  (1  +  0«. 
Q«nerator8  t,  1  +  2t,  3. 


0 

0 

0 

1 

0 

0 

3           i 

0 

1 

0 

H.2t 

0 

1 

3+6i 

0 

2 

0 

5-h4i         i 

0 

2 

7+4.- 

0 

3 

0 

5+6t 

0 

3 

7-h2i 

0 

0 

•     • 

1 

1 

1 

0 

3i 

1 

1 

0 

«+  • 

1 

1 

2+3i 

1 

^ 

0  . 

4+5i 

2 

1        4+7i 

3 

0 

,        2+5f 

3 

;        6+7i 

2 

0 

0 

1                i 

2 

0 

!            ^ 

2 

1 

0 

74-01- 

2 

1 

5+2t 

2 

2 

0 

3+4f 

2 

2 

l+4t         . 

2 

3 

0 

3+2i         1 

2 

3 

l-f6t 

3 

0 

0 

7i 

3 

0 

in 

3 

1 

0 

2-h7t 

3 

1 

6-h5i 

3 

2 

0 

4-1-31 

■ 

3 

2 

4+  t 

3 

3 

0 

6-|-3t 

3 

3 

2+  » 

1 

• 

t 

1 

0 

0 

3t 

1 

0 

1 

5t 

3 

0 

1 

7i 

3 

0 

0 

1 

0 

0 

0 

1+2* 

0 

1 

0 

!+♦. 

2 

1 

1 

l+6> 

2 

3 

1 

2+  t 

3 

3 

1 

2-|-3t 

1 

1 

1 

2+5« 

1 

3 

0 

2+7» 

3 

1 

0 

3 

0 

0 

1 

3+2t 

2 

3 

0 

3+4t 

2 

2 

0 

3+6» 

0 

1 

1 

■4+  .• 

3 

2 

1 

4+3i 

3 

2 

0 

4+5t 

1 

2 

0 

4  +  7i 

1 

2 

1 

2 

0 

1 

5+2* 

2 

1 

1 

5+4t 

0 

0 

5+6t 

0 

3 

0 

6+  * 

1 

1 

0 

6+3t 

3 

3 

0 

6+W 

3 

1 

I 

6+7t 

1 

3 

1 

7 

2 

0 

0 

7+2t 

0 

3 

1     1 

7+4t 

0 

2 

1 

7+6t 

2 

1 

0 

(4)     (4)    (2) 


(*)     (4)     (2> 
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Mod  (1  -f  if. 
Generators  i,  3,  1  +  2i. 


0 

0 

0 

1 

2 

0 

0 

15 

0 

0 

1 

l+2i 

2 

0 

1 

7  +  C* 

0 

0 

2 

13  +  4i 

!  2 

0 

2 

11+4*' 

0 

0 

3 

13+^1 

2 

0 

3 

ll  +  2i 

0 

1 

0 

3 

2 

1 

0 

13 

0 

1 

1 

3-h6i 

2 

1 

1 

5  +  2* 

0 

1 

2 

15-h4t- 

2 

1 

0 

9  +  4* 

0 

1 

3 

7  +  2V 

2 

1 

3 

1  +  6* 

0 

2 

0 

9 

2 

2 

0 

7 

0 

2 

1 

9-h2t 

2 

2 

1 

15 +  G* 

0 

2 

2 

5  +  4t 

2 

2 

2 

3+4*' 

0 

2 

3 

5  +  6i 

2 

2 

3 

3  +  2t 

0 

3 

0 

11 

2 

3 

0 

5 

0 

3 

1 

ll+6i 

2 

3 

1 

13+2V 

0 

8 

2 

7+44 

2 

3 

2 

1+4*  1 

0 

8 

3 

15  +  2i 

2 

3 

3 

9+0*  ' 

0 

0 

• 

!  3 

0 

0 

8  +  7i  ., 

0 

1 

14+  t 

3 

0 

1 

10  +  7*  1 

0 

2 

4+rn 

3 

0 

2 

,     4+3* 

0 

3 

2  +  5t 

3 

0 

3 

()+8i 

1 

0 

3i 

3 

1 

0 

8+5/ ; 

1 

1 

10  +  3* 

3 

1 

1 

14+5* 

■* 

1 

2 

4+7i 

3 

1 

2 

4+   i 

1 

3 

14+7i 

3 

1 

3 

1  10+   / 

2 

0 

8+  { 

3 

2 

0 

7i 

2 

1 

6+  i 

3 

2 

1 

2+7/ 

o 

^ 

2 

12+6* 

3 

2 

2 

12  +  3/ 

2 

3 

10  +  6i 

3 

2 

3 

14  +  3i  1 

3 

0 

8  +  3* 

3 

3 

0 

6* 

3 

1 

2  +  3i 

3 

3 

1 

G+5/ 

3 

2 

12  +  7* 

3 

3 

2 

12+   / 

3 

3 

6  +  7i 

3 

3 

3 

2+  i 

.   ..     . 

(4) 

w  w 

(4) 

(4)  (4) 

• 

* 

1 

0 

0 

8+  * 

1 

2 

0 

3* 

1 

1 

0 

8+3* 

1 

3 

0 

5* 

3 

3 

0 

8+5* 

3 

1 

0 

7* 

3 

2 

0 

8+7t 

3 

0 

0 

1 

0 

0 

0 

9 

0 

2 

0 

1  +  2/ 

0 

0 

1 

9+2* 

0 

2 

1 

1+4* 

2 

3 

2 

9+4* 

2 

1 

2 

1  +  6* 

2 

1 

3 

:     9  +  6* 

2 

3 

3 

2+  * 

3 

3 

3 

10+  * 

3 

1 

3 

2+3* 

1 

3 

1 

10+3* 

1 

1 

1 

2  +  5* 

1 

0 

3 

10+5* 

1 

2 

3 

2  +  7* 

3 

2 

1 

10+7* 

3 

0 

1 

3 

0 

1  . 

0 

11 

0 

3 

0 

3  +  2* 

2 

2 

3 

11+2* 

2 

0 

3 

3+4* 

2 

2 

2 

11+4* 

2 

0 

2 

3+6* 

0 

1 

1 

11  +  6/ 

0 

3 

1 

4+  * 

3 

1 

2 

12+   / 

3 

3 

2 

4-f3* 

3 

0 

2 

12  +  3i 

3 

2 

2 

4+5t 

1 

0 

2 

12+5/ 

1 

2 

2 

4  +  7/ 

1 

1 

2 

12  +  7/ 

1 

3 

2 

5 

2 

3 

0 

13 

2 

1 

0 

5+2* 

2 

1 

1 

13+2* 

2 

3 

1 

5+4* 

0 

2 

2 

18+4* 

0 

0 

2 

5  +  6* 

0 

2 

3 

13+6* 

0 

0 

3 

6+   / 

1 

2 

1 

14+  i 

1 

0 

1 

6  +  3* 

3 

0 

3 

14  +  3V 

3 

2 

8 

6+5* 

3 

3 

1 

14+5/ 

3 

1 

1 

6-^71 

1 

3 

3 

14+ 7i 

1 

1 

3 

7 

2 

2 

0 

15 

1  2 

0 

0 

7+2i 

0 

1 

3 

15  +  2* 

i  0 

3 

8 

7+4t 

0 

3 

2 

15+4* 

I^ 

I 

2 

7+6» 

2 

0 

1 

15  +  6* 

1  2 

2 

1 

(4)    (4)  (4) 


(4)    (4)  (4) 
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Mod  (1  +  if. 
Generators  1  +  2i,  3,  i. 


0 

0 

0 

1 

2 

0 

0 

13+  U 

4 

0 

0 

9+  8i 

1 

6     0     0 

1 
5  +  12* 

0 

0 

1 

• 

I 

2 

0 

1 

12  +  13i 

4 

0 

J 

8+  9i 

6     0     1 

4+  5* 

0 

0 

2 

15 

2 

0 

2 

3  +  12i 

4 

0 

2 

7+  8i 

6     0     2 

11+  4* 

0 

0 

3 

15i 

2 

0 

3 

4+  3i 

4 

0 

3 

8+  7i 

6     0     3 

12  +  11* 

0 

1 

0 

3 

2 

1 

0 

7  +  12t 

4 

0 

11+  Si  i 

6     1     0 

15+  4* 

0 

1 

1 

3t 

2 

1 

1 

4+   li 

4 

1 

8  +  lK 

6     1     1 

12  +  15* 

0 

1 

2 

13 

2 

1 

2 

9+  Ad 

4 

2 

5+  8t 

6     12 

1  + 12* 

0 

1 

3 

13t 

2 

1 

3 

12+  9i 

4 

3 

8+  bi 

6     1     3 

4+     * 

0 

2 

0 

9 

2 

2 

0 

5+  4i 

4 

0 

1+  8t 

6     2     0 

13  +  12* 

0 

2 

1 

9i 

2 

2 

1 

12+  hi 

4 

2 

1 

8+     i 

6    2     1 

4+13* 

0 

2 

2 

7 

2 

2 

2 

11  +  121 

4 

2 

2 

15+  8t 

6    2     2 

3+  4* 

0 

2 

3 

Ti- 

2 

2 

3 

4+11* 

4 

2 

3 

8  +  15t 

6    2     3 

12+  3* 

0 

3 

0 

ll 

2 

3 

0 

15  +  12i 

4 

3 

0 

3+  %i 

6    3    0 

7+  4* 

0 

3 

1 

lU 

2 

3 

I 

4+15i 

4 

3 

1 

8+  3t 

6    3     1 

12+  7* 

0 

3 

2 

5 

2 

3 

2 

1+  U 

4 

3 

2 

13+  8t 

6    3    2 

9  +  12* 

0 

3 

3 

5i 

2 

3 

3 

12+     i 

4 

3 

3 

8  +  13t 

6    3    3 

4+  9* 

0 

0 

1+  2i 

3 

0 

0 

5  +  14t 

5 

0 

0 

9  +  10i 

7    0    0 

13+  6* 

0 

1 

U-^     i 

3 

0 

1 

2+  5t 

5 

0 

1 

6+  9i 

7    0     1 

10  +  13* 

0 

2 

15  +  14t 

3 

0 

2 

11+  2t 

5 

0 

2 

7+  Gi- 

7   0    2 

3  +  10* 

0 

3 

2+16t 

3 

0 

3 

14+ IK 

5 

0 

3 

lo  +  Ti- 

7   0    3 

6+  3* 

1 

0 

3-f  6t 

3 

1 

0 

15 +  10^ 

5 

1 

0 

ll +14* 

7     1     0 

7+  2* 

1 

1 

10+  3t 

3 

1 

1 

6  +  15t 

5 

1 

1 

2  +  11* 

7     1     1 

14+  7* 

1 

2 

13+101 

3 

1 

2 

1+  6t 

5 

1 

2 

5+  2t 

7     1     2 

9  +  14* 

1 

3 

6  +  13t 

3 

1 

3 

10+     i 

5 

1 

3 

14+  5t 

7    13 

2+  9* 

2 

0 

9+  2d 

3 

2 

0 

13  +  14/ 

5 

1 

2 

0 

1  +  10* 

7    2    0 

5+  6* 

2 

1 

14+  9t 

3 

2 

1 

2  +  13t 

5 

2 

1 

6+     * 

7    2     I 

10+  5* 

2 

2 

7  +  14t 

3 

2 

2 

3+  2t 

5 

2 

2 

15+  Cl- 

7   2    2 

11  +  10* 

2 

3 

2+  n  1 

3 

2 

3 

14+  3t 

5 

2 

3 

io +15* 

7    2    8 

6+11* 

3 

0 

11+  6t 

3 

3 

0 

7  +  lOi 

5 

3 

0 

3  +  14* 

7    3    0 

16+  2i 

3 

1 

10+llt 

3 

3 

1 

6+  7i 

5 

3 

1 

2+  3* 

7     3     1 

14+15i 

3 

2 

5  +  lOt 

3 

3 

2 

9+  6i 

5 

3 

2 

13+  2* 

7    3    2 

l  +  14i 

3 

3 

6+  6» 

3 

3 

3 

10+  9t 

5 

3 

3 

14+13* 

7    3    3 

2+     * 

(8)  (4)  (4) 


(8)  (4)  (4) 


(8)  (4)  (4) 


(8)  (4)  (4) 
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Mod  (1  +  if. 


• 

( 

0 

0 

1 

4+     / 

6 

1 

3 

8+     I 

4 

2 

1 

12+     / 

2 

3    3 

3i 

0 

1 

1 

4+  3t 

2 

0 

3 

8+  Si 

4 

3 

1 

12+  3/ 

6 

2    3 

5t 

0 

3 

3 

4+  5* 

6 

0 

1 

8+  5i 

4 

1 

3 

12+  5t 

2 

2     1 

7t 

0 

2 

3 

4-f   7/ 

2 

1 

1 

8+  7*: 

4 

0 

3 

12+   7t 

6 

3     1 

9t 

0 

2 

1 

4-h  9i 

6 

3 

3 

8+  9t 

4 

0 

1 

12+  9* 

2 

1     3 

lit 

0 

3 

1 

4+llt 

2 

2 

3 

8  +  llt 

4 

1 

1 

12  +  llt 

6 

0    3 

13t 

0 

1 

3 

4+13i 

6 

2 

1 

8  +  13/ 

4 

3 

3 

12+13* 

2 

0     1 

15t 

0 

0 

3 

4+15i 

2 

3 

1 

8  +  15i 

4 

2 

3 

12  +  15* 

6 

1     1 

1 

0 

0 

0 

5 

0 

3 

2 

9 

0 

2 

0 

13 

0 

1     2 

1+  2t 

1 

0 

0 

5+  2i 

1 

2 

9+  21 

1 

2 

0 

13+  2* 

5 

3     2 

1+  4d 

2 

8 

2 

5+  4r 

2 

2 

0 

9+  4i 

2 

1 

2 

13+  4* 

2 

0    0 

1+  6t 

3 

1 

2 

o-h  61 

7 

2 

0 

9+  6<: 

3 

3 

2 

13+  6* 

7 

0    0 

1+  8t 

4 

2 

0 

5+  8i 

4 

1 

2 

9+  8t 

4 

0 

0 

13+  8* 

4 

3    2 

1  +  lOt 

5 

2 

0 

5+lOt 

1 

3 

2 

;    9+iot 

5 

0 

0 

13+10* 

1 

1     2 

l  +  12t 

6 

1 

2 

5  +  12t 

6 

0 

0 

9+12/ 

6 

3 

2 

13+12* 

6 

2    0 

l  +  14t 

7 

3 

2 

.    5  +  14/ 

3 

0 

0 

9+14/ 

7 

1 

2 

13+14* 

3 

2    0 

•2+     t 

7 

3 

3 

6+     t 

•• 
o 

2 

1 

'     10+     / 

3 

1 

3 

14+     * 

1 

0     1 

2+  3t 

5 

3 

1 

1      6-h  3/ 

7 

0 

3 

10+  3/ 

1 

1 

1 

14+  3* 

3 

2    3 

2+  6* 

3 

0 

1 

6+  5t 

1 

3 

3 

10+  5/- 

7 

2 

1 

14+  5* 

5 

1    3 

2+  7i 

1 

2 

3 

j      6+   7t 

3 

3 

1 

10+   7t 

5 

0 

3 

14+   7* 

7 

1     I 

2+  9t 

7 

1 

3 

!      6-h  9/ 

5 

0 

1 

'     10+  9/ 

3 

3 

3 

14+  9* 

1 

2     1 

2+ lit 

& 

1 

1 

6+lK 

7 

2 

3 

i     10+11/ 

1 

3 

1 

14+ lit 

3 

0    3 

2  +  13t 

3 

2 

1 

6+13t 

1 

1 

3 

'     10+13* 

7 

0 

1 

14  +  13* 

5 

3    3 

2  +  16t 

1 

0 

3 

6+15i 

3 

1 

1 

10+15* 

5 

2 

3 

14  +  15* 

7 

3    1 

3 

0 

1 

0 

7 

0 

2 

2 

1     11 

0 

3 

0 

15 

0 

0    2 

3+  2t- 

3 

2 

2 

7+  2i 

7 

1 

0 

1     11+   2/ 

3 

0 

2 

15+  2* 

7 

3    0 

3+  4t 

6 

2 

2 

7-h  4t 

6 

3 

0 

!     11+  4/ 

6 

0 

2 

15+  4* 

6 

1    0 

3+  (n 

1 

1 

0 

7+  6i 

5 

0 

2 

11+   6* 

1 

3 

0 

15+  6* 

5 

2    2 

3+  8t 

4 

3 

0 

7+  8t 

4 

0 

2 

11+  8* 

4 

1 

0 

15+  8* 

4 

2    2 

3+lOt 

7 

0 

2 

7+lOt 

3 

3 

0 

11  +  10/ 

7 

2 

2 

15  +  10* 

3 

1    0 

3+12t 

2 

0 

2 

7  +  12i 

2 

1 

0 

11  +  12/ 

2 

2 

2 

15  +  12* 

2 

3    0 

3+14t 

6 

3 

0 

7  +  14* 

1 

2 

2 

:     11  +  14* 

i 

5 

1 

0 

15  +  14/ 

1 

0    2 

(8)  (4)  (4) 


(8)  (4)  (4) 


(8)  (4)  (4) 


(8)  (4)  (4) 
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V.  Ionic  Velocities. 
By  W.  C.  Dampier  Whetham,  B.A.,  Fellow  of  Trinity  College^  Cambridge. 

Communicated  by  Professor  J.  J.  Thomson,  F.R.S. 

Received  October  19,— Road  November  24,  1892. 

The  most  obvious  and  regular  result  of  passing  a  current  of  electricity  through  the 
solution  of  a  salt  is  the  simultaneous  appearance  at  the  two  electrodes  of  products  of 
chemical  decomposition.  Since  the  intervening  solution  is  unaltered,  and  the  products 
appear  only  at  the  electrodes,  the  motion  of  the  parts  of  the  salt  in  opposite  directions 
through  the  solution  is  a  necessary  hypothesis,  and  the  idea  of  ionic  velocity  is  at 
once  suggested. 

The  facts  of  ordinary  chemical  action,  as  well  as  those  ot  electrolysis,  require  us  to 
suppose  that  a  continual  molecular  interchange  of  partners  is  going  on,  but  how  this 
takes  place,  whether  by  means  of  "  free  ions  "  or  by  means  of  the  fractional  number 
of  collisions  which  the  mechanical  theory  teaches  us  will  occur  with  sufficient  violence 
to  bring  about  separation  and  possible  rean-angement,  remains  an  open  question,  and 
one  which  it  is  not  necessary  to  consider  for  our  present  purpose.  The  point  is  that 
such  a  motion  in  opposite  directions  must  occur,  and  the  ions  move  with  a  definite 
average  velocity  through  any  given  solution.  This  is  independent  of  any  particular 
hypothesis  as  to  the  nature  of  the  active  electrolytic  molecule,  and  need  not  commit 
us  either  to  the  '*  dissociation  "  or  to  the  "  chemical ''  theory. 

In  order  to  explain  the  facts  of  "migration"  Hittorf  (*Pogg.  Ann.,'  vols.  89,  98, 
103,  106,  1853  to  1859)  supposed  that  the  velocities  of  opposite  ions  were  different, 
which  would  produce  the  observed  alterations  of  concentration  round  the  electrodes 
according  to  the  obvious  and  well-known  law. 

Later,  Kohlrausch  introduced  the  idea  of  a  definite  specific  ionic  velocity  for  each 
ion,  independent  of  the  nature  of  its  combination  (*  Wied.  Ann.,'  vols.  6  and  26), 
except  in  so  far  as  its  motion  is  affected  by  the  different  resistance  offered  by  the 
different  media  through  which  it  travels.  These  differences  will  disappear  at  infinite 
dilution,  and  the  values  obtained  by  extrapolation  then  show  that  the  specific  ionic 
velocities  of  the  same  ion,  as  deduced  from  observations  on  various  salts  containing  it, 
are,  as  nearly  as  can  be  observed,  identical.  As  it  is  in  examination  of  this  idea  that 
most  of  the  experiments,  presently  to  be  described,  were  made,  it  will  be  convenient 
to  reproduce  Kohlrausch's  theory  in  some  detail.     The  experimental  portion  of  his 
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work  consisted  of  a  splendid  series  of  determinations  of  the  conductivities  of  salt 
solutions.  Assuming  that  all  the  salt  molecules  dissolved  are  actively  concerned  in 
conveying  the  current,  from  simple  notions  of  convection  combined  with  Ohm's  law 
he  calculated  the  relative  velocity  of  the  two  ions  which  would  be  necessary  to  give 
the  observed  conductivity. 

^  Thus  (following  Dr.  Lodge's  abstract  in  the ' B. A.  Report/ 1886),  let  n^  be  the  number 
of  active  molecules  in  1  cub.  centim.,  q  the  total  charge  of  electricity  of  whichever  kind 
possessed  by  the  ions  of  each  active  molecule,  and  U  the  relative  velocity  with  which 
the  opposite  ions  are  sheared  past  each  other  by  a  potential  gradient,  dvjdx ;  we  shall 
then  get  from  considerations  of  convection  n^qJJ  for  the  intensity  of  current  (or 
quantity  of  electricity  conveyed  per  second  through  unit  area  normal  to  the  flow),  and 
from  Ohm's  law  k(dV/dx)  for  the  same  quantity,  where  k  is  the  conductivity  of  the 
unit  cube,  therefore 

If  N  be  the  number  of  monad  gramme  equivalents  of  the  active  substance  present 
in  the  unit  cube,  and  tj  the  electro-chemical  equivalent  of  hydrogen 


therefore 


N  -  =  n^q  ; 
V 


,  rfV         8  TT      NU 
'  ax  ^  7f 


therefore 

Whence  the  arithmetical  sum  of  the  opposite  velocities  of  anion  and  kation  (u  and  v) 
when  urged  by  a  slope  of  potential  of  one  volt  per  c^itimetre  through  a  solution 
containing  N  monad  gramme  equivalents  of  active  subsitance  per  cubic  centimetre, 
and  of  specific  conductivity  k,  is 

U  =  w  +  V  =  k/1^  X  -00010352  X  10^  =  10352ifc/N  centims.  per  second. 

In  order  to  apply  this  to  particular  cases  Eohlrausch  assumes  that  all  the 
dissolved  salt  is  active,  so  that  N  is  known  from  the  strength  of  the  solutions.  The 
ratio  u/v  is  taken  from  Hittobf's  migration  experiments,  and  thus  the  abfiolute 
values  of  u  and  v  can  be  obtained. 

EoHLBAUSCH  expresses  his  experimental  results  in  terms  of  the  specific  molecular 
conductivity  {i.e.,  k/N),  and  finds  that  for  increasing  dilution  this  tends  to  a  limiting 
value.     Thus,  by  drawing  curves  with  N   (the  reciprocal  of  the  average  distance 
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between  the  molecules)  as  abscissae,  and  kfiS  as  ordinates,  he  is  able  to  obtain  the 
specific  molecular  conductivity  for  infinite  dilution.  When  the  values  for  u  and  v  are 
worked  out  for  these  ideal  solutions,  it  is  found  that  the  velocity  of  any  given  ion  is 
independent  of  the  nature  of  the  salt  of  which  it  forms  part,  and  hence  Kohlhausch 
assigns  numbers  to  various  ions  which  represent  their  specific  ionic  velocity. 

From  a  table  of  these  nimibers  we  can  at  once  deduce  the  conductivity  of  any 
given  salt  solution,  and  the  agreement  of  the  values  so  obtained  with  those  experi- 
mentally observed,  furnishes  the  first  confirmation  of  Kohlrausch's  theory.  He 
calculates  the  conductivity  of  various  salt  solutions  of  strength  0*1  gramme  equiva- 
lent per  litre,  and  then  experimentally  determines  it  for  solutions  of  that  strength. 
Some  of  his  results  are  as  follows  : — 


J 


Name  of  salt. 


KCl 
NH.C1 

NaCl 
^BaClg 
IZnClg 

KI 

KNOs 

AgNO, 

KC-HjO 

HCi 

KOH 
NaOH 


2 


Molecular  condaetivity 

calculated  from  the 

ionic  velocities. 


Molecular  coudoctivity 
observed. 


1060 

1047 

1040 

1035 

860 

865 

840 

861 

780 

768 

1070 

1069 

1000 

983 

900 

886 

780 

784 

3260 

3244 

1950 

1986 

1750 

1700 

The  tabulated  numbers  are  k/m  X  10®  where  k  is  the  conductivity  in  terms  af  that 
of  mercury,  and  m  is  the  number  of  gramme  equivalents  of  salt  per  litre.  The  general 
agreement  is  very  remarkable,  though  several  exceptions  show  that  the  law  is  not  of 
universal  application ;  for  instance,  acetic  acid  should  give  2980,  while  the  observed 
number  is  43. 

The  next  confirmation  of  the  theory  was  given  by  Dr.  Oliver  Lodge  ('  B.  A. 
Beport,'  1886),  who  actually  observed  the  velocity  of  the  hydrogen  ion  as  it  travelled 
along  a  glass  tube  and  discolourized  a  solution  of  phenol-phthallein  as  it  went.  The 
tube  contained  a  jelly  in  which  was  dissolved  a  little  phenol-phthallein  and  common 
salt,  with  just  enough  soda  to  biing  out  the  colour.  The  tube  joined  two  vessels 
filled  with  sulphuric  acid,  and  when  a  current  was  passed  between  them  the  hydrogen 
travelled  with  it,  and  liberated  HCI  as  it  went  along  the  tube.  This  decolourized 
the  phenol-phthallein,  and  could  thus  be  traced.  The  velocity  per  unit  potential 
gradient  came  out  &s  '0029,  *0026,  and  '0024  centim.  per  second,  while  Kohlrausch's 
theoretical  number  was  '0030. 

This  agreement  is  striking  evidence  in  favour  of  KoHUtAUSCH's  theory  and  leads  us 
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carefully  to  consider  the  data  on  which  it  is  based.  The  only  objection  which  can  be 
raised  is  to  the  assumption  that  all  the  molecules  are  active,  and  on  this  the  accuracy 
of  the  results  deduced  apparently  depends,  for  if  we  suppose  only  a  part  of  the  salt 
to  be  active,  it  seems  necessary  to  allow  a  greater  ionic  velocity  in  order  that  the  same 
current  may  be  carried.  Now  the  work  of  Arbhenius,  Van't  Hoff,  Ostwaijd,  and 
others,  gives  very  strong  evidence  that  only  a  certain  fraction  of  the  number  of 
dissolved  molecules  are  active  (whatever  we  may  assign  as  the  cause  of  this  activity), 
and  it  seems  to  have  been  generally  supposed  that  this  was  quite  inconsistent  with 
Kohlrausch's  hypothesis  (see  Lodge,  *  B.  A.  Report,'  1886,  p.  391,  et  seq.).  I  have 
shown,  however,  that  by  examining  the  matter  a  little  more  closely  the  two  ideas  can 
be  reconciled.  The  proof  has  already  been  published  ('Phil.  Mag./  July,  1891),  but 
it  will  be  convenient  to  reproduce  it  here. 

Su])pose  that  the  ratio  of  the  number  of  the  active  to  the  whole  number  of 
molecules,  which  measures  the  "  ionization  "  (to  use  Professor  Fitzgerald's  convenient 
name),  represents  in  reality  the  fraction  of  each  second  during  which  each  molecule 
is  on  the  average  active.  Each  molecule  is  in  turn  active,  but  at  any  instant  only  a 
certain  fraction  of  the  whole  number  of  molecules  are  active.  (In  terms  of  the  disso- 
ciation hypothesis  this  ratio  measures  the  "mean  free  time"  of  each  ion.)  As  far 
as  statical  effects,  such  as  osmotic  pressm*e  are  concerned,  this  is,  of  course,  equivalent 
to  supposing  a  certain  fixed  fraction  of  the  whole  number  of  molecules  to  be  active, 
but  when  we  consider  the  velocities  of  the  ions  the  case  is  different. 

KoHLRAUSCH  gets  the  relative  veloctity  of  the  ions  from  the  relation 

but  if  we  suppose  that  only  1/n^^  of  the  molecules  are  active,  we  should  apparently 
have  to  put  U^  =  kn/7n  to  get  the  same  current  through  the  solution,  which  would 
give  Ujj  =  nJJi. 

But  this  Ug  represents  the  actual  velocity  of  the  ions  while  they  are  active  (or 
"  free "),  and  if  we  take  a  dynamical  view  of  the  ionization  equilibrium,  they  are 
active  only  for  1/n^  part  of  their  time.  While  inactive  (or  "  combined  ")  they  have 
no  relative  velocity,  and  so  their  average  velocity  for  any  long  time  is  l/n^  Uj  =  U| 
— the  same  as  in  Kohlrausch's  hypothesis.  The  view  that  all  the  salt  is  active 
supposes  a  uniform  ionic  velocity — the  view  above  detailed  supposes  a  series  of  rests 
intei*posed  with  a  series  of  intervals  during  which  the  ion  is  moving  forward  with  a 
velocity  which  is,  while  it  lasts,  on  the  average  =  nJJi ;  but  the  final  result  is  the 
same,  the  effective  velocity  is  Uj. 

"We  can,  therefore,  combine  Kohlrausch's  theory  with  the  supposition  that  some 
of  the  molecules  present  in  the  solution  are  inactive,  the  result  being  that  the  presence 
of  the  inactive  or  non-electrolytic  molecules,  which  decreases  the  molecular  con- 
ductivity of  the  solution,  shows  itself  by  diminishing  the  effective  velocities  of  the 
ions. 
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The  agreement  between  Dr.  Lomie's  observed  value  for  the  velocity  of  hydrogen 
and  that  deduced  by  Kohlbausch  is  too  close  to  be  accidental,  but  some  further 
experiments  in  which  the  velocities  of  various  ions  were  determined  by  watching  the 
formation  of  precipitates  as  they  travelled  along  did  not  give  such  good  results. 
Thus,  Dr.  LoDQE  found  Ba  =  -00012,  Sr  =  -00015,  and  CI  =  Br  =  I  =  "00024 
centime,  per  second,  while  Kohlrausch  gives  Ba  =  '00033,  CI  =:  '00053, 1  =  '00060 
(*  Wied.  Ann.,'  vol  6,  p.  206). 

There  are  several  disadvantages  in  this  method.  The  greatest  appears  to  be  the 
impossibility  of  keeping  the  solutions  of  a  definite  strength — the  mere  fact  of  pro- 
ducing a  precipitate  must  withdraw  a  certain  amount  of  salt  from  the  sphere  of  action, 
and  so  reduce  the  strength  of  the  solution.  This  will  increase  the  resistance  of  that 
portion  of  the  tube  in  which  the  precipitate  has  been  formed,  and  the  potential 

Fig.  1. 


gradient  will  cease  to  be  xmiform  and  calculable.  When  jelly  is  used,  the  experiments 
are  easy  to  make,  but  it  has  a  considerable  conductivity  of  its  own,  and  its  great 
Tiscosity  must  offer  a  high  resistance  to  the  paasage  of  the  ions  through  it.  More- 
over, it  gradually  exudes  from  the  tube  in  a  direction  opposite  to  that  of  the  current 
— perhaps  owing  to  electric  endosmose.  If  ordinary  liquid  solutions  are  employed, 
the  precipitates  cause  serious  mechanical  disturbances  which  prevent  good  resiilts, 
while  the  use  of  indicators  restricts  the  experiments  to  the  cases  of  acids  and  alkalis 
and  introduces  a  foreign  substance  which  may  itself  serve  to  convey  some  of  the 
current. 

In  order  to  get  over  these  ditHculties,  and  to  submit  EoHUUUsca's  important  and 
beautiful  theory  to  adequate  experimental  tests,  I  undei-took  a  series  of  experiments 
in  which  the  substances  used  acted  as  theii'  own  indicators.  The  solutions  can  then 
be  kept  at  a  definite  strength,  no  third  substance  need  be  introduced,  no  precipitate 
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need  disturb  the  UDiform  course  of  the  ions,  and  no  jellj  bring  io  unknown  and 
irregular  conditions. 

CoDsider  the  boundary  of  two  salt  solutions  of  slightly  different  density,  which 
have  ODe  ion  in  common,  but  are  of  different  colours  (fig.  1).  Let  us  denote  the  salts 
by  AC  and  BC.  When  a  current  passes  across  the  boundary  there  will  be  a  trans- 
ference of  C  ions  in  one  direction  {against  the  current,  if  we  suppose  the  C's  to  be 
acid  radicles,  and,  therefore,  anions),  and  of  A  and  B  ions  in  the  other  (in  the  ease 
supposed,  with  the  current).  Since  the  colour  in  this  case  depends  on  the  kation 
A  or  B,  the  colour  boundary  will  move  with  the  current,  and  its  velocity  will  indicate 
that  of  the  ion  causing  the  change  in  colour. 


Postponing  for  the  present  the  consideration  of  certain  complications  which  may 
arise,  I  will  describe  the  method  of  working  and  some  preliminary  observationa  As 
small  quantities  of  gas  may  be  evolved  at  the  electrodes  they  coiild  not  be  sealed  up, 
and  finally  a  very  simple  apparatus  was  found  to  be  the  best  (fig.  2).  Two  vertical 
glass  tubes  about  2  centims.  in  diameter  were  joined  by  a  third,  considerably  narrower, 
which  was  bent  parallel  to  the  others  for  the  greater  part  of  its  length.  The  longer 
tube  was  filled  with  the  denser  solution  to  about  the  level  A,  and  then  the  lighter 
solution  was  run  into  the  other  tube  from  a  burette,  till  it  just  b^an  to  tnckle  over 
the  shoulder  and  run  down  to  A.  The  proper  solutions  were  then  run  into  the  two 
limbs  at  rates  just  sufficient  to  keep  the  junction  near  A ;  afler  some  practice  this 
could  be  done  quite  well,  and  the  tubes  filled  without  much  disturbing  the  junction. 

The  current  was  passed  from  platinum  electrodes,  which  could  be  connected  with  a 
battery  of  twenty-six  accumulators  by  means  of  platinum  wires  passing  through  the 
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corks.  The  corks  fitted  loosely,  and  a  vertical  groove,  filed  in  each,  allowed  any  ga6 
which  might  be  evolved  to  escape.  The  junction  tube  had  a  length,  from  B  to  C,  of 
12'6  centims.,  and  a  diameter  of  about  1*2  centims.  If  we  add  one-half  the  diameter 
as  a  correction  for  each  end  we  get  13*8  centims.  as  the  effective  length  of  the  tube, 
which  must  be  divided  into  the  total  difference  of  potential  between  the  electrodes  to 
give  the  potential  gradient. 

The  advantages  of  such  an  apparatus  are  shortly  as  follows  : — 

1.  Any  gas  evolved  at  once  escapes  without  interfering  with  the  experiment. 

2.  Since  the  liberation  of  ions  and  decomposition  of  salt  occur  only  at  the 
electrodes,  it  is  (in  general)  only  near  them  that  alterations  of  concentration  occur. 
Since  they  are  surrounded  by  a  large  mass  of  liquid,  these  alterations  will  not 
appreciably  change  the  resistance  of  the  tube  as  a  whole,  and  will  be  entirely  without 
effect  on  the  resistance  of  the  column  of  liquid  in  the  narrow  tube,  which  is  the 
important  point. 

3.  Changes  in  density  at  the  electrodes  will  not  appreciably  accelerate  or  retard 
the  velocity  of  the  junction.  Take  the  case  of  copper  chloride  when  the  current  is 
passing  down  as  a  fairly  typical  example.     The  average  current  was  Q-gVcF  ^^  C.G.S. 

I  units.     The  quantity  of  electricity  which  passed  in  one  hour  was,  therefore,  , 

and  the  weight  of  copper  deposited. 


^,  ,       60  X  60       ,^  .        ^^^^ 
31-5  X     ^ggQ     X  10-*=  -0045  grm. 


Supposing  that  all  this  copper  comes  from  the  kathode  vessel,  and  that  when 
deposited  it  occupies  no  volume  (both  of  which  suppositions  would  increase  the 
disturbing  effect  we  are  considering),  half  this  weight  of  solution  would  pass  from 
anode  to  kathode  to  bring  the  liquids  in  the  two  tubes  to  their  original  levels.  The 
area  of  cross-section  of  the  tube  is  0*430  sq.  centim.  (see  p.  347).  Therefore  the 
passage  of  '0023  cub.  centim.  of  solution  from  anode  to  kathode  in  one  hour  would 
mean  a  velocity  of  '0054  centim.  per  hour.  The  actual  velocity  observed  in  this  case, 
due  to  the  ionic  velocities,  was  1  '6  centims.  per  hour.  The  correction  for  differences 
in  density  is  thus  utterly  negligible. 

4.  A  more  important  objection  was  pointed  out  by  Professor  J.  J.  Thomson. 
With  salt  solutions  of  equivalent  strength  there  is,  in  general,  a  difference  of  specific 
resistance,  although  this  is  small  in  most  cases.  At  the  junction  there  will  thus  be  a 
discontinuity  of  potential  gradient,  and,  therefore,  a  distribution  of  electricity,  which 
will  be  acted  on  by  the  electric  force  and  introduce  disturbances  at  the  boundary. 
By  a  little  consideration  we  shall  see  that  this  is  a  non-reversible  effect,  and  should 
be  eliminated  by  reversing  the  current  and  taking  the  mean  of  observations  in  each 
direction.  Suppose  that  the  current  is  passing  in  the  direction  which  gives  a 
distribution  of  positive  electricity  over  the  boundary.     This  will  tend  to  make  the 
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boundary  move  under  the  influence  of  the  electric  forces  in  the  same  direction  as  the 
current.  Suppose  the  current  reversed.  It  will  now  cause  a  distribution  of  n^^tive 
electricity  over  the  boundary,  which  will  tend  to  move  it  in  the  direction  opposite  to 
that  of  the  current.  But  the  current  has  now  also  been  reversed,  and,  therefore,  the 
boundary  tends  to  move  in  the  same  direction  relatively  to  the  tube  as  at  first. 
This  effect  is  therefore  eliminated  by  reversing  the  current,  and  when  the  velocity  is 
observed  to  be  the  same  in  each  direction,  within  the  limits  of  experimental  error,  it 
shows  that  the  effect  we  are  considering  is  negligible. 

The  first  solutions  used  were  those  of  copper  and  ammonium  chlorides,  with  just 
enough  ammonia  added  to  each  to  bring  out  the  deep  blue  colour  of  the  copper. 
Their  strength  was  about  0*18  grm.  equivalent  per  litre. 

The  current  was  first  sent  upwards  from  the  copper  to  the  ammonium  solution — 
the  junction  travelled  upwards,  with  the  current.  The  following  readings  of  its 
position  were  made  by  a  kathetometer  : — 


Voltmeter  at 
grade  238. 


8-8 
8-8 


Time. 


Position. 


12.45 
2.15 
3.55 


2^  ]  =  3-62  i 
•58^ 


27 

23-58 

19-49 


in    90' = -0402  in  r 
=  4-09  in  100'  =  -0409  in  1' 


The  current  was  then  reversed — the  junction  travelled  downwards. 


1 

1 

1 

Voltmeter  at 
grade  23*8. 

1 

Time. 

12.30 
3.10 

Position. 

7-5 
7-7 

26-83  }  =  ^'^^  ^^  ^^'  =  *^^^  ^"  ^' 

If  we  calculate  this  for  the  same  E.M.F.  as  before  we  get  '0441  centim.  per  minute 
for  the  velocity  coming  down.     The  mean  is  '0423  centim.  per  minute. 

88 
The  E.M.F.  as  measured  by  a  voltmeter   comes    out  rr^r  X  10*2  =  37*7  volts. 

which  makes  the  potential  gradient  273. 

The  velocity  of  the  copper  ion,  under  a  potential  gradient  of  1  volt  per  centimetre, 

and  through  a  solution  of  strength  0'18  grm.  equivalent  per  litre,  at  a  temperature  of 

15°  C,  comes  out 

0*00026  centim.  a  second. 

The  value  deduced  by  Kohlrausch  from  theory  for  a  solution  of  infinite  dilution 
at  18°  C.  is  (' Wied.  Ann.,'  vol.  6,  p.  206) 


0*00031  centim.  a  second. 
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The  next  solutions  were  chosen  to  show  the  motion  of  the  acid  radicles,  and 
potassium  chloride  and  potassium  permanganate  were  taken.  The  junction  in  this 
case,  depending  on  the  acid  radicles,  should,  if  its  motion  really  shows  the  course  of 
the  ions,  travel  against  the  current.  Such  was  found  to  be  the  case.  The  solutions 
had  a  strength  of  about  '046  grm.  equivalent  per  litre. 


Voltmeter  at 
grade  23*8. 

Time. 

Position. 

10-8 
10-8 

411 
4.21 
4.26 

440 
445 
450 

^^'*^  j -93  in  10' =  -093  in  r 

20-35  \ 

J9.73 1  -62  in  5'  =  124  in  1' 

^'^^  \  -55  in  6'  =  110  in  1' 

20-34^ 

19.77 1 -57  in  5' =114  in  1' 

• 

A  downward  current  from  chloride  to  permanganate  thus  gives  an  upward  velocity 
to  the  junction  of  O'llO  centim.  per  minute.. 

Current  reversed. 


Voltmeter  at 
grade  23'8. 

Time. 

Position. 

108 

4.28 
4.33 
4.38 

19-72 1 
20-33  ■■ 
20-91 

>  -61  in  5'  =  122  in  1' 

>  -58  in  5'  =  -116  in  1' 

The  downward  velocity  of  the  junction  is  thus  0*119  centim.  per  minute. 

The  mean  of  the  two  is  therefore  0*115  centim.  per  minute. 

The  potential  gradient  is  3*36,  which  makes  the  velocity  for  unit  gradient 

0'00057  centim.  per  second. 

As  the  red  permanganate  disappears  its  place  must  be  taken  by  chlorine,  and 

hence  this  ought  to  give  an  indication  of  the  velocity  of  the  chlorine  ion.     For  this 

KoHLRAUSCH  gives 

.  0*00053  centim.  per  second. 

Solutions  of  one-tenth  this  strength  were  then  set  up  ('0046  grm.  equivalent  per 
litre). 

MDCXXJXCni. — A.  2  Y 
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Centim.  per  minute. 

Average  upward  velocity =  '1195 

„       downward  velocity =  '1205 


Mean    .     .     .     .     =  -120 
Voltmeter,  10 '9. 

Therefore  specific  ionic  velocity 

=  0*00059  centim.  per  second, 

which  is  appreciably  greater  than  for  the  stronger  solutions. 

The  success  of  these  preliminary  determinations  and  the  closeness  of  their  agree- 
ment with  theory  led  me  to  consider  whether  any  improvement  in  the  method  was 
possible,  by  which  further  and  more  accurate  results  could  be  obtained. 

In  order  to  eliminate  entirely  the  effect  of  the  discontinuity  of  potential  gradient 
it  is  necessary  to  use  pairs  of  salts  which  have  the  same  specific  resistance  for  the 
same  strength  of  solution.  This  very  much  limits  one's  choice,  but  an  example  will 
be  found  below.  In  such  cases  as  that  of  copper  and  ammonium  chlorides  where  the 
velocities  in  opposite  directions  are  sensibly  the  same,  it  is  fair  to  conclude  that  this 
effect  is  negligible,  but  it  was  worth  while  to  find  one  case  at  any  rate  where  it  could 
not  in  the  least  affect  the  result. 

The  next  improvement  was  in  devising  a  means  of  getting  over  the  necessity  of 
directly  estimating  the  potential  gradient. 

Consider  the  kation  of  one  salt  AC  at  the  junction.  Let  its  specific  ionic  velocity 
be  Vi,  and  its  actual  velocity  v,  under  a  slope  of  potential  =  dV/dx.  Let  r  be  the 
specific  resistance  of  the  solution.  Let  y  be  the  total  current  passing,  and  R  the 
total  resistance  of  the  column  of  liquid  from  the  anode  to  the  junction. 

Then  we  have  v  =  v^  dV/dx. 

Since  y  is  constant  along  the  tube  we  get  by  Ohm's  law 

dR 
v  =  v,y-. 

Now  since  the  tube  is  of  uniform  bore  near  the  junction  dR/dx  =  the  increase  of 
resistance  which  would  occur  if  we  supposed  the  column  of  liquid  from  the  electrode  to 
the  junction,  whose  resistance  we  have  called  R,  to  be  increased  in  length  by  unity. 

This  increase  of  resistance  =  r/A,  where  A  represents  the  area  of  cross-section  of 

the  tube  at  the  junction. 

Therefore 

dR  _  J- 

dx        A 
and  we  get 

V  =  v^yr/A, 
or 

??j  =  vA/yr. 
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Now  in  this  equation  A  can  be  determined  once  for  all,  y  can  be  read  off  in  a 
graduated  galvanometer  of  proper  sensitiveness,  r  can  be  measured  by  separate 
experiments  for  the  solution  in  question,  and  v,  the  velocity  of  the  junction,  is  directly 
observed.  Hence  v^,  the  specific  ionic  velocity,  can  be  deduced  without  estimating 
the  potential  gradient  directly,  and  introducing  all  the  consequent  uncertainties. 

The  method  was  first  employed  for  the  case  of  copper  and  ammonium  chlorides, 
where  the  differences  in  specific  resistance  are  not  great,  so  that  the  velocities  in 
opposite  directions  are  approximately  equal,  and  the  correction  for  discontinuity  is 
not  important.     The  area  of  cross-section  of  the  tube  was  determined  as  follows. 


The  longer  limb  was  corked  up  so  as  to  be  air-tight,  and  filled  with  water  till  the 
surface  stood  just  above  the  beginning  of  the  narrow  part  of  the  junction  tube.  Its 
level  was  read  off  on  the  kathetometer.  A  flask  containing  water  was  then  weighed, 
and  liquid  from  it  poured  into  the  junction-tube  through  a  weighed  thistle-tube,  till 
the  surface  nearly  reached  the  top  of  the  narrow  part.  The  level  was  then  again  read 
off,  giving  the  length  of  the  column  of  liquid  added,  and  the  volume  of  water  used 
was  estimated  by  weighing  the  flask  again,  a  correction  for  the  small  quantity 
retained  on  the  walls  of  the  thistle-tube  being  obtained  by  noticing  the  increase  in 
its  weight.  Two  determinations  of  the  area  of  cross-sections  by  this  section  gave 
(1)  0*4300  sq.  centim.  and  (2)  0*4297  sq.  centim.  Mean  0"4299,  or  correct  to  three 
places,  0*430  sq.  centim. 

The  solutions  were  prepared  by  weighing  out  0'670  grm.  of  pure  cupric  cldoride 
and  0'o34  grm.  of  ammonium  chloride  into  two  100  cub.  centlms.  fltisks,  and  dis- 
2  Y  2 
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Bolving  them  in  about  70  cub.  centims.  of  water.  An  aqueous  solution  of  ammonia 
was  then  added  to  the  copper  solution  till  the  deep  blue  colour  was  formed.  The 
same  volume  of  ammonia  was  next  run  into  the  ammonium  chloride  solution,  and 
both  were  made  up  to  100  cub.  centims.  This  gave  solutions  whose  strengths  were 
0  1  monad  grm.  equivalent  per  litre.  Their  specific  resistances  were  found  by  the 
method  used  by  Kohluausch  and  Fitzpatrick,  and  came  out  157  X  10^  (for  the 
CuClg)  and  117  X  10»  (for  the  NH4CI)  in  C.G.S.  units  for  the  cubic  centimetre. 

The  solutions  were  carefully  run  into  the  velocity  tubes,  and  the  current  sent 
through  them  and  a  low-resistance  galvanometer  in  series.  The  galvanometer  had 
previously  been  graduated  by  sending  the  current  from  a  single  freshly-prepared 
Daniell  cell  through  it  and  through  a  known  resistance,  and  noticing  the  deflections 
as  the  resistance  was  varied  from  11,000  ohms  to  150  ohms. 

Graduation  of  Galvanometer.     Zero  l°-9. 


Ohms. 


11,000 
10,000 
9,000 
8,000 
7,000 
6,000 
5,000 
4,000 
3,5(>0 
3,200 
3,000 
2,700 
2,500 
2,200 
2,000 
1,800 


Deflection. 


=  5-8 

6-1 

&7 

7-4 

8-2 

9-8 

11-5 

15-4 

18-7 

210 

22-9 

25-6 

280 

31-3 

33-7 

36-6 


Olims. 


1,600 

1,400 

1,200 

1,000 

900 

800 

700 

600 

500 

400 

-350 

300 

250 

200 

150 


Deflection. 


=  39-5 
42-5 
45-9 
49-8 
521 
54-5 
57-0 
59-9 
63-2 
671 
69-1 
71-7 
741 
76-8 
79-4 


The  resistances  w^ere  then  again  increased  to  400  ohms  =  67°*1,  1200  =  45°'9,  and 
3500  =  18^7 — numbers  identical  with  those  first  obtained. 


Copper  and  Ammonium  Chlorides.     Velocities.     Current  upwards. 


Galvanometer. 


74-7 


Time. 


10.50 


4.0 


Position. 


32 
32 


23 
23 


2-2  /  '^^ ' 

:j}23-^ 


1*70  centims.  per  hour. 
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CuRKENT  reversed  at  4.0  downwaixis. 


Galvanometer. 


Time. 


Position. 


•) 


749 


72-8 


6.25 


11.30 
12.46 

1.30   • 
1.45 


2G*9  1 

*27-2  I  ^^^  ~  ^^^  centims.  per  hoar,   i 


1*65  centims.  per  hour. 
1-70 


>> 


)) 


Current  upwards. 


Ghblvanometer. 


73-9 


730 


Time. 


Position. 


2.0 
4.15 

5.0 
7.15 


30-9 
27-3' 


26 
23 


:§) 


■  l'o3  centims.  per  hoar. 
1-43 


1J 


Means  going  up      G.  =  73°'9     v  =  1*57  centims.  per  hour. 
„  „      down  73°'9  1*60        „  „ 

Means  of  all  observations  G.  =  73^*9 

V  =  1*59  centims.  per  hour. 

We  get  y  from  the  table  of  graduations  to  be  yj^j,  and  find  from  our  equation 


i 


/ 1 


-3^ 


(p.  346) 


vA 


1-59  X  -430  X  2o5 


yr        157  X  10»  x  60  x  60 


~  =  3-09  X  10"^^ 


This  is  for  unit  potential  gradient  on  the  C.G.S.  system,  and  gives  for  a  gradient 
of  1  volt  per  centim.  a  velocity  of 

3*09  X  10"*  =  O'OOOSOD  centim.  per  second. 

This  is  the  velocity  of  the  copper  ion  in  a  solution  of  0*1  grm.  equivalent  per  litre, 
while  KoHLRAUSGH  deduced  for  infinite  dilution 

0*00031  centim.  per  second. 

The  next  case  I  shall  describe  is  that  of  a  pair  of  salts  whose  0*1  grm.  equivalent 
solutions  have  specific  resistances  which  are  nearly  the  same.  Mr.  Fitzpatrick 
kindly  supplied  me  with  a  long  list  of  conductivities  reduced  to  comparable  units, 
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and  from  those  I  was  able  to  select  two  solutions  which  fulfilled  the  necessary  con- 
ditions (viz.,  (i.)  different  colours;  (ii.)  different  specific  gravities  ;  (iii.)  nearly  equal 
specific  resistances).  Potassium  bichromate  has  a  specific  molecular  conductivity 
{i.e.,  k/m)  of  9-10  X  10"^^  (Lenz),  and  potassium  carbonate  9*34  X  10"*^  (Kohl- 
bausch),  a  difference  of  less  than  3  per  cent, 

I  thought  it  better  to  use  solutions  of  slightly  different  strengths  and  exactly  equal 
conductivities  to  get  rid  of  even  this  small  variation,  and  therefore  adjusted  the 
strength  of  the  carbonate  till  its  resistance  just  equalled  that  of  the  bichromate. 
Thus,  in  the  resistance  cell  which  I  used,  the  bichromate  gave  1485  ohms  and 
1490  ohms  at  17°'4,  and  the  carbonate  1475  ohms  and  1480  ohms  at  17^*5. 

The  first  point  I  investigated  with  these  solutions  was  the  influence  of  change  of 
potential  gradient  on  the  velocity.  These  should,  on  Kohlrausch's  theory,  obviously 
be  proportional  to  each  other. 

When  the  current  was  passed  downwards,  so  that  the  junction  travelled  up  the 
tube,  two  distinct  surfaces  of  separation  appeared,  one  between  the  orange  of  the 
strong  bichromate  and  the  yellow  of  that  portion  of  the  carbonate  solution  into  which 
a  little  bichromate  had  passed  by  diffusion,  and  the  other  between  this  and  the  colour- 
less carbonate.  These  kept  fairly  distinct  and  travelled  upwards  at  equal  rates.  I 
append  full  particulars  of  the  first  series  of  observations. 

Velocities. — Potassium  Bichromate  and  Carbonate.      Current  Downwards,  Move- 
ment Upwards. 


Orange  .... 

Galvanometer. 

Time. 

Position. 

Velocity 

in  oentims. 

per  hour. 

350 

11.45 
.46 
.47 

2470 
•65 
•60 

Yellow    .... 

351 

11.48 
.49 
.50 

2303 
22-92 

•85 

Orange  .... 

1 

1 

351 

12.0 
.1 
.2 

23-80 
-74 
•69 

I       3-63 

Yellow    .... 

351 

12.3 

.4 
.5 

2218 
•08 
•00 

I       3-39 

Orange  .... 

35-4 

12.15 
.16 
.17 

22.89 
-83 
•77 

I       3-65 

Yellow  .... 

1 
1 

35-6 

12.16 
.19 

.20 

21-32 

•28 
•23 

I       3-24 

1^ 
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Mean  upward  velocity  .     .     .     .     =3*48  centims.  per  hour. 
„     galvanometer  reading  .     .     =  35°'3. 

In  the  same  way  the  observations  of  downward  velocity  came  out  3*28  and  3*55 
for  galvanometer  readings  of  35*2  and  35*1,  and  when  new  solutions  were  set  up  3*45 
for  36-4. 

Mean  downward  velocity  .     .     .     =    3*43  centims.  per  hour. 
„     galvanometer  reading  .     .     =  35°'6. 

The  means  in  each  direction  are 


which  gives 


V  =  3-45         G  =  35°-4, 


vA       3-45  X  -430  x  129  x  '00910 


77-  60  X  60 

=  0*00048  centim.  per  second. 

The  galvanometer  was  too  sensitive,  and  had  to  be  shunted  and  regraduated  with  a 
Daniell  cell. 


Besistance. 

Resistance. 

70  =  490 

140  =  327 

75  =  477 

150  =  319 

80  =  46-1 

160  =  300 

85  =  44-9 

180  =  26-9 

90  =  437 

200  =  23^8 

95  =  42-3 

230  =  20-2 

100  =  41-1 

260  =  17-3 

110  =  38-9 

300  =  141 

120  =  369 

320  =  127 

130  =  351 

350  =  11-4 

Resistance  of  battery  +  galvanometer  +  wires  =  1  ohm. 

•    

An  E.M.F.  of  about  one-third  that  used  above  was  then  applied  with  the  following 

results : — 

Current  upwards.     Movement  downwards. 


Cktlvanometer. 

Time. 

Position. 

Galvanometer. 

Time. 

Position. 

Result. 

Centims.  per  lionr. 

125 

12.30 

23-65 

125 

12.45 

2404 

•39 

I  1-48 

.31 

•67 

.46 

•04 

•37 

.32 

•70 

.47 

•05 

•35 

12-7 

1.4 

24-92 

127 

1.19 

2527 

•35 

1 

.5 

•96 

.20 

•30 

•35 

^  1^39 

.6 

1 

•98 

.21 

•32 

•34 

J 

352 


MR.  W.  C.  D.  WHETHAM  ON  IONIC  VELOCITIBS. 


Current  Downwards.     Movement  Upwards. 


Galvanometer. 

Time. 

Poflition. 

Galvanometer. 

Time. 

Position. 

Besnit. 

1 

Gentims.  per  hoar. 

140 

il.40 

2414 

o 

14-0 

11.55 

23-81 

•33 

1 

.41 

•10 

.56 

•78 

•32 

y        128 

.42 

•07 

.57 

•76 

•31 

J 

13^8 

3.25 

2414 

13^7 

3.55 

23-46 

•68 

1 

1                          1 

.20 

•11 

.56 

•43 

•68 

>         137 

.27 

•10 

.57 

-41 

•69 

J 

13-6 

4.20 

22^04 

131 

4.60 

21-44 

•60 

1 

.21 

•02 

.51 

•39 

•63 

>        123 

.22 

•00 

.52 

•38 

•62 

J 

Means — Downward  velocity  .     .     .     .  =1*44  centims.  per  hour. 

G =  12°-6 

Upward  velocity =1*29  centims.  per  hour. 

G =  13°-7 


This  gives 


and 


V  =  1-37        G  =  13^-2, 
Vj  =  vA/y^'  =  0*00047  centim.  per  second. 


Thus  the  value  obtained  for  the  specific  ionic  velocity  is  independent  of  the  E.M.F. 
applied,  i.e.,  the  velocity  of  the  ions  is  proportional  to  the  potential  gradient. 

New  solutions  were  afterwards  set  up  and  the  experiments  with  the  large  E.M.F. 
repeated.     The  results  were — 


Movement  upwards : 


V  =  4-98,  4-84,  4-62,  4-66,  4-62. 
G  =  43-8,  43-8,  430,  432,  43*2. 


Means  : 


V  =  4-74         G  =  43-4         v^  =  '00044. 


Movement  downwards : 


Means  : 


V  =  5-02,  5-16,  478,  470,  4-66. 
G=  42-5,  43-4,  430,  43*0,  428. 

V  =  4-86,        G  =  42°-0,    therefore,  v^  =  '00049, 


Mean  of  Vjin  both  directions  =  0*00046. 

Taking  the  mean  value  deduced  from  all  three  series  of  separate  experiments,  we 
get 
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t\  =  0'00047  centim.  per  second, 

as  the  specific  ionic  velocity  of  the  bichromate  group. 

This  is  not  given  by  Kohlrausch,  but  we  can  calculate  it  by  his  method  from 
known  observations.  Thus,  Lenz  has  found  the  specific  molecular  conductivity  of 
the  solution  to  be  9*10X10"^,  and  the  migration  constant  was  determined  by 
HiTTORF,  and  came  out  '502. 

By  Kohlrausch's  theory  (see  p.  338), 


U  =  M  +  v  =  10352- 

JN 


therefore, 


=  10352  X  9-10  X  10-^  =  -000942, 

v=  -000942  X  -502 
=  0-000473. 


This  close  agreement  between  theory  and  observation  led  me  to  examine  a  case  in 
which  the  specific  resistances  of  the  solutions  were  not  the  same,  in  order  to  see 
whether  the  method  could  be  used  when  no  solutions  could  be  found  with  the  exact 
resistance  needed.  I  used  potassium  bichromate  and  potassium  chloride,  whose 
conductivities  are  9*10  X  lO"^^  and  11*13  X  10"^^  respectively.  If  the  extension  of 
method  is  practicable,  these  solutions  should  give  the  same  velocity  for  the  bichromate 
group  as  the  former  pair— bichromate  and  carbonate.  The  galvanometer  was  moved, 
and,  therefore,  had  to  be  regraduated. 


Resistance. 

Resist-anee. 

60  =  5I0 
65  =  62-4 
70  =  610 
75  =  49-4 
80  =  480 
85  =  46-7 

90  =  45-4 
100  =  430 
110  =  40-7 
120  =  38-6 
130  =  36-5 

The  following  results  were  obtained — 


Therefore 


Current  Downwards.    Motion  Upwards. 

V  =    404       4-18       4-18       4*22.        Mean,      4'15. 
G=40'0       40-0       40-2       40*2.  „      40°'l. 

Vj  =  0-000516. 
CuRREKT  Upwards.     Motion  Downwards. 


v=    5-19       5-18. 
G  =  50-5       49-2. 


Mean,     5' 19. 
..     49''-9. 


MDOCCXCIIT. — A 


Vj  =  0-000394. 
2  / 
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Thus,  the  effect  of  the  discontinuity  of  potential  gradient  is  to  increase  the 
velocity  in  one  direction  and  to  decrease  it  iu  the  other,  as  it  should  do  (see  p.  343). 
The  mean  of  the  two  numbers  comes  out 

Vi  =  0*000455  centim.  a  second, 

a  value  which,  though  it  is  of  the  same  order  of  magnitude  as  the  one  obtained  from 
the  other  pair  of  solutions,  is  appreciably  less.    A  second  series  of  observations  gave 

0-000483     and     0*000402.     Mean,  0-000443. 

These  results  show  that  the  mean  value  of  the  velocities  in  opposite  directions  gives 
a  number  which  is  nearly,  but  not  quite,  the  same  as  that  obtained  from  a  pair  of 
solutions  whose  specific  resistances  are  equal  to  each  other.  We  may,  therefore,  use 
solutions  whose  resistances  are  not  identical,  to  give,  at  any  rate,  some  indication  of 
the  value  of  the  specific  ionic  velocity,  provided  the  differences  are  not  great.  But 
this  extension  of  the  method  must  be  used  with  caution. 

While  working  with  solutions  of  different  resistances  it  was  often  observed  that 
when  travelling  in  one  direction  the  boundary  got  vague  and  uncertain,  and  when 
travelling  in  the  other  hard  and  sharp.  Similar  phenomena  at  the  junction  of  liquids 
through  which  a  current  is  passing  have  been  previously  described  (see  Goke,  *  Roy. 
Soc.  Proc.,'  1880  and  1881).     Many  of  them  can  be  explained  as  follows : — 

Suppose  that  the  coloured  solution  has  greater  resistance  than  the  other,  and  that 
the  junction  is  travelling  from  the  coloured  to  the  colourless  solution.  Any  wander- 
ing ion  which  happens  to  be  in  advance  of  the  main  body,  finds  itself  in  a  region 
where  the  potential  gradient  is  less.  It  is  therefore  gradually  overtaken,  and  the 
boundary  becomes  sharp.  When  the  current  is  reversed,  so  that  the  junction  travels 
in  the  opposite  direction,  any  straggling  ion,  which  lags  behind  the  retreating 
coliunn  and  so  gets  into  the  region  of  smaller  potential  gradient,  finds  itself  left 
further  and  further  behind,  while  others  are  continually  falling  out  of  the  ranka  In 
this  way  the  boundary  becomes  vague.  If  the  coloured  solution  has  less  resistance 
than  the  other,  a  solitary  ion  is  acted  on  by  a  greater  potential  gradient,  and  the 
order  of  these  phenomena  is  reversed. 

As  far  as  I  am  aware,  no  attempt  has  hitherto  been  made  to  apply  Kohlrausch's 
theory  to  the  case  of  solutions  of  salts  in  solvents  other  than  water.  The  con- 
ductivity of  alcoholic  solutions  is  much  less  than  that  of  the  corresponding  aqueous 
ones,  and  the  question  whether  Kohlbausch's  theory  still  held  good  seemed  of  great 
interest. 

The  method  described  above  can  easily  be  applied,  but  the  comparison  of  the 
results  with  theory  offered  some  difficulty,  as  no  data  for  the  migration  constants  are 


MR.  W.  C.  D.  WHETHAM  ON  IONIC  VELOCITIES.  355 

available.  In  order  to  prevent  the  necessity  of  experimentally  determining  these 
constants,  I  thought  it  better  to  observe  the  velocities  of  both  ions  of  a  salt  and 
compare  their  sum  with  the  value  deduced  from  the  conductivity.  The  salts  used 
were  (i.)  the  chloride  and  nitrate  of  cobalt  (the  colours  of  which  in  alcoholic  solutions 
are  blue  and  red  respectively)  giving  the  velocity  of  the  acid  radicles,  and  (ii.)  cobalt 
and  calcium  chlorides  (blue  and  colourless)  and  cobalt  and  calcium  nitrates  (red  and 
colourless),  giving  the  velocity  of  the  cobalt  ion. 

It  was  found  that  the  observed  velocities  were  very  small,  and  in  order  to  increase 
them  a  shorter  tube  was  used  of  rather  greater  cross-section.  This  enabled  a  greater 
potential  gradient  to  be  applied.  The  area  of  cross-section  was  determined  as  before 
and  came  out  0746  sq.  centim. 

A  series  of  solutions  of  cobalt  chloride  and  cobalt  nitrate  of  different  strengths 
was  made  up  and  the  specific  resistances  determined.  They  were  then  placed  in 
pairs  of  equivalent  strength  in  the  velocity  apparatus,  and  a  long  investigation  made 
on  their  behaviour.  It  was  found  that  with  weak  solutions,  whose  strength  was 
below  0*08  grm.  equivalent  per  litre,  the  phenomena  were  quite  regular.  The  junction 
travelled  against  the  current,  as  it  ought,  since  the  change  of  colour  depends  on  the 
acid  radiclea  As  the  strength  of  solution  increases  new  phenomena  appear.  When 
the  concentration  reaches  O'l  grm.  equivalent  per  litre  the  junction  sometimes 
divides  into  two  parts,  which  often  travel  in  opposite  directions,  producing  a  broad 
purple  band  between  the  red  and  the  blue  solutions. 

The  junction  sometimes  seems  to  travel  entirely  the  wrong  way,  but  there  is  always 
either  a  £siinter  band  which  goes  the  right  way,  or,  if  this  cannot  be  seen,  the  colour  of 
the  solution  in  that  direction  gradually  changes.  These  phenomena  more  and  more 
disturb  the  normal  course  of  the  experiment  as  the  concentration  of  the  solutions 
becomes  greater,  and  with  the  strongest  solutions  which  can  conveniently  be  used 
(015  gTHL  equivalent)  are  very  marked  indeed. 

In  order  to  examine  the  applicability  of  the  theory  to  these  cases,  it  is  necessary  to 
choose  solutions  so  dilute  that  the  motion  of  the  ions  is  normal,  but  still  strong 
enough  to  show  their  colours  plainly,  and  give  an  appreciable  difference  of  density. 
The  best  solutions  to  use  were  found  to  be  those  whose  strength  was  about  0'05  grm. 
eqnivident  per  litre. 

Solutions  of  cobalt  nitrate  and  cobalt  chloride  in  alcohol  of  '05  strength  were, 
therefore,  set  up  in  the  velocity  tube,  and  the  following  results  were  obtained  : — 

Current  from  red  to  blue.     Temperature,  1 7^*8. 

V  =      '39         '35         '43         -43.         Mean,      '40  centim.  [>er  hour. 
G  =  49-5       49-4       48-8       48  5.  „     49^1 

Current  from  blue  to  red. 

r  =      '42  '41.  Mean,        '42  centim.  per  hour. 

G  =  49'l         48'6.  „      48^-9 

2  z  2 
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Current  from  red  to  blue. 

V  =       oO         '47       '41       -40.  Mean,        '44  centim.  per  hour. 

G  =  49-8       49*8.  „      49°-8 

Current  from  red  to  blue. 

v=      -41       -45       -48       '47       '34       '43.         Mean,        '43  centim.  per  hour. 
G=49-6     49-1     48-8     49*0     487.  „      49^-0 

Thus  the  velocity  is  practically  the  same  in  both  directions,  and  the  mean  values 
are  t?  =  0*42  centim.  per  hour  and  G  =  49°'2. 

The  conductivity  of  the  chloride  was  found  by  Fitzpatrice's  method  to  be 
2-86  X  10-^3  c.G.S.  units,  which  gives 

v^  =  vA/yVi  =  0*000026  centim.  per  second 

for  the  velocity  of  chlorine  in  this  solution.  We  see  at  once  from  this  result,  that 
conductivity  and  specific  ionic  velocity  for  different  solvents  are,  at  any  rate  approxi- 
mately, proportional  to  each  other.  The  conductivity  of  these  alcohol  solutions  is  about 
one-tenth,  or  rather  less,  that  of  an  aqueous  solution  of  a  neutral  salt  of  equivalent 
strength,  and  we  see  that  the  ionic  velocity  of  chlorine  is  reduced  to  rather  less  than 
one-tenth  of  its  usual  value  for  aqueous  solution.  This  confirms  the  result  at  which 
we  have  already  arrived,  viz.,  that  all  the  molecules  are  concerned,  at  any  rate 
in  turn,  in  the  process  of  electrolysis,  and  that  the  cause  of  the  increased  resistance  is 
a  decrease  in  the  average  ionic  velocity. 

In  order  to  obtain  the  velocity  of  the  cobalt  ion,  solutions  of  cobalt  and  calcium 
chlorides  were  set  up  of  strength  0'05  grm.  equivalent. 

Current  upwards. 

V  =      -30         -26         -20         -24.         Mean,    0-25. 
G  =  45-8       45-4       45-6       45-4.  „     45°-6. 

Current  downwards. 


r  = 

•26 

•24. 

Mean, 

0.25. 

G  = 

46  •g 

48-0. 

>> 

47°-5. 

Current 

upwards. 

V  = 

•30 

•21 

•26 

•28. 

Mean, 

0-26. 

G  = 

47-9 

47^0 

99 

47*'^4. 
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(After  this,  the  velocity  began  to  fall  oif,  and  the  kathode  solution  (CaC%)  got  thick 
and  faintly  blue,  perhaps  indicating  that  some  current  is  conveyed  by  the  water 
of  crystallisation  of  the  C0CI26H2O,  which  deposits  a  hydrate  when  it  meetM  the 
calcium,  and  that  some  cobalt  goes  faster  than  the  rest  and  colours  the  solution. 
Finally,  the  junction  went  the  wrong  way,  and  other  secondary  actions  occurred.  All 
this  shows  that  the  effect  of  too  great  concentration  has  not  yet  been  eliminated*) 

Taking  the  mean  velocity  while  it  remained  constant  we  get  O  =  iif'B^  1;  =  0'25 
centim.  per  hour. 

Therefore  v^  =  vA/yr  =  0*000022  centim.  per  second. 

Adding  this  to  the  velocity  of  the  chlorine  (viz.,  0000026)  we  get 

y  =  u  +  t;  =  (H)0(X)48  centim.  per  second. 

The  condiictivity  is  286  X  10^^,  and  on  Koblbauhcu's  tlieory  this  gives 

k 
V  =  10352  -  =  OaOOOeO  centim.  per  second. 

Coosidering  the  difficoities  of  the  meUiod  and  the  effect  of  too  great  oofusentrtition, 
ihese  numbers  must  be  oonsidereJ  to  agree  within  the  limits  of  experimental  ^ror. 

The  oondnetivity  of  the  nitrate  of  cobalt  is  rather  greater  than  that  of  Uie  cblorid^^ 
This  means  that  the  nomber  of  active  molecules  is  larger,  and  that  the  salt  mi^e 
nearly  apppoaches  the  Dormal  state.  We  shoukl  therefore  expect  the  agreement  to 
be  ckner  than  in  the  case  of  the  d:doride. 

The  veloci^  of  the  cQphalt  vas  firaod  by  osin^  eohalt  and  caidurfl  nitrate  mAutioti^ 
the  first  being  red,  the  Bdcood  ooAomiem^ 

Upvaid  reiocitj— Ifoaas :  G  =  50""3         t  =  QiL 
Dovznrard    ,,  ^        G  =  43'-C        v^Qih 

Means  of  bodi  dira(^traus :  G  s  44^^        9^043.      . 

No  iiTeigalacxties  (sutdi  as  rerersals^  &e.  j  were  detoeied  with  tbese  salts.    Tlus  as 
what  would  be  ecpaeted  from  tiie  better  ocwiduetivitr. 
Tike  result  jb 

rj  =  rA'jr  s  1HMNXM4  oeootiat  per  seoond. 

Hie  Telocstj  ot  1^  ^O^  ^nmp  esu  be  ^eabulatod  frooa  t^  numbers  in  p.  3Mi.    Thie 
J  is  3-feO  X  Itr^,  and  this  ^ives 


».«iii*if  \^,n 


ti  s  9ilt9fllUd6  oautioL  per  Mx^und. 

TfajBrefoFe 

V  =  u  -f  t  =  (KNNW79  owititti  pw  se(>uud 
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From  Kohlkausch's  theory  we  can  calculate 

k                    3*80  X  10""^' 
V  =  10352  j^  =  10352 ^^ =  0*000079  centim.  per  second. 

From  the  close  agreement  of  these  numbers,  it  is,  I  think,  fair  to  conclude  that 
Kohlkausch's  theory  holds  good  in  the  case  of  alcoholic  solutions,  at  all  events  when 
they  are  moderately  dilute. 

The  case  of  the  chloride,  where  the  agreement  is  not  so  good,  seems  even  more 
interesting  than  that  of  the  well-behaved  nitrate,  and  to  be  worthy  of  closer  exami- 
nation. The  irregularities  only  appear  when  the  concentration  of  the  solutions  is 
considerable,  and  wo  may  assume  that  the  agreement  with  theory  would  be  closer  for 
more  dilute  solutions  if  the  difficulties  of  observing  them  could  be  surmounted.  But 
how  are  we  to  explain  the  phenomena  shown  by  strong  solutions  ?  The  velocity  of 
the  junction  becomes  uncertain,  several  distinct  lines  often  appear,  bounding  different 
shades  between  red  and  blue,  and  some  of  these  may  travel  in  the  opposite  direction 
to  that  indicated  by  theory  and  actually  observed  in  the  case  of  dilute  solutions.  On 
any  theory  of  ionic  charges,  it  seems  impossible  that  an  ion,  as  such,  should  travel  in 
a  direction  against  the  electric  forces,  and  we  are  forced  to  the  supposition  that  the 
part  of  the  salt  which  we  see  travelling  thus  is  composed  of  non-electrolytic  mole- 
cules, and  is  in  reality  attached  to  the  opposite  ion  to  form  a  complex  structure  which 
moves  with  the  electric  forces.  The  only  other  possible  explanation  seems  to  be  the 
supposition  that  there  is  a  proper  motion  of  the  solvent  on  which  the  ionic  velocities 
are  superposed,  and  that  in  some  cases  the  motion  of  the  solvent  in  one  direction  is 
greater  than  that  of  the  ion  in  the  other.  Even  neglecting  the  mechanical  disturb- 
ances which  would  then  appear,  this  view  is  untenable,  firstly,  because  a  motion  of 
the  solvent  is  disproved  by  another  series  of  experiments,  which  I  hope  soon  to 
publish,  and,  secondly,  because  the  reversed  motion  is  observed  in  strong  solutions  of 
both  cobalt  nitrate-cobalt  chloride,  and  cobalt  chloride -calcium  chloride.  The  motion 
of  the  boundary  in  these  two  cases  is  in  opposite  directions  with  reference  to  the 
current,  hence  we  cannot  explain  matters  by  a  motion  of  the  solvent  in  one  direction. 

The  hypothesis  of  complex  ions,  advanced  to  explain  the  abnormal  migration 
constant  of  cadmium  iodide  in  alcohol  must,  therefore,  be  extended  to  these  solutions. 
The  cases  are  not  quite  parallel,  for  the  phenomena  shown  by  cadmium  iodide  can  be 
explained  if  we  imagine  molecules  of  Cdl^  joined  to  the  anion  only,  while  in  our  case, 
since  both  pairs  of  solutions  used  show  reversed  motion  when  sufficiently  strong,  we 
must  suppose  that  molecules  of  undecomposed  salt  are  connected  both  to  the  anion 
and  to  the  kation. 

I  hope  soon  to  be  able  to  publish  an  account  of  some  further  experiments  bearing 
on  the  question  of  complex  ions,  and  of  others  connected  with  several  points  in  the 
subject  of  electrolysis. 
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Introduction. 

The  necessity  for  a  re-determination  of  the  value  of  the  mechanical  equivalent  may 
not  be  obvious  at  first  sight.  The  classic  determinations  by  Joule  have  undergone 
but  little  alteration  at  the  hands  of  succeeding  observers,  and  the  researches  of 
RovnLAND  (1879)  into  this  matter  were  of  such  an  exhaustive  nature  that  there 
would  appear  to  be  little  room  left  for  further  investigatioiu     It  should,  however,  be 
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remembered  that  even  Joxtle's  later  determinations  differ  by  as  much  as  1  part  in 
100*;  and  that  marvellous  as  is  the  agreement,  amongst  themselves,  of  the  results 
obtained  by  Rowland,  they,  since  his  method  of  investigation  was  unaltered 
throughout,  stand  in  need  of  confirmation  by  different  methods  of  observation. 
Again,  Rowland,  as  far  as  I  have  been  able  to  ascertain,  stands  practically  alone  in 
his  conclusion  that  the  specific  heat  of  water  diminishes  as  the  temperature  rises 
from  0°  to  30°  C.  It  is  difficult  to  conceive  of  a  more  important  investigation  (for 
the  purposes  of  accurate  physical  measurements)  than  the  determination  of  the 
capacity  for  heat  of  water  at  different  temperatures,  and  it  is  to  me  a  matter  of 
extreme  surprise  that  greater  efforts  have  not  been  made  to  trace  the  variation 
(it  any)  in  its  value.  The  science  of  calorimetry  must  be  regarded  as  in  its  infancy 
so  long  as  its  fundamental  unit  is  a  matter  of  doubt. 

Other  observers  who  have  attempted  to  obtain  the  value  of  the  mechanical 
equivalent,  by  means  of  the  work  done  by  an  electric  current,  have  been  hampered 
by  constant  perplexities  as  to  the  absolute  values  of  the  electrical  units  adopted* 
The  science  of  electrical  measurements  has  now  arrived  at  such  a  stage  that  its  units 
may  be  regarded  as  sufficiently  established,t  and,  therefore,  the  time  seems  parti- 
cularly appropriate  for  an  enquiry  into  the  relation  between  those  units  and  the 
mechanical  ones. 

The  difficulties  of  such  an  investigation  are,  of  course,  great,  aa  is  shown  by  the 
divergence  of  the  results  obtained  by  those  observers  who,  in  recent  years,  have 
adopted  the  electrical  method.  One  cause  of  inaccuracy  has  been  present  in  all 
determinations  I  have  examined,  viz.,  the  increase  in  temperature  of  the  conductor 
above  the  temperature  of  the  medium  in  which  it  was  placed,  and  the  consequent 
alteration  in  its  resistance.  Rowland^:  writes  as  follows  : — "  There  can  be^no  doubt 
that  experiments  depending  on  the  heating  of  a  wire  give  too  small  a  value  of  the 
equivalent,  seeing  that  the  temperature  of  the  wire  during  heating  must  always  be 
higher  than  that  of  the  water  sun-ounding  it,  and  hence  more  heat  will  be  generated 
than  there  should  be." 

An  account  is  given  in  the  following  pages  of  the  manner  in  which  this  difficulty 
has  been  overcome,  and  I  think  it  will  be  seen  that  this  objection  to  the  electrical 
method  of  investigation  is  now  removed. 

The  difficulties  with  regard  to  measurement  of  temperature  are  not  peculiar  to  the 
electrical  method  of  investigation,  and,  therefore,  I  need  not  dwell  upon  them.  I 
would,  however,  venture  to  add  my  expre^ssions  of  astonishment  to  those  of  Rowland 
that  so  many  enquirers  have  attached  so  little  importance  to  this  point;  many 
investigators,  whose  methods  have  otherwise  been  of  a  high  order  of  accuracy,  having 
contented  themselves  with  the  mercurial  thermometer  as  a  standard.     The  importance 

•  See  Table  XLV.,  infra, 

t  *  Report  Brit.  Assoc.,*  1892. 

X  *  Proceedings  Ameriean  Academy,*  June,  1879,  p.  153, 
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of  close  attention  to  the  thermometry  is  shown  by  the  fact  that  the  diflerence  between 
the  air  and  mercury  readings,  even  at  low  temperatui'es,  will  more  than  account  for  a 
change  of  decrease  into  increase  in  the  specific  heat  of  water  as  the  temperature  rises. 
An  indirect  result  of  my  present  investigation  is  to  add  further  proof  (if  that  is 
necessary)  to  the  accuracy  of  the  measurements  of  temperature  by  platinum  thermo- 
meters, and  it  is  remarkable  that  so  exact  and  easy  a  method  is  not  more  generally 
applied  to  that  most  difficult  subject,  thermometry. 

Another  difficulty  which  meets  any  enquirer  into  calorimetric  measurements,  is  the 
uncertain  nature  of  the  thermal  unit  ordinarily  adopted.  I  take  it  that  the  thermal 
unit  is  usually  defined  as  the  **  amount  of  heat  required  to  raise  unit  mass  of  water 
from  0°  to  1°  C."  "The  obvious  objections  to  this  unit  are  that  no  one  has  more  than 
a  vague  idea  as  to  its  magnitude,  and  that  in  choosing  such  a  range  of  temperature 
we  have  selected,  without  doubt,  the  most  difficult  of  all  tempei-atures  at  which 
to  ascertain  it.  Again,  it  is  not  improbable  that  over  such  a  range  water  may 
exhibit  greater  changes  in  its  properties  than  it  does  at  other  temperatures.  The 
consequence  is  that  investigators,  such  as  Rowland,  are  compelled  to  express  their 
results  in  terms  of  a  variable  unit,  the  theoretical  one  being  an  unascertained  and 
indefinite  quantity.  To  escape  this  difficulty  I  have  taken  as  my  standard  the 
quantity  of  heat  required  to  raise  unit  mass  of  water  through  1°  C.  of  the  air- 
thermometer  at  15°  C.  (i.e.,  from  14°"5  to  15°'5  C.) ;  in  other  words,  I  assume  the 
specific  heat  of  water  at  15°  C  to  be  1,  and  I  venture  to  suggest  that  (for  want  of  a 
better)  the  above  definition  be  accepted  as  that  of  the  thermal  unit.* 

I  have  not  included  in  this  paper  any  prolonged  analysis  of  the  work  of  previous 
observers.  Rowland  has  given  a  most  complete  summary,  with  references,  of  all 
results  anterior  to  1880,  and  the  agreement  between  later  observers  is  not  sufficient 
to  warrant  any  modification  of  his  conclusions.t 

The  main  portion  of  this  communication  is  devoted  to  an  account  of  the  experi- 
ments performed  in  my  laboratory  during  1892,  and,  in  order  to  avoid  the  introduction 
of  redundant  matter  into  that  account,  I  here  give  a  brief  summary  of  my  previous 
investigations. 

I  commenced  this  work  in  1887,  and  the  general  principle  on  which  I  proposed  to 
proceed  was  that  of  eliminating  the  eftects  of  conduction,  radiation,  &c.,  rather  than 
of  ascertaining  the  actual  loss  or  gain  due  to  such  causes.  If  a  calorimeter  is  sus- 
pended in  a  chamber  whose  walls  are  kept  at  a  constant  temperature,  it  is  obvious 
that  if  the  initial  temperature  of  the  calorimeter  is  below  that  of  the  external 
envelope,  and  if  the  calorimeter  has  its  temperature  steadily  raised  by  means  of  a 

*  Personally  I  sbonld  have  preferred  to  select  a  higher  temperature,  since  a  temperature  above  that 
of  our  ordinary  surroundings  is,  at  all  times,  more  easily  obtainable  than  a  lower  one ;  but  as  15°  C.  has 
become  so  commonly  accepted  as  a  standard  of  temperature  in  electrical  measurements,  I  have  adopted 
it  aa  my  standard. 

t  MicuLESGU  gives  all  results  published  before  January,  1892.  Sec  'Annales  de  Ohimie  et  do 
Physique,'  vol.  27,  p.  206. 
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current,  a  time  will  come  when  the  loss  by  radiation,  &c.,  must  equal  the  gsin 
experienced  by  the  calorimeter  during  the  time  it  was  below  the  temperature  of  the 
surrounding  space.  The  temperature  at  which  the  effects  of  radiation,  &c.,  are  elimi- 
nated, I  term  the  "  null  point,'*  and  an  investigation  into  its  position  indicates  that  if  ti 
be  the  time  that  the  calorimeter  was  beneath  the  external  temperature,  and  ^3  the  time 
required  to  raise  it  from  its  initial  temperature  to  the  same  number  of  degrees  above, 
that  it  was  previously  beneath,  the  temperature  of  the  surrounding  envelope,  then 
the  calorimeter  would  arrive  at  its  null  point  at  a  time  somewhere  between  2ti  and  fg. 
In  the  Appendix  will  be  found  an  investigation  into  the  exact  position  of  this  point. 

1887-1889. — During  these  years  my  whole  attention  was  directed  to  an  effort  to 
ascertain  the  heat  developed  by  the  cxurent  while  the  calorimeter  was  passing  from 
its  initial  temperature  to  this  null  point.  Attractive  as  the  method  appeared,  I 
ultimately  relinquished  it,  for  I  wished  to  direct  my  attention  as  much  to  the  investi- 
gation of  the  changes  in  the  specific  heat  of  water  as  to  the  determination  of  the 
mechanical  equivalent,  and,  although  the  method  is  an  admirable  one  for  the  latter, 
it  is  not  so  suitable  for  the  purposes  of  the  former  enquiry. 

My  general  method  of  conducting  the  experiments  was  the  same  as  that  observed 
in  1892  and  described  in  the  succeeding  pages.  From  the  outset,  I  had  determined 
to  vary  all  the  conditions  as  much  as  possible,  believing  that  it  was  only  by  such 
means  that  constant  sources  of  error  could  be  detected.  The  agreement  amongst 
individual  experiments  taken  under  the  same  conditions  was,  if  anything,  at  times 
more  marked  than  in  the  experiments  of  1892  ;  nevertheless,  when  the  final  reduction 
of  the  results  took  place,  fatal  discrepancies  invariably  showed  themselves.  For 
example,  the  water  equivalent,  as  deduced  from  the  experiments,  increased  when  the 
mass  of  the  water  was  increased,  and  experiments  conducted  with  a  high  electro- 
motive force  invariably  gave  too  great  a  value  for  the  time  as  compared  with  that 
obtained  when  a  lower  electromotive  force  was  used.  These  discrepancies,  as  it  now 
appears,  may  be  attributed  to  two  causes  : — 

(1.)  To  insufficient  stirring  ; 

(2.)  To  the  rise  in  temperatiu'e  of  the  wire,  previously  referred  to. 

Throughout  these  experiments  I  was  conscious  of  the  error  introduced  by  ignorance 
of  the  actual  temperature  of  the  wire,  but  it  was  not  until  the  summer  of  1892  that  a 
satisfactory  method  of  estimating  this  difference  of  temperature  was  adopted. 

Unfortunately,  many  of  my  experiments  in  past  years  were  conducted  with  wires 
coated  with  a  thick  insulating  covering,  and  it  is,  therefore,  impossible  to  apply  the 
connection  obtained  this  year  to  the  reduction  of  the  earlier  results.  The  observations 
were  excellent  in  themselves,  and  some  hundreds  of  experiments  were  performed. 
They  all  give  too  high  a  value  of  J  (almost  invariably  above  4*2  X  10^),  and  are  of  no 
value  except  for  the  experience  gained  by  their  means  and  the  improvements  they 
suggested  in  the  apparatus. 
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Again,  the  thermometry  was  not  of  a  sufficiently  satisfactory  natui*e.  The  ther- 
mometers were  standardized  by  direct  comparison  with  B.A.  thermometers  calibrated 
at  Kew  *  As  these  B.A.  thermometers  were  only  divided  into  -j^  of  a  degree,  the 
X^  of  a  degree  had  to  be  estimated,t  and  the  order  of  accuracy  was  not  sufficient. 

1890. — Throughout  this  year  I  devoted  my  attention  entirely  to  the  measurement 
of  temperatures  by  platinum  thermometers,  and  I,  at  that  time,  proposed  to  use  such 
thermometers  in  place  of  mercurial  ones  during  my  J  experiments.  Excellent, 
however,  as  platinum  thermometers  are,  for  the  accurate  determination  of  tem- 
perature, they  are  not  suitable  when  the  observations  have  to  be  taken  at  exact 
intervals  of  time.  A  thermometer,  whose  readings  are  at  all  times  visible,  must  be 
used  in  such  a  case. 

1891. — By  the  kind  permission  of  the  Master  and  Fellows  of  Sidney  College,  the 
Chemical  Laboratory  was  placed  at  my  disposal  during  this  summer.  This  building 
was  unsuitable  for  physical  work,  for  the  traffic  in  the  adjoining  street  was  so  great 
that  galvanometers  became  at  times  unmanageable,  and  many  of  the  observations  had 
to  be  taken  during  the  night,  under  conditions  somewhat  conducive  to  personal 
errors. 

The  steel  regulating  chamber,  described  in  Section  III.,  was  first  used  in  this  year 
(1891),  and  the  results  are  therefore  of  more  value  than  the  preceding  ones ;  but 
the  same  persistent  error  in  the  measurement  of  R  still  remained,  and  the  form  of 
stirrer  adopted  was  unsatisfactory.  The  summer's  work  was,  however,  of  some  value, 
as  it  gave  sufficient  data  for  calibrating  the  mercury  thermometer  when  rising. 

A  platinum  wire  coil,  having  a  single  coating  of  amber  varnish,  was  used,  and  it  is 
reasonable  to  suppose  that  its  increase  of  temperature  above  the  surrounding  water 
was  of  a  similar  order  to  that  ascertained  to  be  the  case  in  the  coil  of  1892.  Assu- 
ming the  increase  of  its  resistance  to  bear  the  same  ratio  to  its  total  resistance  as  in 
the  case  of  the  1892  coil,  and,  applying  a  similai'  correction  to  our  results,  we  obtain 

J  =  4-188  X  107 

expressed  in  terms  of  water  at  18^*88  C,  and  assuming  the  coefficient  of  the  change  in 
specific  heat  of  water  obtained  in  1892,  we  get 

4192  X  lO^t 

as  the  value  expressed  in  terms  of  the  thermal  unit  as  previously  defined. 

*  The  aocnracy  of  the  Kew  corrections  for  the  inequality  of  the  bore  has  been  previonsl j  discussed, 
see  *  B.A.  Eeport,'  1890. 

t  I  find  that  many  observers,  by  means  of  such  thermometers,  determine  temperatures  (without  using 
a  micrometer  scale)  to  xiov  ^^  ^  degree.     I  envy,  but  cannot  lay  claim  to,  such  powers  of  observation. 

X  The  wires  connecting  the  lid  of  the  calorimeter  with  the  steel  chamber  (see  fig.  2,  infra)  had  (in 
1891)  a  slightly  higher  resistance  than  those  used  in  1892.  I  am  unable  to  make  the  necessary  correc- 
tion, as  I  have  not  sufficient  data.  The  effect  of  the  correction  (which  would  cei*tainly  be  less  than 
in  5000)  would  be  to  slightly  increase  the  value  of  J  here  given. 
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This  agrees  within  1  in  2000  with  our  later  determinations.* 

1892. — The  difficulties  experienced  in  obtaining  an  altogether  suitable  room  for  the 
work  compelled  me  to  have  a  special  building  erected  in  which  to  cany  on  the 
investigation. 

The  apparatus  is  so  involved  and  complicated  that  it  requires  weeks  to  put  it 
together  and  to  get  it  into  working  order,  and  such  spare  time  as  I  had  in  the  early 
part  of  this  year  was  devoted  to  these  preparations.  On  previous  occasions  the 
constant  day  and  night  changes  in  temperature  of  the  rooms  in  which  experiments 
were  conducted  had  been  a  cause  of  uncertainty ;  for  the  numbers,  obtained  by  using 
resistance  boxes  or  Clark  cells  whose  temperature  is  constantly  changing,  are  always 
of  doubtfiil  accuracy.  I  therefore  designed  a  regulator  which,  except  in  cases  of 
severe  frost  or  extreme  heat,  automatically  maintained  the  room  at  a  constant 
temperature.  I  found  this  arrangement  so  effective  that  I  have,  in  the  hope  that  it 
may  be  usefiil  to  others,  given  a  short  description  of  it  in  Appendix  11. 

If  I  endeavoured  to  adequately  describe  how  much  I  owe  to  the  assistance  of  others 
during  this  investigation  I  should  unduly  increase  the  length  of  this  introduction.  I 
must,  however,  express  my  thanks  to  the  Council  of  the  Royal  Society,  to  Lord 
Kelvin,  Lord  Rayleige,  Professor  G.  Dakwin,  Professor  Hicks,  Professor  J.  J. 
Thomson,  Dr.  Feuszner,  Dr.  Guillaume,  Mr.  Callendar,  Mr.  Vernon  Harcjourt, 
Mr.  Hbycock,  Mr.  Larmor,  and  Mr.  Neville  for  the  encouragement  and  assistance 
they  have  afforded  me.  More  especially  am  I  indebted  to  Mr.  Glaze  brook,  not  only 
for  his  advice  and  help,  but  for  the  carefiil  and  laborious  comparison  of  my  resistance 
box  with  the  standards  of  the  B.A. ;  and  also  to  Mi\  Skinner  for  his  repeated  com- 
^parison  of  my  Clark  cells  with  the  Cavendish  standards.  My  thanks  are  also  due 
to  Mr.  A.  IvATT,  B.A.,  Christ's  College,  Cambridge,  for  his  assistance  in  the  experi- 
mental work  during  1887  and  part  of  1888. 

Nearly  the  whole  of  the  apparatus  (some  of  it  of  a  novel  and  intricate  character) 
was  constructed  by,  or  under  the  direction  of,  Mr.  F.  Thomas,  Jesus  Lane,  Cambridge. 
Had  it  not  been  for  his  unremitting  attention  and  skill,  the  results  of  my  investiga- 
tion would  have  been  far  from  satisfactory. 

From  1888  onwards  I  was  assisted  by  Mr.  G.  M.  Clark,  B.A.,  Sidney  Collie, 
Cambridge,  who  has  from  the  commencement  of  our  joint  work  been  indefatigable  in 
his  exertions.  Our  respective  contributions  are  so  intimately  associated  that  I  find  it 
impossible  to  make  the  remainder  of  this  communication  in  the  first  person,  and 
although,  by  his  own  wish,  his  name  does  not  appear  on  the  title-page,  it  should,  in 
justice,  be  regarded  as  a  joint  contribution. 


*  The  Clat*k  cells  used  a«  oar  standards  of  E.M.F.  are  those  given  in  Table  IX.  of  Messra.  Ola2£* 
BROOK  and  Skinner's  paper,  *  Phil.  Trans.,'  A,  1892,  p.  605. 
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Section  I. — General  Description. 

Let  R  be  the  resistance  of  a  conductor  at  a  certain  standard  temperature  0^  then 
if  the  ends  of  the  conductor  be  kept  at  a  constant  diflference  of  potential  E 

dt  ~  J.R ^  '' 

where  Q,  is  the  quantity  of  heat  generated  by  the  current,  t  is  time,  and  J  the 
mechanical  equivalent  of  heat. 

If  the  wire  is  immersed  in  water,  and  if  the  capacity  for  heat  of  the  water  and  the 
calorimeter  at  the  standard  temperature  0  is  M,  then 

f  =  Mf W- 

It  is  necessary  to  distribute  the  heat  generated  in  the  wire  throughout  the  whole 
calorimeter  as  quickly  as  possible,  otherwise  we  cannot  accurately  observe  dOjdt^ 
hence,  since  work  must  be  done  when  stirring,  we  have  to  deal  with  a  mechanical  as 
well  as  with  an  electrical  supply.  Let  the  rise  in  temperatiu*e  per  second  due  to  the 
mechanical  supply  be  <r,  and  let  Q.,  ^  denote  the  quantity  of  heat  generated  by  both 
electrical  and  mechanical  soiu*ces.     Then 

'-|^  =  0  +  -M  =  M-f (3). 

It  is  certain  that  some  heat  will  be  gained  or  lost  by  radiation,  conduction,  and 
convection.  Let  p  be  the  rise  or  fall  per  second  in  temperatiu'e  due  to  radiation,  &c., 
when  the  difference  between  the  external  and  internal  temperatures  is  1°  C.  Denote 
the  temperatm'e  of  the  surrounding  envelope  by  Oq,  and  the  temperatiu*e  of  the  calori- 
meter at  any  time  by  0^ ;  also  suppose  that  M  becomes  M'  and  R  becomes  R'  when 
6  becomes  6i. 

We  now  have 

^  =  J^'  +  -^'-^M'(''i-''o)*  =  M'f      .     .     .     .•(4). 
where  Q,,  ^,  p  denotes  the  gain  of  heat  due  to  all  causes,  hence 

J.R'.M'  +  ^<^  -  P(^i  -  ^o)}  =  -^ •     •     (5). 

^   *  It  is  bHowh  in  Section  Xll.  that  we  are  justified  in  assuming  that  Nkwton's  law  of  cooling  hol^s 
tri^e  over  our  range  of  temperature. 
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If  E  =  0,  this  becomes 

<,-,w-«.)=(f);^ («). 

Provided  that  the  mechanical  supply  is  regular,  and  Oq  is  kept  constant,  we  can,  by 
a  sufficient  number  of  observations  over  small  ranges,  determine  the  values  oi{d0Jdt\^^ 
for  different  values  of  6^^  and  by  substituting  in  equation  5,  we  obtain  the  value  of 
W/J.JV.W  =  A,  where  A  is  known. 

Assuming  that  over  small  ranges  the  values  of  R'  and  M'  are  linear  Unctions  of  ^i,t 
we  have 

K  =  R  {1  +  k{0^  -  0)]\,  and  M'  =  M  {1  +  ?(^i  -  ^)}, 
hence 

J^ .  .  / 

J.E.{l-f  A(5i-^)}M.{l-f /(^i-^)}  ■"  ^  '' 

Now  the  values  of  E  and  R  at  the  standard  temperature  can  be  ascertained  by 
compaiisons  with  the  standards,  and  the  value  of  k  can  be  ascertained  by  direct 
measurements  of  R'  at  different  temperatures,  hence 

J  .M.  {1  +  l{0,  -  0)]  =  A.R.{l+&(g,-g)}  =  ^'  ^^^^  ^  '^  ^^"^  •     W' 

we  have  thus  one  equation  connecting  the  three  quantities,  J,  M,  and  L 

Let  w  and  w^  be  the  capacities  for  heat  of  the  water  and  the  calorimeter  respec- 
tively at  the  standard  temperature  ^,  and  let  the  temperature  coefficients  of  their 
specific  heats  be  f  and  g  respectively,  then 

hence  equation  (8)  becomes 

j[w{i+f{ei-e)]+w,{i+g{di-d)u=:B   ....  (9). 

If  observations  are  taken  with  different  weights  {tVi  and  w^)  of  water,  we  obtain 
Bj,  Bg  the  corresponding  values  of  B,  thus 

JK  {1  +/(^i  -  m  +  w, {1  +g{e,-  <?)}]  =  B, 

and 

*  In  this,  and  similar  cases,  we  use  the  suffix  to  denote  the  sources  of  heat, 
t  The  value  of  dO,  during  our  experiments,  was  about  1°  C. 

J  The  true  value  of  R'  =  R  {1  +  ^  (^^  -f  ^  —  0)}  where  fi  is  the  excess  of  the  temperature  of  ihe 
wire  above  $1  the  temperature  of  the  calorimeter.    See  Section  XIV.,  p.  478. 
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by  subtraction  we  obtain 

JK-^2)(l+/C^  =  Bi-B, (10). 

Hence,  when  0i  =  ^,  the  value  of  J  can  be  found  without  ascertaining  the  value 
of  the  water  equivalent  or  the  temperature  coefficient  of  the  specific  heat  of  water. 
As  J  is  a  constant  quantity  we  can,  by  repeating  the  observations  at  diflferent 
temperatures,  obtain  from  equation  (10)  the  value  of  yi 

Or  we  can  obtain  /  without  finding  J,  for  repeating  the  observations  at  tempera- 
tures 01  and  $2 


J  {w^  -  w,)  (I  +/ 0i-e)  =  B,.i  -  Ba., 


and 


JK-ie;,)(l+/^2-^)=B,,,-B,.2 


the  second  suffix  of  B  denoting  the  temperatures. 
Hence,  by  division,  we  obtain 


l+/^2-^~Bx.2-B^3 ^     '' 

r  An  alternative  method  of  finding  J  is  to  first  find  /  by  equation  (11),  and  then  to 
find  the  value  of  w^  and  g."^  The  value  of  J  can  then  be  deduced  from  a  single 
experiment  by  means  of  equations  (8)  or  (9),  and  as  this  method  enables  us  more 
easily  to  compare  the  results  of  individual  experiments  we  have,  as  a  rule,  adopted  it 
in  our  reductions. 

In  the  remainder  of  this  section  we  briefly  indicate  the  manner  in  which  we  have 
determined  the  various  quantities  grouped  together  and  denoted  in  the  above  equa- 
tions by  B. 

The  calorimeter  was  suspended  by  means  of  glass  tubes  in  an  air-tight  chamber 
whose  walls  were  kept  at  a  constant  temperature.  The  pressiu-e  of  the  dry  air  in 
this  chamber  was  reduced  to  under  '5  millim.  The  water  in  the  calorimeter  was 
stirred  at  a  very  rapid  rate  throughout  the  experiments,  and  the  value  of  (dd/dt) 
ascertained  at  all  parts  of  the  range  14°  to  26°  C. ;  fiirstly,  when  the  work  was  done 
by  the  stirrer  only,  secondly,  when  the  rise  was  due  to  both  the  electrical  and  the 
mechanical  supply  of  heat. 

The  masses  of  water  used  during  the  experiments  varied  in  the  ratio  of  about 
I  to  3,  and  the  difference  of  potential  at  the  ends  of  the  coil  was  so  altered  that  the 
heat  developed  by  the  current  was  changed  in  the  proportion  of  1  to  9. 

As  shown  by  equation  (10)  supra,  there  was  no  necessity  to  ascertain  the  water 
equivalent  of  the  calorimeter,  although  it  was  found  convenient,  as  a  check  upon  the 

*  These  valuee  can  be  obtained  from  the  preceding  eqaaiions  without  first  determining  J.  The 
process  is  fully  explained  in  Section  XIY. 

MDCCCXCIIL— A.  3   B 
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calculations,  to  deduce  it  from  the  diflferences  in  time  caused  by  diflTerences  in  the 
mass  of  the  contained  water. 

The  walls  of  the  chamber  containing  the  calorimeter  were  maintained  at  a  constant 
temperature  throughout  each  experiment,  this  being,  in  general,  the  mean  tempera- 
ture of  the  above-mentioned  range.  Direct  observations  of  the  changes  in  (dtfj/cft)^^^, 
caused  by  changes  in  ^j,  enabled  us  to  ascertain  the  values  of  both  <r  and  />. 

(1.)  Potential  (E). — A  detailed  account  is  given  in  Section  VI.  of  the  method  by 
which  the  ends  of  the  calorimeter  coil  were  maintained  at  a  constant  potential 
diflference.     Briefly,  the  principle  on  which  our  method  depended  was  as  foUowa 

The  extremities  of  the  wires  G4,  CB,  will  (when  the  galvanometer  Q  shows  no 

Fig.  1. 


deflection)  be  maintained  at  a  difference  of  potential  equal  to  that  due  to  the 
cells  at  C. 

Let  iJT  be  an  adjustable  resistance  placed  in  the  circuit  which  communicates  with  S 
(the  storage  cells),  and  let  R  be  the  resistance  of  the  wire  AB.  Whatever  variations 
may  take  place  in  R  and  in  the  E.M.F.  at  S  it  is  always  possible  (provided  the  adjust- 
ment of  K  is  sufficiently  under  control)  to  maintain,  by  close  attention  to  the 
indiications  of  the  galvanometer,  the  points  A  and  ^  at  a  constant  difference  of 
potential. 

A  special  rheostat  was  designed  by  means  of  which  it  was  found  possible,  in  spite 
of  variations  in  the  resistance  of  AB^  to  maintain  the  potential-difference  imchanged 
throughout  an  experiment,  and  we  believe  that  in  no  case  did  the  variations  exceed 
10,007?  ^f  the  mean  difference  of  potential  during  each  experiment. 

The  Clark  cells  (which  were  placed  at  C)  were  constructed  by  us  according  to  the 
directions  of  Messrs.  Glazebrook  and  Skinner,  and  have,  on  Iseveral  occasions,  been 
directly  compared  with  the  Cavendish  and  indirectly  with  the  Berlin  standard. 

Their  differences  from  the  standard  are  small,  and  their  mean  E.M.F.  at 
IS""  C.  =  1-4344  volts  (see  Section  VI.). 

(2.)  Resistance  (R). — Had  it  been  possible  to  maintain  a  constant  value  for  R  it 
would  have  greatly  simplified  both  the  experimental  work  and  the  calculations.  In  the 
year  1890  we  devoted  much  time  to  the  examination  of  the  various  copper-manganese- 
nickel  alloys,  and  we  performed  a  series  of  determinations  with  a  coil  whose  tempera 
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iure-coefficient  was  practically  zero.     The  reasons  which  led  us  to  reject  these  alloys 
and  adopt  a  platinum  wire  will,  we  think,  be  found  sufficient  (see  section  VII.). 

The  value  of  R  was  first  determined  by  a  dial-box  (legal  ohms)  constructed  by 
Messrs.  Elliott.  "^  Mr.  Glazebbook  has  been  so  kind  as  to  perform  a  complete 
standardization  of  this  box  by  means  of  the  B.A.  standards.  The  resulting  correc- 
tions have  been  applied,  and  the  values  of  R  expressed  in  true  ohms,  as  defined  by 
the  RA.  Report,  1892. 

The  method  by  which  we  ascertained  the  true  temperature,  and  therefore,  the 
resistance  of  the  wire  when  traversed  by  a  current,  is  fully  described  in  Section  Vll. 
We  foimd  that  the  difference  in  temperature  between  the  wire  and  that  indicated  by 
the  thermometer  could  be  accurately  determined,  and,  other  conditions  being  equal, 
varied  as  C*. 

The  arrangement  of  our  connections  enabled  us  to  dispense  with  exterior  resistance, 
as  the  ends  of  the  coil  itself  were  maintained  at  a  constant  potential-difference. 

(3.)  Cfurrent  (C). — ^The  current  was  maintained  by  storage  cells  of  the  (L)  type, 
supplied  to  us  by  Messrs.  Bailey  and  Grundy.  The  E.M.F.  of  these  cells  was 
wonderfiilly  constant.  This  constancy,  although  not  a  necessity,  was  a  convenience. 
As  previously  pointed  out,  C  was  not  directly  measured. 

(4.)  Time  (T). — An  electrical  clock  with  a  seconds  pendulum  was  used  as  our 
standard  for  time.  It  was  carefully  compared  at  intervals  with  a  chronometer  by 
Dent.  A  chronograph  was  controlled  by  this  clock.  The  rate  of  the  clock  was  a 
losing  one  until  August  2 1st,  but  after  that  date  its  error  was  less  than  1/25,000, 
and  no  correction  was  necessary. 

(5.)  Mass  (M). — A  balance  sensitive  to  a  change  of  1/100,000  of  the  least  mass 
measured  by  us,  and  a  set  of  Oebtling's  weights,t  were  used  in  our  determination  of 
mass. 

(6.)  Temperature  (0). — At  the  time  of  writing  (December,  1892)  our  thermometry  is 
based  on  measurements  made  by  platinum-thermometers.  We  propose  to  make,  at  an 
early  date,  a  direct  comparison  of  our  standard  thermometer  with  the  air  thermometer 
by  means  of  the  apparatus  described  by  Mr.  Callendar,J  who  has  been  so  kind  as  to 
promise  his  assistance. 

In  a  previous  paper§  the  details  of  a  careful  comparison  of  the  platinum  and  the  air- 
thermometer  have  been  given.  It  was  then  shown  that  the  platinum-air  difference 
curve  8[^/100p— ^/lOO]  gave  values  of  ^  at  all  temperatures  from  0^  to  100°  C,  accu- 
rate within  'Ol®  of  the  real  value  of  0,  and  that  discrepancies  appeared  to  have  an 
experimental  origin.  The  experience  of  two  years'  work  with  platinum-thermometers 
has  but  increased  our  confidence  in  them.||       Should  a  direct  comparison  with  the 

•  Particnlars  of  this  box  have  been  given  in  a  previons  paper.     *  Phil.  Trans.,'  A.,  1891,  p.  44. 
t  These  weights  were  re-standardized  by  Messrs.  Obbtlino  in  August,  1892. 
t  •  Boy.  Soc.  Proc.,'  Jan.,  1891. 
§  See  •  Phil.  Trans.,'  1891,  A,  p.  155. 
'  Philosophical  Magazine,'  December,  1892. 
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air-thermometer  modify  our  detenninations  of  differences  of  temperature  (and  it  is 
only  differences  which  are  important  to  us),  our  results  will  be  modified  accordingly. 
This  will  not,  however,  necessitate  any  repetition  of  the  experimental  work,  as  the 
corrections  involved  will  be  of  a  numerical  order  only. 

Mecisurement  of  the  Heat  generated  by  Stirring. 

The  difiiculties  that  we  have  met  with  in  this  portion  of  our  work  have  been  very 
great.  As  will  be  shown  in  Section  XI.,  we  have,  against  our  will,  been  compelled  to 
increase  the  work  done  by  the  stirrer  until  the  heat  thus  generated  became  about  1/10 
of  the  whole  supply.  We  found  continuous  and  very  rapid  stirring  to  be  a  necessity. 
Variations  in  R  and  in  the  thermometer  readings  and  in  the  water  equivalent  of  the 
calorimeter  invariably  followed  if  the  mixing  was  insufficient.  Commencing  in  1888 
with  a  stirrer  revolving  at  the  rate  of  about  100  revolutions  per  minute,  the  rate  was 
gradually  increased  until,  in  our  last  series,  we  aimed  (with,  it  is  true,  a  different 
form  of  stirrer)  at  a  rate  of  nearly  2000  revolutions  per  minute. 

The  accurate  measurement  of  the  heat  thus  generated  is  only  second  in  importance 
to  the  determination  of  the  heat  due  to  the  current,  and,  accordingly,  a  great  portion 
of  our  time  and  attention  was  directed  to  it.  Fortunately,  we  were  able  to  com- 
pletely establish  the  law  that,  with  our  form  of  stirrer,  the  work  done  varied  directly 
as  r^,  r  being  the  rate  of  rotation.     From  this  time  our  difficulties  rapidly  diminished. 

Radiation^  Conduction,  Convection,  dc. 

We  endeavoured,  as  far  as  possible,  to  diminish  loss  or  gain  due  to  the  above 
causes. 

BoTTOMLEY*  has  shown  that  there  is  a  rapid  fall  in  the  rate  of  loss  or  gain  by  radia- 
tion and  convection  when  the  pressure  of  the  siurounding  gas  falls  below  1  millim. 
Most  of  our  observations  were  taken  with  the  surrounding  pressure  under  '5  millim. 

The  calorimeter  itself  had  a  bright  polished  surface,  and  the  walls  of  the  enclosing 
chamber  were  clothed  with  bright  speculum  metal.  In  Section  XI.,  we  show  that 
throughout  oiu*  range  of  temperature,  Newton's  law  of  radiation  holds  —i.e.,  the  loss 
or  gain  varies  directly  as  the  differences  of  temperature.  It  must,  however,  be 
remembered  that  we  have  not  endeavoured  to  separate  the  partial  effects  of  the 
radiation,  conduction,  and  convection,  and  hence  we  can  only  say  that  the  combined 
effect  obeys  this  law.  The  total  loss  or  gain,  due  to  the  above  causes,  was 
determined  separately  for  each  change  in  the  contained  mass. 

Any  error  in  this  part  of  our  work  would  have  but  a  small  effect  on  the  mean 
value  of  J,  since,  in  each  experiment  (if  taken  as  a  whole),  the  total  loss  or  gain  by 
conduction,  convection,  and  radiation,  must  have  been  small. 

*  *  Phil.  Trans.,'  1887,  A,  p.  446. 
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Section  II. — The  Calorimeter  and  Coil.    (See  Plate  2,  fig.  2.) 

The  calorimeter,  which  was  of  a  cylindrical  form,  was  made  of  ** gilding  metal" — 
73  per  cent,  copper  and  27  per  cent.  zinc. 

The  weight  of  the  lower  part  was  50r84  grms. ;  of  the  lid  245*67  grms. 

The  internal  diameter  and  the  depth  were  each  8  centims. 

Its  capacity  was  therefore  about  400  cub.  centims. 

The  weight  of  the  calorimeter  may  appear  excessive  for  this  capacity.  However, 
as  any  "  panting  "  of  the  lid  or  base  would  have  thrown  the  stirrer  out  of  adjustment 
and  as  the  pressure  on  the  flat  base  of  the  calorimeter  would  amount  to  about 
120  lbs.,  when  the  space  surrounding  it  was  vacuous,  it  was  evident  that  considerable 
thickness  was  necessary  to  secure  rigidity.  The  two  parts  of  the  calorimeter  were 
held  together  by  eight  screw  bolts  ■;  a  lead  ring  previously  placed  between  the  parts 
was  crushed  by  the  tightening  of  the  screws  and  thus  the  join  was  rendered  air- 
tight. It  was  therefore  necessary  to  make  both  the  lid  and  the  projecting  lip  of  the 
calorimeter  suflBcientiy  strong  to  bear  the  strain  without  bending. 

As  we  expected  to  determine  the  water  equivalent  with  as  much  accuracy  as  other 
quantities,  the  large  mass  of  the  calorimeter  did  not  appear  to  be  a  serious  objection. 

The  whole  of  the  calorimeter  was  heavily  gilded  both  inside  and  out,  and  the 
surfaces  polished.  The  lead  ring*  was  covered  with  gold  leaf  because  considerable 
quantities  of  PbCOs  were  formed  if  the  water  had  access  to  it ;  thus,  no  metal 
except  gold  was  exposed  to  the  action  of  the  water.  An  advantage  of  the  gold 
exterior  was  that  its  surface  did  not  tarnish,  and  thus  its  coefficient  of  radiation 
remained  constant. 

Fixed  on  the  interior  of  the  lid  were  eight  metal  tubes,  1  centim.  in  length.  Three 
of  these  were  18  millims.  in  diameter  and  served  to  hold  the  glass  tubes  by  which 
the  oalorimeter  w<«  suspended.  The  others  were  5  mUlhns.  m  dLeter  and  supported 
the  glass  rods  on  which  the  coil  was  woimd.  These  rods  reached  to  within  a  couple 
of  millimeters  of  the  base  when  the  lid  was  placed  in  position.  Two  copper  rods, 
7*5  centims.  in  length  (14  B.W.G.)  passed  from  the  insulated  junctions  at  M  and  N 
(fig.  2,  p.  382)  to  nearly  the  bottom  of  the  calorimeter.  These  were  also  heavily 
gilded,  and  the  ends  of  the  platinimi  wires  were  fastened  to  their  lower  extremities. 
The  last  coil  used  by  us  was  about  13  inches  in  length,  and  was  wound  round  the 
lower  end  of  the  glass  rods  in  such  a  manner,  that  the  difference  of  potential  of  any 
two  adjacent  points  could  never  be  great.  Thus  the  first  6  inches  were  wound  on  one 
side,  the  remainder  on  the  further  side  of  the  calorimeter.  A  depth  of  1  '5  centim. 
of  water  completely  covered  the  whole  coil. 

The  glass  tubes  passing  through  the  lid  were  held  in  position  by  perforated  india- 
rubber  corks.     Great  pressure  had  to  be  exerted  to  force  the  tubes  "home,"  and 

*  A  pure  gold  ring  was  tried,  but  it  was  foand  impossible  to  crush  it  sufficiently  to  render  the  join 
air-tight. 
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several  were  broken  in  the  process.  The  external  diameter  of  the  glass  tubes  was 
14  millims.,  the  interior  diameter  of  the  gold  tubes  18  millims. ;  thus  the  annulus  of 
india-rubber  was  very  thin.  The  lower  ends  of  the  glass  tubes  were  turned  outwards 
so  as  to  nearly  cover  the  lower  end  of  the  india-rubber,  of  which  the  small  exposed 
surface  was  originally  coated  with  gutta-percha ;  but  (as  explained  elsewhere)  this 
was  removed  after  J  19,  and  replaced  by  amber  varnish.*  The  india-rubber  corks, 
where  they  appeared  above  the  lid,  were,  from  the  commencement,  coated  with  amber 
varnish.  No  diffusion  appeared  to  take  place  through  these  corks,  and,  as  other 
observers  seem  to  have  been  troubled  by  such  diflftision  when  using  india-rubber,  it 
is  probable  that  the  coating  of  amber  varnish  (which  adheres  very  firmly  to  the 
rubber)  is  an  effective  remedy.  In  any  case  it  prevented  any  contact  between  the 
rubber  and  the  contained  water.  We  may  thus  assert  that  the  water  came  into 
contact  with  the  following  substances  only — ^gold,  amber,  glass,  agate,  gutta-percha 
(before  experiment  J  20)  and  (after  experiment  J  20)  some  hard  shellac,t  very  small 
quantities  of  which  were  used  to  prevent  slipping  of  the  coil  on  the  glass  rods,  the 
substance  previously  used  for  this  purpose  being  gutta-percha.  The  platinum  coil 
itself  was  coated  with  amber  varnish,  but  it  is  possible,  that  owing  to  cracks  in  its 
coating  caused  by  movements  of  the  wire,  the  water  had  access  to  it  in  places.  The 
small  slabs  of  ebonite  used  at  the  jimctions  M  and  N  (fig.  4,  p.  896)  were  also 

covered  with  several  layers  of  the  same  invaluable  varnish. 

« 

Section  III. — The  Method  of  Maintaining  the  Walls  Surrounding  the 

Calorimeter  at  a  Constant  Temperature. 

The  necessity  of  maintaining  at  a  constant  temperature  the  walls  of  the  chamber 
containing  the  calorimeter  is  so  obvious  that  it  seems  unnecessary  to  dwell  upon  it. 
In  our  earlier  experiments,  the  calorimeter  was  suspended  in  a  copper  vessel  which 
was  immersed  in  a  large  tank,  and  the  uniformity  of  the  temperature  depended  on 
the  skill  of  the  observer  in  adjusting  the  temperature  of  the  tank  water  by  altering 
the  supply  of  hot  and  cold  water  admitted.  The  method  adopted  by  us  in  1891  and 
1892  worked  automatically,  and  enabled  ns  to  maintain  a  chamber  at  any  temperature 
within  the  range  of  our  experiments,  whether  that  temperature  was  above  or  below 
that  of  the  room.  Briefly,  the  arrangement  may  be  described  as  an  enormous 
thermometer-bulb  within  which  was  the  calorimeter. 

A  section  and  plan,  on  a  scale  of  ^,  are  shown  on  Plate  3.  The  steel  chamber, 
-4,  Bf  C7  (a  very  fine  piece  of  work)  was  constructed  by  Messrs.  Whit  worth  and  Co, 
A  detailed  description  of  its  various  parts  is  unnecessary,  as  all  particulars  are  given 
in  the  plate  referred  to.     The  annular  space  (coloured  black)  was  filled  with  mercury. 

•  See  Note,  p.  392,  infra. 

t  The  shellac  was  melted  on,  and  not  deposited  from  its  solution.    A  hard  sarface  is  rarely  obtained 
hj  the  latter  method. 


THE  MECHANICAL  EQUIVALENT   OF  HEAT.  375 

As  it  was  advisable  to  free  that  space  from  air  bubbles,  the  screw  plug  P  was  removed 
before  the  insertion  of  the  mercury,  and  replaced  by  a  tube  leading  to  a  Geissler's 
mercury  pump.  A  tube  from  D  dipped  into  a  basin  of  hot  mercury,  and  in  this  tube 
was  a  tap  which  was  at  first  closed.  The  air  in  the  annular  space  was  withdrawn 
until  the  pressure  was  a  small  fraction  of  a  millimeter,  and  the  hot  mercury  was  then 
slowly  admitted — the  exhaust  pump  being  worked  at  intervals.  When  the  mercury 
became  visible  within  the  tube  at  P,  the  tube  was  cautiously  removed,  and  the  air- 
tight screw  plug  replaced.     The  mercury  necessary  to  fill  the  space  weighed  70  lbs. 

So  true  were  the  surfaces  of  the  two  parts  of  the  metal  chamber,  which  were 
screwed  together  by  the  bolts  at  A  and  (7,  that,  although  no  packing  except  the  finest 
possible  coating  of  grease  had  been  placed  upon  them,  they  proved  absolutely  air- 
tight. These  two  portions  of  the  chamber  were  each  formed  from  a  single  block  of 
steel  and,  when  placed  together,  somewhat  resembled  a  double  hat-box.  The  inner 
and  outer  surfaces  were  turned  smooth  and  true,  and  then  were  nickel-plated.  Two 
holes  on  opposite  sides  were  bored  down  between  the  mercury  chamber  and  the  inner 
surface,  as  shown  at  E  and  F.  These  holes  were  filled  with  mercury  and,  their  inner 
walls  being  very  thin,  the  thermometer  placed  in  them  would  accurately  indicate  the 
temperature  of  the  inner  surfistce  of  the  chamber.  This  inner  sur&ce,  as  also  the  base 
of  the  chamber,  was,  in  our  more  recent  experiments,  covered  with  highly-polished 
speculum  metal.  A  ring  of  lead  wire  was  placed  round  the  top  edge  of  the  chamber, 
on  which  was  laid  that  portion  of  the  lid  shown  in  section  at  G  and  H^  and  in  plan 
at  G'  and  H\  and  the  twelve  bolts  securing  it  were  screwed  home.  Many  as  have 
been  our  diflBculties  with  regard  to  air-tight  joints,  those  made  in  this  maimer,  viz., 
by  the  crushing  of  a  lead  ring  between  two  surfaces,  have  never  given  us  any  anxiety. 
The  second  lid,  from  which  the  calorimeter  was  suspended,  and  whose  section  is  shown 
at  K  L,  and  plan  at  K'  L\  was  secured  in  a  similar  manner. 

The  necessity  for  this  double  lid  is  not,  at  first  sight,  obvious,  but  it  must  be 
remembered  that  it  was  impossible  to  separate  the  calorimeter  from  the  portion  of  the 
lid  to  which  it  was  attached,  and,  therefore,  a  heavy  steel  plate  would  have  been 
inconvenient,  and  have  rendered  any  direct  weighings  impossible.  On  the  other 
hand,  the  total  pressure  on  this  lid,  when  the.  chamber  was  exhausted,  was  very  great, 
and,  hadf  the  whole  of  it  consisted  of  one  thin  piece,  it  is  probable  that  it  would  not 
have  withstood  the  strain  without  "  panting,"  and,  as  it  was  necessary  on  account  of 
the  stirring  rod,  &c.,  that  the  whole  apparatus  should  be  absolutely  rigid,  it  was 
essential  to  avoid  any  phenomenon  of  this  kind.  The  first  lid,  therefore,  is  of  con- 
siderable thickness,  and  the  orifice  in  it  only  just  sufficient  to  allow  for  the  intro- 
duction of  the  calorimeter.  Again,  if  the  lid  had  been  of  one  piece,  it  would  have 
been  impossible  to  remove  it  without  disturbing  the  tubes  M  and  N. 

The  tube  M  communicated  with  a  five- way  Sprengel  pump  and  a  McLeod  gauge ; 
the  tube  N  with  a  Geissler  pump  and  a  water  pump.  The  arrangements  for  drying 
and  exhausting  by  means  of  these  tubes  is  described  in  Section  V. 
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The  steel  chamber,  together  with  the  mercury,  weighed  nearly  2  cwts.     It  stood  on  a 
small  tripod  in  a  galvanized  iron  tank,  whose  capacity  was  about  20  gallons.     The  tank 
itself  was  placed  on  a  bed  of  Portland  cement  before  the  cement  had  hardened,  and 
thus  the  whole  erection  was  firm  and  stable.     When  the  outer  tank  was  filled,  the 
surface  of  the  water  was  about  3  inches  above  the  lid  of  the  steel  chamber  and  was  ' 
maintained  at  that  level  by  a  constant  inflow  of  water,  which  entered  almost  above 
the  screw  Q  and  left  by  an  overflow  pipe  shown  at  W.     The  screw  at  Q  rotated  in 
such  a  direction  that  the  water  was  forced  downwards,  passed  under  the   steel 
chamber,  and  returned  across  the  lid.     The  screw  revolved  about  800  times  a  minute, 
and  the  stirring  was  very  thorough,  so  that  it  was  impossible  to  detect  any  diflerence 
of  temperature  in  different  portions  of  the  tank,  even  when  hot  water  was  being 
admitted,  unless  the  thermometer  was  held  immediately  against  the  entrance  pipe. 
A  glass  tube  with  narrow  bore  (Sprengel  tubing)  was  fixed  into  the  steel  tube  at  D 
and  communicated  with  the  regulating  apparatus  shown  in  Plate  4,  fig.  1.     £  is  the 
regulator — the  gas  entering  at  A  and  leaving  at  B.     The  tube  R  was  about  1  inch  in 
diameter  and  was  drawn  to  a  fine  opening  at  its  lower  end.     The  thin  glass  partition 
C  passed  down  the  centre  of  this  tube  and  projected  at  its  lowest  extremity  into  the 
narrow  opening.     To  render  the  partition  air-tight,  its  edges  were  coated  with  hard 
shellac,  and  after  it  had  been  thrust  into  position,  the  tube  was  warmed  until  the 
shellac  melted.     The  top  of  the  tube  was  closed  with  shellac,  thus  the  gas,  entering 
at  -4,  could  only  arrive  at  B  by  passing  round  the  lower  end  of  this  partition,  and  a 
very  small  movement  of  the  mercury  in  the  narrow  neck  sufficed  to  cut  oflF  the  supply. 
We  adopted  this  form  of  regulator  after  considerable  experience  of  the  ordinary  fonn, 
in  which  the  supply  passes  down  an  inner  tube  and  up  the  annular  space  around  it, 
which  labours  under  the  defect  that  the  adhesion  between  the  mercury  and   the 
inner  tube  causes  the  gas  to  remain  cut  off  for  some  time  after  the  mercury  has  com- 
menced to  contract.     The  form  here  shown  is  free  from  this  defect,  as  it  is  found  that 
the  mercury  does  not  adhere  to  the  thin  glass  partition.    Beneath  the  narrow  tube 
a  small  reservoir  (capacity  about  3  cub.  centims.)  at  E  allowed  considerable  contraction 
to  take  place,  and  yet  permitted  the  mercury  to  be  kept  in  view.     A  side  tube  passed 
from  E  to  the  three-way  taps  F  and  H^  and  thus,  by  means  of  the  tap  at  F,  mercury 
could  be  withdrawn  when  necessary.     The  tubes  HK  and  HL  were  about   4  feet 
in  length — £  terminating  in  a  thistle-funnel,  in  which  a  supply  of  mercury  was 
placed. 

The  tube  L  was  connected  with  the  three-way  tap  if,  by  which  communication 
could  be  made  with  the  exhaust  water-pump,  or  with  the  open  air.  Behind  the  tube 
L  was  fixed  a  vertical  scale  of  millimeters,  and  the  whole  of  the  tubing  was  rather 
wide-bore  Sprengel.  Through  the  tap  at  H  mercury  from  the  arm  KH  could  be 
passed  into  the  arm  KL  to  any  convenient  height.  By  means  of  the  taps  H  and  F 
any  portion  of  this  mercury  could  be  passed  into  the  regulator,  and,  if  necessary,  the 
same  amount  could  at  any  time  be  withdrawn  by  connecting  L  with  the  exhaust  (by 
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means  of  tap  M)  and  opening  i^and  H — independently  of  the  level  of  the  mercury  in  the 
regulator.  This  contrivance,  therefore,  rendered  it  possible  to  "  set "  the  instrument 
so  as  to  produce  any  required  change  of  temperature  in  the  tank ;  for  it  was  found 
that  the  transference  of  about  312  millims.  of  the  column  HL  into  the  regulator 
caused  a  difference  of  1**  C.  in  the  temperature  of  the  tank.  It  was  thus  possible  to 
adjust  the  temperature  to  a  very  small  fraction  of  a  degree. 

The  connecting  tube  from  E  to  D  was  bent  into  a  spring  of  sufficient  length  to 
allow  of  some  play  to  the  lower  end,  and  thus  it  was  possible  to  withdraw  the  end 
from  D  without  moving  the  whole  edifice.  The  glass  work  was  supported  on  a 
vertical  board,  about  5  feet  in  height,  and  the  various  taps  were  placed  within  easy 
reach  of  the  observer.  All  gas  admitted  at  A  was  dried  by  passing  through  tubes 
containing  quicklime,  as  it  was  found  that  the  regulator  worked  in  a  much  more  satis- 
factory manner  when  the  surface  of  the  mercury  was  clean.  After  leaving  B,  the  gas 
entered  a  tube  about  2  feet  long,  containing  a  very  large  number  of  small  pin-holes. 
The  tube  was  connected  by  two  cross  pieces  containing  similar  small  holes,  with  two 
pilot  lights  fed  by  an  independent  supply.  A  change  of  ^k  of  a  degree  in  the  tank 
visibly  affected  the  brilliancy  of  the  tiny  gas  jets,  and  a  change  of  less  than  x^  made 
all  the  difference  between  total  eclipse  and  a  complete  series  of  bright  blue  jets.  The 
supply  of  gas  through  the  regulator  was,  however,  sufficient  when  the  mercury  had 
receded  far  enough  to  maintain  the  jets  at  a  length  of  nearly  f -inch. 

Placed  above  this  row  of  jets,  but  so  far  from  the  pilot  lights  as  to  be  unaffected  by 
them,  was  a  flat  silver  tube,  the  section  of  whose  bore  was  a  rectangle  of  about  I  inch 
wide  and  -^  inch  deep,  and,  through  this  tube,  the  water  passed  on  its  way  to  the 
tank.  The  supply  was  regulated  by  a  small  "  constant  level "  tank  of  the  usual 
pattern,  suspended  from  the  ceiling  by  a  string.  Alterations  in  the  level  of  this  tank 
afforded  a  fine  adjustment — the  temperature  depending  on  the  rate  of  flow.  The 
water  was  supplied  direct  from  the  main,  and  hence,  even  in  the  hottest  summer 
weather,  it  was  possible  to  maintain  the  tank  at  a  temperature  as  low  as  14^ ;  in 
winter,  as  low  as  3°  or  4^  C.  Any  temperature  above  this  minimum  was,  of  course, 
obtainable,  but  we  considered  it  unadvisable  to  raise  it  above  40^  C.  on  account  of  the 
ebonite,  &c.  This  regulator  proved  itself  to  be  a  most  satisfactory  instrmnent. 
Although,  when  set  to  give  a  new  temperature,  it  was  slow  in  its  action  (the  capacity 
for  heat  of  the  tank  and  its  contents  being  great)  it  was  none  the  less  sure,  and,  after 
about  half-an-hour  from  the  readjustment,  the  temperature  would  be  found  to  have 
become  steady.  If  set  to  give  a  higher  temperature,  the  thermometer  at  E  (Plate  3) 
would  pass  that  temperature  by  about  3^  of  a  degree,  and,  after  this  preliminary 
oscillation,  would  become  steady,  although  it  is  probable  that  this  first  was  followed 
by  other  oscillations,  which  were  too  small  to  be  apparent.  It  is  possible  that 
the  temperature  of  the  inner  surface  of  the  steel  chamber  was,  to  some  extent, 
affected  by  the  temperature  of  the  calorimeter.  The  change  must,  however,  have 
been  very  small,  since  it  waa  insufficient  to  affect  the  thermometer  at  E.     It  must 

MDCOOXCin.-=-A.  3  c 
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be  remembered  that  any  such  change  would  at  once  produce  an  effect  on  the 
mercury,  and,  by  its  action  on  the  regulator,  reproduce  the  original  condition. 

Section  IV. — The  Motob  and  its  Connections. 

A  belt  passed  from  the  motor  to  a  vertical  shaft  fixed  near  the  back  of  the  tank. 
This  shaft  carried  "  speed- wheels,"  from  which  ran  two  cords,  one  to  the  stirrer  in  the 
outer  tank,  the  other  to  the  stirrer  in  the  calorimeter.  In  order  to  prevent  any 
"slipping,''  with  which  we  were  at  one  time  much  troubled,  all  these  cords  ran 
through  loose  pulleys  hung  by  strings,  which,  passing  over  small  fixed  puUejrs,  were 
connected  with  pans  containing  shot.  The  tension  of  the  cords  could  thus  be  regu- 
lated by  altering  the  weight  of  shot,  and  any  change  in  their  length,  due  to 
stretching,  &c.,  was  of  no  consequence.  The  shaft  of  the  calorimeter  stirrer  was 
connected  with  the  revolving  piece  above  it  by  a  double  Hooke's  joint.  Until 
experiment  J  1 9  a  short  piece  of  brass  tubing  with  a  cross  wire  at  each  end  served 
as  the  Hooke's  joint,  with  the  exception  of  J's  17  and  18,  when  only  a  single 
Hooke's  joint  was  used.  A  difference  in  the  "  stirring  supply  "  was  shown  in  these 
two  experiments  (see  p.  450),  probably  due  to  some  difference  in  pressure  between  the 
agate  cylinder  at  the  bottom  of  the  stirring-rod  and  the  ring  surroimding  it.  After 
experiment  J  19  the  connection  was  made  by  a  small  circle  of  thin  wire,  which 
passed  through  a  hole  in  the  revolving  shaft  and  dropped  into  a  slit  in  the  top  of  the 
stirring-rod.  Thus  all  rigidity  in  the  connection  was  avoided,  and  the  stirring  effect 
was  more  regular  after  the  change.  Above  the  stirring-shaft  was  a  Habding's 
counter,  whose  axis  carried  at  its  upper  extremity  a  V-pulley,  and  at  its  lower 
extremity  the  Hooke's  joint  (see  Plate  2,  fig.  2).  These  counters  move  in  steps,  and 
not  with  a  continuous  sliding  motion,  and,  as  it  was  essential  that  we  should  be  able 
to  read  with  considerable  accuracy  the  time  of  each  1000  revolutions,  this  form  of 
counter  was  the  best  adapted  to  the  purpose.  The -wear  that  these  instruments  will 
stand  is  surprising,  for,  on  many  occasions,  nearly  a  quarter  of  a  million  revolutions 
per  day  were  recorded,  and  the  same  counter  was  used  by  us  throughout  our  experi- 
ments of  1891  and  1892,  with  the  exception  of  experiments  J  20  to  84,  when  the 
original  counter,  having  shown  some  slight  signs  of  wear,  was  replaced  by  another. 

The  motor  (one  of  the  fan  type)  was  by  Bailey  and  Co.,  and  of  the  usual  pattern. 
When  working  at  the  Sidney  Laboratory  in  1891,  the  changes  in  pressure,  and  there- 
fore in  the  speed  of  the  motor,  were  so  fi:^uent  that  we  were  compelled  to  relinquish 
our  attempts  to  perform  our  J  experiments  during  the  day,  and  the  observations  had, 
therefore,  to  be  taken  between  10  p.m.  and  2  a.m.  Even  during  these  hours,  the 
regularity  was  far  fix)m  satisfaxjtory. 

As  has  been  explained  in  the  introduction  a  special  room  was  built  for  the  experi- 
ments of  1892.  Here  the  supply  pipe  to  the  motor  led  directly  lix)m  the  main,  but 
the  irregularities  of  pressure  were  still  so  great  as  to  render  some  improvement 


THE  MECHANICAL  EQUIVALENT  OF  HEAT.  379 

imperative.  The  form  of  regulator  devised,  although  it  did  not  insure  that  absolute 
uniformity  which  we  'could  have  wished,  was  yet  so  eflfective  that  we  venture  to 
describe  it  at  length,  in  the  hope  that  it  may  prove  useful  to  others  who  have  met 
with  the  same  difficulty. 

AB  (see  Plate  4,  fig.  2)  was  a  flexible  diaphragm  made  of  india-rubber  of  one  ply. 
This  was  bolted  between  two  brass  saucer-shaped  discs  with  tinned  surfaces.  The 
lower  of  these  discs  was  connected  with  a  tube  leading  to  the  motor ;  the  upper,  by 
means  of  jB,  F^  G^  with  an  iron  reservoir  (a  mercury  bottle)  placed  on  the  floor.  A 
thin  metal  rod  was  attached  to  a  plate  in  the  centre  of  the  diaphragm,  and  at  its  lower 
extremity  were  fixed  two  cylinders  placed  so  as  to  form  a  balance  valve.  The  ends 
of  these  cylinders  were  grooved  in  such  a  manner  that  any  upward  movement 
diminished,  and  any  downward  movement  increased  the  size  of  the  channels  through 
which  the  water  had  to  pass.  The  water  firom  the  main  entered  at  (7,  and  after 
passing  through  the  grooved  channels  followed  the  path  indicated  by  the  arrows, 
until  it  arrived  at  the  injector  of  the  motor.  An  iron  tube  about  6  feet  high  was 
supported  by  a  vertical  plank,  which  reached  firom  the  floor  to  the  roof  of  the  labora- 
tory. The  lower  end  of  this  tube  entered  the  iron  reservoir  G  at  the  bottom,  and  to 
the  upper  extremity  was  fastened  about  4  feet  of  high  pressure  tubing  of  which  the 
firee  end  was  lashed  to  a  mercury  jar  H^  similar  to  the  hand  one  used  in  a  Geisslek's 
pump.  This  jar  rested  on  a  movable  shelf  which,  by  means  of  a  rope  and  pulley, 
could  be  raised  fix)m  about  4  feet  to  10  feet  above  the  vessel  G.  Sufficient  mercury 
was  placed  in  this  jar  to  fill  the  flexible  tube  and  the  lower  8  or  4  inches  of  the  iron 
vessel  G.  The  taps  at  iT,  F^  and  X,  were  then  opened  and  water  passed  into  the  tube 
E^  Kf  and  the  vessel  G.  As  the  pressm'e  increased,  the  mercury  was  forced  up  the 
tube  i/,  N  until  its  surface  became  visible  in  H.  The  tap  at  F  was  then  closed  and 
the  screw  plug  at  E  opened  to  allow  any  air  in  the  pipes,  or  above  the  diaphragm,  to 
escape.  E  was  then  closed  and  first  the  tap  L  was  opened,  then  the  tap  Fy  until  the 
mercury  again  .appeared  in  H.  F  wai?  then  finally  closed  and  would  not  again  be 
used  unless  it  was  necessary  to  refill  the  apparatus.  The  pressure  above  AB  could 
now  be  adjusted  at  will  by  altering  the  elevation  of  H^  and  the  effective  pressure 
could  thus  be  changed  firom  20  lbs.  to  60  lbs.  per  sq.  inch.  When  the  tap  L  was 
opened,  if  the  pressure  due  to  the  tap-water  on  the  lower  side  of  AB  exceeded  the 
pressure  on  the  top,  the  valve  was  lifted  and  the  flow  to  the  motor  diminished  until 
the  pressure  of  the  water  which  had  passed  the  valves  became  the  same  as  that  above 
the  diaphragm.  Conversely,  if  the  water  pressure  diminished,  the  flow  to  the  motor 
increased.  The  tap  at  K  was  only  used  to  remove  the  pressure  of  the  mercury 
coliunn  fi-om  the  top  of  the  diaphragm  when  the  instrument  was  not  in  use.  Within 
certain  limits,  this  regulator  acted  excellently ;  but  if  the  water  pressure  fell  so  low 
that  the  diaphragm  assumed  its  lowest  position,  it  ceased  to  be  effective.  By  altering 
the  elevation  of  the  movable  shelf  at  H^  the  rate  of  the  motor  could  be  adjusted  at 
willy  and  a  scale  being  fixed  to  the  vertical  plank,  the  extent  of  the  adjustment 
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necessary  to  pixxiuce   a  given  alteration  was  approximately  known  after  a   few 
observations. 

[Note  by  E.  H.  G.  Added  April,  1893.  Lord  Rayleigh  has  discussed  the  prin- 
ciples which  should  be  observed  when  using  a  motor  of  the  fan  type  (*  Proc.  Soc.  Roy./ 
1881,  p.  109),  and  has  shown  that  when  the  motor  is  run  at  high  speed  the  curves  of 
work  and  of  resistance  cut  each  other  at  a  greater  angle  than  is  possible  when  the 
rate  of  revolution  is  small,  and  thus  a  more  uniform  motion  is  obtained  in  the  former, 
than  in  the  latter,  case.  Our  speed  wheels  were  so  arranged  that  the  motor  under 
ordinary  circumstances  ran  at  about  16  revolutions  per  second,  which  appeared  to  be 
as  high  a  speed  as  was  necessary.] 

Section  V. — The  Pressure  in  the  Surrounding  Space. 

As  already  mentioned,  the  tubes  M  and  N  (see  Plate  3)  led  to  the  pumps  and 
McLeod  gauge.  The  circuit  embraced  several  yards  of  glass  tubing,  a  large  number 
of  junctions  and  four  taps,  of  which  three  had  to  be  absolutely  air-tight.  In  addi- 
tion there  were  the  four  insulated  junctions  in  the  steel  and  the  two  in  the  calori- 
meter lid,  and  also  the  six  openings  (three  in  the  steel  and  three  in  the  calorimeter), 
through  which  the  glass  tubes  which  supported  the  calorimeter  passed.  All  who 
have  worked  with  low  pressures  will  appreciate  the  diflSculty  of  making  such  a  series 
of  joints  sufficiently  air-tight. 

The  manner  in  which  the  difficulty  was  overcome  in  the  openings  through  the  steel 
and  calorimeter  is  described  in  Section  YII.  In  what  we  may  term  the  external 
circuit  the  greatest  difficulty  was  experienced  in  the  joints  between  the  glass  and  the 
steel  tubes  M  and  N.  Throughout  1891  we  used  telescopic  joints.  The  glass  tubes, 
which  closely  fitted  into  the  steel  ones,  were  coated  with  haitl  sheUac,  and,  when 
both  glass  and  steel  had  been  warmed,  were  pressed  into  position.  There  is  no  doubt 
that  such  joints  can  be  made  absolutely  air-tight ;  but  they  cannot  be  trusted  to  last 
for  any  length  of  time.  It  is  possible  that  shellac  is  sufficiently  viscous  to  yield  to 
long  continued  pressure,  or^  on  the  other  hand,  it  may  crack  when  exposed  to  sudden 
changes  of  temperature.  Whatever  the  cause  may  be,  we  have  found  such  joints 
most  treacherous.  Their  very  perfection  when  first  made  renders  them  the  more 
dangerous,  for  they  inspire  the  observer  with  a  false  confidence. 

Our  experiences  during  1891  led  us  to  reject  the  use  of  shellac  in  any  form.*  In 
1892  the  connection  between  the  glass  and  steel  was  made  by  platinum  tubes  of 
small  bore,  soldered  into  the  steel  at  one  end  and  fused  into  the  glass  at  the  other. 
However,  the  latter  form  of  junction  could  not  be  relied  on  unless  the  diameter  of 
the  platinum  was  small,  and  this  constriction  of  both  the  passages  leading  to  the 
pumps  greatly  increased  the  labour  of  exhausting,  for  the  process  of  difi^ion  through 

*  From  the  commQncement  we  avoided  the  nse  of  india-rubber  tubing. 


THE  MECHANICAL  EQUIVALENT   OF  HEAT.  381 

such  narrow  tubes  is  very  slow  when  the  difference  of  pressure  at  the  ends  falls  below 
1  millim.  As  we  could  find  no  way  out  of  this  difficulty  we  had  to  content  ourselves 
with  a  higher  pressure  than  we  had  proposed  to  work  with. 

The  taps  used  were  of  a  kind  that  has  a  diagonal  hole  through  the  stopper  and  a 
mercury  cup  at  each  end ;  they  appear  to  be  very  perfect,  and  any  leakage  from  either 
end  can  be  detected  by  its  effect  on  the  mercury.  One  of  these  taps  was  in  each 
glass  tube  leading  from  M  and  N^  and,  by  their  means,  all  the  rest  of  the  circuit 
could  be  cut  off  from  the  calorimeter. 

The  tube  connected  with  M  led  to  a  five-way  Sprengel  and  a  McLeod  gauge  (both 
by  Hicks).  The  tube  from  2V,  after  passing  the  first  tap,  branched  into  two  arms, 
one  of  which  led  to  a  Geissler  pump,  while  in  the  other  waa  a  three-way  tap 
establishing  connection  with  the  water  pump,  or  with  a  series  of  drying  bottles, 
containing  HgSO^.  A  tube  containing  Ba(H0)2  was  fixed  between  the  drying  bottles 
and  the  calorimeter,  as  we  thought  it  just  possible  that,  otherwise,  sufficient  H^SO^ 
vapour  might  pass  into  the  chamber  to  produce  some  action  on  the  steel  surfaces. 

When  the  apparatus  was  fixed  together  the  temperature  of  the  tank  was  raised  to 
about  40®  C. ;  the  air  was  then  exhausted  down  to  about  16  millims.  by  the  water 
pump,  dry  air  was  passed  in  slowly,  and  this  process  was  repeated  several  times. 
Finally  the  pressure  was  reduced  as  far  as  possible  by  the  water  pump  (to  about  12 
to  14  millims.),  and  the  Sprengel  and  Geissler  brought  into  play. 

It  took  about  100  double  strokes  with  these  pmnps  to  bring  the  pressure  down  to 
1  millim.,  so  the  labour  involved  was  great,  and  want  of  time  alone  prevented  our 
reducing  the  pressure  further  than  we  did.  By  increasing  the  number  of  the  platinum 
tubes  we  hope  to  be  able  in  future  to  work  with  much  better  vacua. 

The  absence  of  leakage  is  indicated  by  the  fact  that  the  lapse  of  a  week  made  no 
perceptible  difference  in  the  reading  of  the  McLeod  gauge,  although  a  change  of  '01 
millim.  could  have  been  easily  detected. 

It  was  long  before  this  degree  of  perfection  was  attained,  for  the  difficulty  of 
ascertaining  the  position  of  a  slight  leakage,  in  such  a  circuit,  was  very  great,  and 
many  weary  hours  were  expended  in  leak  hunting  and  in  consequent  taking  to  pieces 
and  putting  together  again  the  various  portions  of  the  apparatus. 

Section  VI.— The  Method  of  Maintaining  a  Constant  E.M.F. 

General  plan  of  the  electrical  connections*  (fig.  2,  p.  382) : — 
Leads  passing  through  points  numbered  1  and  3  belong  to  the  Clark  cell  circuit. 
Leads  passing  through  points  numbered  2  and  4  belong  to  the  storage  cell  circuit. 
The  leads  1  and  2,  as  also  3  and  4,  unite  at  the  lid  of  the  calorimeter  itself,  as 
shown  in  the  small  sketch. 

♦  The  actual  position  of  the  galvanometers,  Ac,  was  diflferent  from  the  sketch,  which  is  only  intended 
to  indicate  the  nature  of  the  arrangement. 
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All  connecting  wires  of  any  length  were  carried  overhead,  and  hting  by  silk  threads 
from  a  net  suspended  aboat  7  feet  above  the  table.  Thus  all  were  visible,  and  oouU 
be  traced  without  difficulty.  All  keys  and  instruments  through  which  conimunication 
with  earth  could  be  made  were  placed  on  slabs  of  paraffin  or  ebonite,  and  the  accumu- 
lators were  also  insulated.  Each  lead  was  placed  as  close  as  possible  to  its  return  to 
avoid  any  electro-magnetic  action.  The  resistance  of  the  galvanometer  G^  was  about 
9000  ohms.  Instruments  of  such  high  resistance  speedily  indicate  any  leaka^  in 
the  circuit,  and  it  was  not  until  we  had  given  considerable  time  and  attention  to  Uie 
insulation  that  we  were  &ee  fix>m  trouble  on  this  account. 


Fig.  2. 


The  galvanometer  (an  astatic  one  manufactured  by  the  Scientific  Instrument 
Company,  and  the  field  so  adjusted  that  the  time  of  a  single  oscillation  was  about 
4  seconds)  showed  no  deflection  unless  connected  with  the  Clark  cells,  although,  at 
times,  the  difference  of  potential  between  the  screws  2  and  4  amounted  to  10  volta 
If  the  fingers  were  placed  on  the  ends  of  the  wires  communicating  with  it,  the  spot 
of  light  could  be  thrown  nearly  off  the  scale.  The  galvanometer  was  placed  at  the 
farther  end  of  a  tunnel  (4  feet  in  length)  of  which  the  nearer  end  was  closed  by  a 
sheet  of  ground  glass.  The  beam  of  light  was  thrown  in  through  the  side  of  the 
tunnel,  reflected  on  to  the  galvanometer  mirror  and  thence  on  to  the  ground  glass,  which 
was  protected  by  a  hood  from  other  illumination.     Thus  the  "  spot "  was  easily  visible, 


THE  MECHANICAL  EQUIVALENT  OF  HEAT.  383 

even  in  bright  day-light,  by  either  of  the  observers  when  in  the  situations  they 
occupied  during  the  experiments.  The  extreme  sensitiveness  of  this  galvanometer 
will  be  illustrated  when  dealing  with  the  comparison  of  our  Clark  cells. 

The  method  of  maintaining  the  ends  of  the  coil  at  a  constant  potential  difference 
has  been  indicated  in  Section  1.  The  experimental  accuracy  of  the  method  depends 
entirely  upon  the  action  of  the  rheostat  at  K  (fig.  1,  p.  370).  This  instrument  should 
be  capable  of  a  fine,  as  well  as  a  rough,  adjustment,  and,  above  all,  there  should  be  no 
possibility  of  uncertain  contact. 

The  majority  of  rheostats  establish  connection  by  the  pressure  of  a  sliding  piece 
upon  a  wire,  which  is,  at  the  best,  an  unreliable  form  of  contact.  The  instrument 
devised  by  us  has,  however,  proved  to  be  so  free  from  this  defect  that  we  describe  it 
at  some  lengtL 

It  is  well  known  that  the  electrical  contact  between  a  moving  platinum  wire  and 
mercury  is,  under  ordinary  circumstances,  an  unsatisfactory  one ;  its  uncertain  nature 
being  probably  due  to  the  air-film  attached  to  the  wire.*  We  found  that  in  vacuo 
the  contact  was  in  every  way  satisfactory. 

A  and  B  (see  Plate  2,  fig.  8)  are  two  glass  tubes  about  7  feet  long,  with  a  platinum 
wire  running  through  the  interior  of  each — the  ends  of  the  wires  projecting  at  A  and  B. 
The  resistance  of  the  wire  in  ^  is  about  6  ohms  per  foot,  and  of  that  in  jB  17  ohm 
per  foot.     C  and  D  are  two  wide  tubes  about  3^  feet  long,  closed  at  the  lower  ends. 

A  and  B  were  carefully  filled  through  a  capillary  tube  with  hot  mercury,  and 
inverted  so  as  to  stand  in  C  and  D.  Practically,  A  and  B  are  two  barometers 
having  tubes  of  about  twice  the  usual  length.  C  and  D  are  fijmly  fixed  in  a  stand, 
and  A  and  B  are  raised  or  lowered  by  handles  at  the  side,  connected  with  gearing 
wheels  which  move  two  racks,  fixed  upon  the  rods  carrying  A  and  B.  In  their 
lowest  position  the  barometer  column  reaches  almost  to  the  top  of  the  tubes ;  in  their 
highest,  about  4  feet  of  the  wire  is  left  above  the  mercury.  Spiral  wires  are  attached 
to  the  projecting  ends  of  the  platinima  wire  at  the  top,  and  the  ends  of  a  copper  fork, 
carrying  a  Screw  connector  {E)  at  the  bend,  communicate  with  the  mercury  in 
C  and  D. 

The  current  enters  at  F^  passes  down  the  wires  in  A  and  It  (which  are  thus  in 
parallel  arc),  and  leaves  the  instrument  at  E.  The  wire  from  i^  to  jB  is  so  arranged 
that  additional  resistance  can  be  placed  in  it  if  required. 

The  mean  resistance  of  the  calorimeter  coil  used  by  us  this  year  was  about  8'5ck> ; 
the  minimima  external  resistance  about  l'3ck>.  The  E.M.F.  of  each  storage  cell  was 
about  1*4  times  the  E.M.F:  of  one  Clark  cell.  Denoting  our  external  resistance  by  r, 
and  the  coil  resistance  by  R,  it  is  evident  that  (when  the  number  of  storage  and 
Clark  cells  were  equal)  an  approximate  balance  would  be  obtained  if  (R  -j-  r)/R  =  1  '4, 
which  gives  r  =  3*4,  i.e.,  when  the  rheostat  resistance  was  about  2* lew. 

*  If  the  wire  is  amalgamated  the  mercury  is  apt  to  cling  to  it  when  the  wire  is  withdrawn. 
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It  was  found  that  by  raising  A  about  6  inches,  B  about  24  inches,  and  introducing 
a  resistance  of  4cii>  into  FB^  an  approximate  balance  was  obtained.  The  resistance  of 
A  was  then  about  'Scu,  and  B  7'30cii>.  B  thus  acted  as  a  shunt,  and  a  considerable 
alteration  in  it  caused  only  a  small  change  in  r.  By  altering  their  relative  positions 
the  ratio  A/B  could  be  changed,  and  the  sensitiveness  of  the  instrument  could  thus  be 
altered  when  required.  When  arranged  as  above,  a  movement  of  1  inch  in  B  would 
throw  the  galvanometer  spot  off  the  scale,  while  the  effect  of  a  change  of  1/25  inch 
was  distinctly  visible. 

Thus  a  rise  of  1  inch  in  B  would  change  r  from  ('3 +  7 '3)/ ('3  X  7*3)  to 
(•8  +  7-44)  /  (-3  X  7-44),  i.e.,  a  change  of  '0003(0. 

And  thus  the  ratio  r/R  would  change  from  1*3  /  8 '5  to  1'3003  /S'S,  Si  change  of  lees 
than  1  /  50,000. 

The  scale  on  the  galvanometer  screen  had  divisions  of  about  I  inch  in  length,  and  a 
deviation  of  1  scale  division,  during  a  whole  experiment,  was  exceptional  It  thus 
appears  that  the  variations  in  E  were  certainly  within  1  / 100,000  of  the  mean  value 
during  the  experiments,  and,  therefore,  changes  in  E,  consequent  on  changes  in  R  or  S, 
might  be  disregarded.*  It  was  necessary  that  throughout  each  experiment  one 
observer  should  give  his  entire  attention  to  the  adjustment  of  the  rheostat.  As 
the  temperature  of  the  coil  rose  steadily  the  value  of  r  had  to  be  increased,  its  total 
increase  (over  our  range)  being  about  '005ck>,  i.e.,  a  rise  of  about  36  inches  in  B.t  No 
doubt  this  adjustment  took  place  in  steps.  The  spot  was  observed  to  cross  the  zero 
line  and  was  then  thrown  back  to  the  further  side— a  rise  of  1  miUim.  in  B  being,  as 
a  rule,  sufficient  for  this  purpose.  As  the  handle  had  a  large  radius,  this  small  change 
was  effected  without  difficulty.  The  effect  of  such  small  oscillations  about  the  zero 
position  would  probably  "  mean  out,"  and  if  not,  would  be  negligible. 

Other  possible  causes  of  alterations  in  the  value  of  E  are — 

(1)  Polarization,  as  a  consequence  of  the  current  required  to  affect  the  galvanometer. 
The  high  resistance  of  the  galvanometer  rendered  any  perceptible  polarization 
extremely  improbable.  In  our  earlier  experiments  an  additional  resistance  of  L0,0Q0oi 
was  placed  in  the  circuit ;  contact  was  intermittent  and  established  by  a  key  which 
was  worked  by  a  water  motor. 

Throughout  oiu*  1891  experiments  we  made  it  a  rule  to  compare  before  and 
inunediately  after  each  experiment  the  E.M.F.  of  the  cells  used|  with  others  which 
were  kept  as  standards,  and,  as  we  were  unable  to  detect  any  change,  these  excessive 
precautions  were  abandoned.  On  twenty-six  occasions  when  no  extra  resistance  was 
introduced  these  cells  were  compared  before,  and  at  the  close  of,  an  experimentb 

*  When  the  external  circuit  became  heated  by  the  current  at  the  commencement  of  an  experiment 
considerable  adjustment  was  required,  but  it  was  made  without  difficulty. 

t  This  increase  is  in  addition  to  the  increase  in  r  due  to  the  heating  of  the  external  circuit. 

X  The  Clark  cells  used  in  1891  belonged  to  the  Cavendish  Laboratory,  and  are  the  ones  referred  to  in 
Table  IX., '  Phil.  Trans.,'  A,  1892,  p.  605. 
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Poggendorff's  method  was  used  ;  a  change  of  one  plug  indicated  a  change  of  E/6000, 
each  cell  was  balanced  against  the  standard  ones  in  the  manner  adopted  by  Messrs. 
Glazebbook  and  Skinner,  and  in  no  case  could  any  alteration  whatever  be  detected. 
This  point  having  been  satisfitctorily  established,  we  considered  it  unnecessary  to 
repeat  the  observations  in  a  similar  manner  this  year,  but  contented  ourselves  with 
occasional  comparison  of  the  cells  used  with  others  which  we  kept  as  standards. 

(2)  The  second  difficulty  was  not  surmounted  so  satisfactorily.  As  before  mentioned 
(Introduction)  the  laboratory  was  maintained  in  cold  weather  at  a  constant  tempera- 
ture of  about  16°  C,  by  an  automatic  regulator.  However,  during  the  months  of 
August  and  September,  1892,  while  the  nights  were  cool,  the  temperature  during  the 
day  was  extremely  high,  and  occasionally  rose  in  the  laboratory  to  over  20°  C.  The 
Clark  cells  were  contained  in  a  tank  of  water,  but  their  temperature  at  times  changed 
by  3°  or  4°  C. ;  and  under  such  circumstances  the  difficulty  was  to  know  what  tem- 
perature to  take. 

.  Messrs.  Glazebbook  and  Skinneb  have  shown  that  the  E.M.F.  does  not  change 
with  the  thermometer,  but  lags  considerably.  A  difference  between  the  "virtual" 
and  "real"  temperature  of  1°  C.  would  cause  a  difference  of  1  in  1000  in  our 
corrected  times>  and  we  believe  that  many  of  the  irregularities  in  our  results, 
especially  in  experiments  before  August  15,  are  attributable  to  this  cause.  On 
that  date  we  got  into  working  order  a  regulator  which  much  diminished  this  source 
of  error.  A  large  bulb  of  mercury  was  immersed  in  the  tank,  and  was  connected  by 
a  narrow  tube  with  a  trap  of  the  ordinary  gas  regulator  pattern,  through  which 
cold  tap-water,  instead  of  gas,  was  kept  flowing.  When  the  mercury  expanded,  the 
water  ceased  to  flow  through  the  regulator,  and  diverged  by  a  bye-way  into  the 
tank ;  when  the  mercury  contracted,  the  cold  water  passed  into  a  waste  pipe,  instead 
of  into  the  tank.  The  pressure  of  the  water  was  kept  constant  by  a  small  supply 
cistern^  with  an  overflow  pipe,  which  was  suspended  by  a  string,  and  the  head  of 
water  could  thus  be  regulated.  This  apparatus  worked  most  satisfactorily — ^a  change 
of  ^^  "C.  turning  the  inflowing  water  from  the  tank  to  the  waste.  Unfortunately 
the  weather  became  so  warm  that  even  the  tap-water  at  that  end  of  the  laboratory 
rose  to  about  16®  C  The  changes,  after  the  introduction  of  the  regulator,  were, 
however,  much  diminished,  and  rarely  amounted  to  0°'5  C.  As  regards  the  errors 
thus  introduced,  although  they  seriously  affect  individual  experiments,  they  must 
tend  to  eliminate  when  a  large  number  of  observations  are  taken. 

The  Clark  cells  used  for  the  1892  experiments  were  constructed  during  January 
and  February  of  that  year.  Particulars  of  their  construction  are  given  in  an 
Appendix  to  Messrs.  Glazebbook  and  Skinneb's  paper ;  therefore  it  is  unnecessary 
to  give  here  more  than  a  brief  summary. 

Although  the  method  of  preparing  the  solutions  for  different  batches  of  six  was 
varied,  the  E.M.F.  of  all  the  cells  is  practically  the  same.  In  all  cases,  the  platinum 
wires  were  amalgamated  by  being  dipped  in  mercury  when  red  hot.     The  mercury, 
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which  was  freshly  distilled,  was  about  1  centim.  in  depth,  and  was  nearly  touohed  by 
the  ends  of  the  zinc  rods.  About  1  centim.  of  the  *^  paste  "  was  placed  on  the 
mercury,  then,  about  1  '5  centim.  of  ZnS04  solution  and  some  crystals  €i  ZnSO^^ 
Above  this  solution  was  fixed  a  thin  cork,  on  which  was  a  thin  layer  of  paraflin  wax. 
On  this  was  placed  about  6  centims.  of  glass-wool  and  then  about  2  centims.  of  marine 
glue.  The  diameter  of  the  cell  was  about  2*5  centims.  The  platinum  wire  was 
sealed  into  a  thin  glass  tube,  the  end  of  whidi  projected  above  the  marine  glue.  In 
most  cases  the  upper  end  of  the  zincs  was  completely  buried. 


Nos.  43  to  48 
Nos.  49  to  54. 


Nos.*  31  to  42.~  Hg2S04t  unwashed  but  shaken  up  with  Hg  and  the  ZnS04  solution 

filtered  at  30^  C,  zincs  not  amalgamated. 

-Prepared  by  following  out  the  Board  of  Trade  directions  exactly. 

-Boiled  the  ZnSO^  solution  with .  ZnO,  allowed  to  cool  to  80®  C. 
Filtered  at  30°  C.  Added  to  this  a  small  quantity  of  Hg|S04 
paste.  Filtered  off  resulting  blade  precipitate,  warmed  filtrate, 
and  again  filtered  at  30®  C.  The  cells  made  with  this  solutimi 
appeared  to  settle  down  to  their  final  KM.F.  immediately  after 
their  manu&cture,  unlike  the  others^  which  were  some  time 
before  they  became  steady. 

About  thirty  comparisons  of  these  cells  were  made  between  January  and  Septeml)er, 
1892.  Nos.  31  to  42  remained  at  the  Cavendish  Laboratory  for  some  time,  and  were 
repeatedly  compared  with  the  Rayleigh  Standard  by  Mr.  Skinner,  to  whom  we  owe 
our  best  thanks  for  the  trouble  he  took  in  this  matter. 

We  select  as  examples  comparisons  made  on  three  different  datea  The  results 
of  the  comparisons  on  other  dates  are  as  close,  but  it  is  unneoessary  to  give  them 
at  length. 

No  discrepancy  showed  itself  except  after  rapid  changes  of  temperature,  and  in  the 
most  extreme  case  the  difference  from  the  mean  did  not  amount  to  1  in  2000<  The 
comparison  of  cells  31  to  36  with  the  Cavendish  Standard,  on  February  18th  and 
20th,  gave  precisely  similar  results.  These  comparisons  were  only  the  last  of  a 
series.  On  both  dates  the  temperature  of  the  standard  was  slightly  higher  than 
that  of  the  cells,  and  therefore  the  equality  was  very  dose.  Mr.  Skinneb,  writing 
on  February  20th,  said,  ''  You  may  take  it  that  No&  3 1  to  36  are  now  equal  to  our 
standard,  and  no  ftirther  comparison  is  necessary."  In  our  comparisons  the  cells 
were,  in  each  case,  placed  in  opposition  to  No.  31. 


^  These  cells  are  nnmbered  131  to  160  in  Messrs.  Glazebrook  and  Skiknsr's  psper,  *  Fbil.  Trans./ 
A,  1892,  pp.  622  to  624.     Numbers  154  to  160  were  not  nsed  by  ns  during  this  invostigation. 
t  Chemicals  supplied  by  Messrs.  Habrington. 
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Table  I. 


Feb.  13  and  20, 1892. 

Comparison  with 
CaTendish  Standard. 
(Diff.  in  6000  parte.) 

May  1, 1892. 

Comparison  with 

No.  31. 

(Dift.  in  6000  parts.) 

July  3, 1892. 

Comparison  with 

No.  31. 

(Di«P.  in  6000  parts.) 

Sept.  6, 1892. 

Comparison  with 

No.  31.» 

(By  potentiometer.) 

31 
32 
33 
34 
35 
36 

+  1  + 
+  1 
+  1 
+  1 
+  2  + 
+  2  + 

0 
+  2  + 
+  1 
-1 
-1 

0 

0 
+  2- 

0  + 
-1- 

0 
+  1 

100000 
+  -00002 

-  -00003 

-  -00013 

-  00011 

•0 

37 
38 
39 
40 
41 
42 

0 

0 

0- 

0 

0- 

0- 

+  1 
+  1 
+  1 

+  1 

0  + 

0  + 

+00001 
+ -00002 
+  00001 
-•00006 
- -00006 
-•00007 

43 
44 
45 
46 

47 
48 

1 

+  2 

+  1 

0  + 
+  2  + 
+  4 
+  3  + 

+  3 
+  2 
+  2  + 
+  3 
+  3 
+  5 

+  -00022 
-.-•00013 
+  •00014 
+  ^00020 
+  00014 
+00016 

49 
50 
61 
52 
53 
54 

0  + 
+  1 
-1 
-1 

0- 
-1 

0  + 

+  1- 

0  + 
0  + 

+ 1- 

0  + 

--0O0O1 

•0 
-•00002 
-00009 
-00007 

-0 

Temperature   .    .    . 

12''-2 

ir-i 

16''04 

On  May  1  and  July  3  the  total  resistaDce  of  the  two  boxes  used  was  12,000cii>» 
80  the  numbers  given  represent  the  difierences  in  6000  parts.  In  the  comparison 
on  September  6  a  Clark's  potentiometer  (oonstructed  by  Messrs.  Elliott)  was 
used.  Readings  can  be  taken  with  an  instrument  of  this  kind,  with  much  greater 
ease  and  certainty  than  when  using  two  resistance  boxes. 

It  may  be  worth  mentioning  that  on  September  6,  the  instrument  was  adjusted 
by  one  observer  and  the  readings  taken  by  the  other,  who  then  moved  the  handle, 
thereby  compelling  a  fresh  adjustment  by  the  first  observer.  The  galvanometer  used 
was  the  high  resistance  one,  G^,  previously  referred  to,  and  gave  a  distinct  deflection 
for  a  change  of  1/10""*  in  R. 

Several  comparisons  were  also  made  at  different  dates  with  some  cells  belonging 

*  We  have  not  rednoed  the  potentiometer  readings  to  the  same  form  as  that  adopted  in  the  previous 
oolnmns,  as  a  differenoe  of  '00017  oorresponds  to  1  in  6000,  and  the  differences  shown  on  September  6 
would  only  amount  to  -f-  1  +  in  the  most  extreme  case. 

8  D  2 


588  MR.  E.  H.  GRITFITHS  ON  THE  VALUE  OF' 

to  the  Cavendish  Laboratory.*  These  cellst  were  (early  in  August)  in  close  agree- 
ment with  No.  31,  and  also  with  the  Cavendish.  They  have  since  been  compared 
with  the  Berlin  Standard,  and  appear  to  exceed  that  standard  by  about  "0002  volt. 

It  will  be  noticed  that  the  results  of  the  comparison  on  September  6th  are  in 
much  closer  agreement  than  those  of  previous  dates.  This  is  partially  due  to  the 
potentiometer,  since  the  adjustment  in  this  case  has  not  to  proceed  by  steps.  It 
must  be  remembered  also  that  the  cells  had  been  kept  (by  the  regulator  above 
described)  at  a  steady  temperature  for  a  considerable  time  ;  and  the  great  importance 
of  a  constant  temperature  is  rendered  evident  by  the  figmres  given  in  Table  I.,  and 
illustrates  the  truth  of  Mr.  Glazebrook's  remark  that  many  discrepancies  are  due 
to  the  diflferent  "  lag  "  of  the  cells  when  their  temperature  is  changing. 

A  consideration  of  the  above  facte  will,  we  believe,  bear  out  the  conclusion  that 
the  mean  value  of  our  C/lark  cells  may  be  regarded  as  exceeding  that  of  the 
Cavendish  standard  by  not  more  than  '0002  volt  (i.e.,  by  about  1  in  7000).  During 
our  J  experiments  we  always  used  a  considerable  number  of  these  cells,  placing 
several  in  parallel  arc,  and  in  no  case  did  we  use  less  than  nine  of  them  at  any  one 
time.     Thus  no  correction  for  individual  cells  is  necessary. 

A  reference  to  Glazebrook  and  Skinner's  paper  will  show  that  but  a  short  time 
elapsed  between  their  determination  of  the  absolute  value  of  the  Cavendish  standard, 
and  the  comparison  of  our  cells  with  that  standard.  The  absolute  value  of  the 
standard  is  given  by  them  as  1'4342  volt;J  we  ai'e  therefore  justified  in  assuming 
the  mean  value  of  cells  No.  31  to  54,  as 

1-4344  {1  + -00077  (15-0}- 

[Note  by  E.  H.  G.,  added  April,  1893.  All  the  cells  mentioned  above  practically 
maintain  their  relative  positions  at  this  date.  I  have  recently  taken  a  series  of 
observations  in  the  hope  of  throwing  some  light  on  the  gradual  approximation  of  the 
cells,  as  shown  by  Table  I,  I  find  that  if  the  temperature  is  suddenly  raised,  and 
then  kept  quite  constant,  the  initial  differences  steadily  decrease  with  lapse  of  time»- 
and  that  the  cells  continue  to  converge  after  the  lapse  of  many  days,  arid  eveti  weeks. 
The  cells  prepared  by  my  method  of  adding  some  Hg2S04  to  the  solution  before 
filtering,  appear  to  settle  into  their  final  state  more  rapidly  than  the  others.] 

Section  VII. — The  Measurement  of  Resistance. 

The  coil  used  by  us  in  1888  was  of  platinum-iridium  wire,  and  had  a  mean  R  of 
about  19  a). 

•  We  take  thia  opportunity  of  thanking  Professor  Thomson  for  his  kindness  in  permitting  ns  to 
borrow  many  pieces  of  apparatus  belonging  to  the  Cavendish  Laboratory. 

t  These  are  the  cells  Nos.  65,  69,  70,  77,  78,  and  79,  mentioned  in  Messrs.  Glazebrook  and  SKnfNBfE's 
paper.    No.  65  may  be  regarded  as  equal  to  our  No.  31.    See  *  Phil.  Trans.,'  A,  1892,  pp.  605, 623,  and  625- 

X  « Phil.  Trans.,'  A,  1892,  p.  582.  . .    , .     . 
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In  1889  we  used  two  coils  of  2  and  4  co,  one  of  German  silver  and  one  of  platinum, 
both  covered  with  a  layer  of  gutta-percha. 

In  1891  we  used  a  coil  of  about  lOco  covered  with  amber  varnish  and  made  of 
copper-manganese-nickel  alloy,  and  also  a  platinum  wire  of  about  the  same  value. 

This  year  we  have  contented  ourselves  with  a  platinum  wire  of  about  8*5  gi. 

Since  H  oc  WfR  and  E  is,  throughout  each  experiment,  a  constant,  therefore  H  oc  l/R- 
Hence  if  a  coil  of  large  resistance  is  used,  the  quantity  of  heat  developed  will  be 
small,  unless  E  is  great. 

•  It  appeared  to  us  desirable  to  keep  the  value  of  E  as  low  as  possible,  for  the  greater 
the  difference  of  potential  at  the  ends  of  the  coil,  the  greater  is  the  loss  arising  from 
imperfect  insulation,  &c.  On  the  other  hand,  if  the  coil  is  too  short  the  development 
of  heat  is  too  localized,  and  its  even  distribution  throughout  the  calorimeter  rendered 
more  difficult.  Our  experience  in  the  earlier  experiments,  as  also  a  consideration  of 
the  masses  of  water,  &c.,  led  us  to  the  conclusion  that  a  difference  of  potential  equal 
to  that  of  from  3  to  5  Clark  cells'*  and  a  resistance  of  8  to  10  cu  would  balance  the 
opposing  influences  in  the  manner  best  adapted  for  our  purpose. 

Platinum  would  at  first  sight  appear  to  be  an  unsuitable  metal  of  which  to  formf 
the  coil,  for  its  temperature  coefficient  is  very  great,  and  the  element  of  change  thus 
introduced  involves  much  arithmetic  in  the  final  calculations.  For  the  same  reason 
the  error  due  to  its  rise  in  temperature  above  the  surrounding  water  is  likely  to  be  more 
serious  than  if  the  coil  was  formed  of  an  alloy.  These  considerations  carried  so  much 
weight  that  we  undertook  (in  the  summer  of  1890)  a  series  of  investigations  into  the 
resistance  of  the  various  copper-manganese-nickel  alloys,  which  had  been  recently 
introduced  by  Dr.  Feuszner  of  Berlin.  Some  of  these  alloys  were  made  for  us 
by  Messrs.  Johnson  and  Matthey,  and  several  specimens  were  given  to  us  by 
Dr.  Feuszner,  to  whom  we  owe  our  best  thanks  for  his  kindness;  others  were 
obtained  from  Messrs.  Wolff,  Berlin. 

The  behaviour  of  these  alloys  was  investigated  over  a  range  of  firom  —  20®  C. 
to  100®  C.  The  different  wires  passed  down  a  tube  about  4  feet  long,  together 
with  a  platinum  wire,  cut  from  the  same  coil  as  that  from  which  one  of  our  platinimi 
thermometers  was  made.  The  resistance  of  this  wire  {in  situ)  was  determined  in  ice 
and  steam,  and  the  value  of  S  being  known,  by  its  determination  when  in  our 
platinum  thermometer,  the  mean  temperature  of  the  wires  surrounding  it  could  be 
deduced  with  great  accuracy. 

We  hoped  to  proceed  with  an  analysis  of  the  composition  of  all  the  wires  used  but 
time  has  not  been  sufficient. 

The  results  are  summarized  in  the  following  table. 

*  Had  we  felt  certain  that  the  insnlation  of  the  wire  was  perfect,  we  should  have  had  no  hesitation  in 
increasing  the  potential  difference,  in  which  case  we  conld  have  worked  with  larger  masses  of  water. 
The  uncertainty  as  to  the  temperatujre  of  the  wire  when  thickly  coated  would,  however,  more  than 
counterbalance  any  advantage  gained  by  the  use  of  larger  masses. 
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A  = 
B  = 
C  = 

D  = 
E  = 
F  = 
G  = 
H  = 
J  = 
K  = 
L  = 
M  = 


Date — July  24  to  September  18,  1890. 

Platinum  wire,  diameter  '005,  same  as  thermometer  H  (previously  annealed). 

Copper  wire  (commercial). 

Copper-manganese  alloy  made  by  Messrs.  Johnson  and  Matthby — approximate 

composition — '4  per  cent,  manganese  (previously  annealed  in  carbon).* 
Copper  and  manganese  (J  and  M),  1 6  per  cent,  manganese  (previously  annealed 

in  carbon). 
Copper  and  manganese  alloy  presented  to  us  by  Dr.  Feuszneb  (Mn  10  per  cent. 

and  Cu  90  per  cent.). 
Copper-manganese-nickel  alloy  fixMn  Dr.  Feuszneb  (diameter  '17  millim.),  rather 

more  Mn  than  G  and  H. 
Copper-manganese-nickel   alloy   from   Dr.   Feuszner   (diameter   *14   millim.}, 

Mn  12  per  cent.,  Ni  3  per  cent.,  Cu  85  per  cent. 
Copper-manganese-nickel    alloy   from   Dr.   Feuszneb   (diameter   '10   millim.), 

Mn  12  per  cent.,  Ni  3  percent.,  Cu  85  per  cent. 
Copper-manganese-nickel  alloy  supplied  by  Wolff  (diameter  "24  millim.),  Mn, 

Ni,  and  Cu,  but  composition  uncertain. 
Copper-manganese-nickel  alloy  supplied  by  Wolff  (diameter  '17  millim.)  Mn, 

Ni,  and  Cu,  but  composition  uncertain. 
Copper-manganese-nickel  alloy  supplied  by  Wolff  (diameter  "10  millim.)^  Mn, 

Ni,  and  Cu,  but  composition  uncertain. 
German  silver. 

Table  II. — (Temperatures  by  Air  Thermometer.) 


Arpt) 

B(Cn) 
C 
D 
E 
F 
G 
H 
J 
K 
L 

-20** 

0 

10 

15 

20 

25 

50 

75 

100 

1-3468 
1-3054 
10977 
1-0096 
1-0031 
1-0052 
1-0134 
•9967 
1-0004 
10027 
1-0011 

Max.  at  75°  C. 

Max.  at  —  5*  0. 

55°  C. 

90°  0. 

,.    65-  0. 

•9288 
•9382 
•9805 
•9968 
•9976 
'9983 
•9966 
•9999 
.9987 
•9989 
•9986 

10362 
10306 
1-0097 
lOOU 
10009 
1-0008 
1-0014 
1-0000 
1-0005 
1^0006 
1-0005 

1-0525 
10468 
10147 
10021 
10013 
10012 
10022 
•9999 
1-0007 
10009 
1-0007 

10700 
1^0627 
10195 
10027 
10017 
10016 
10030 
•9999 
10009 
10011 
10008 

1^0874 
10790 
10244 
10033 
10020 
1-0019 
10037 
•9996 
10011 
1-0014 
10010 

11745 

l-()485 
10058 
1-0032 
10032 
10084 
•9991 
10015 
10023 
10014 

12608 

1-0733 
1-0078 
1-0036 
1-0042 
1-0104 
•9979 
10014 
1-0026 
1-0014 

M 

(caloolated) 

•9920 

1 

10040 

1^0060 

10080 

10100 

10200 

10300 

1-0400 

The  above  resistances  were  taken  with  an  E.M.F.  of  four  Leclanch^  cells,  and  the 
arms  of  the  bridge  were  1000/10.     A  double  set  of  electrodes  was  used,  and    the 

*  We  have  to  thank  Mr.  C.  T.  Heycock  for  his  kindness  in  making  an  analysis  of  this  alloy. 
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e&ternal  resistance  determined  for  each  observation.  Also  the  resistance  of  the 
platinum  wire  was  observed  before  and  after  each  determination  of  the  other  wire& 
The  current  was  reversed  on  each  occasion  to  eliminate  thermal  effects.  The  total 
swing  of  the  galvanometer  averaged  about  150  scale  divisions  for  a  difference  of  *01  en, 
and  thus  the  next  figure  could  be  determined  with  accuracy.  The  actual  resistance 
of  the  wires  used  varied  from  1  to  50  cu ;  but  in  the  above  table  the  resistance  of  each 
at  0^  C.  is  assumed  as  1  cu.  It  must  be  remembered  that  the  temperatures  are 
expressed  in  the  air  (not  mercury)  scale. 

According  to  the  analysis  given  by  Dr.  Feuszner,  Q  and  H  have  the  same  composi- 
tion^ and  differ  only  in  their  diameters,  yet  the  difference  in  their  behaviour  is  very 
marked.     It  is  possible  that  this  difference  is  due  to  the  effect  of  the  "  drawing." 

The  ccUculated  value  of  German  silver  alloy  is  given  for  the  sake  of  comparison. 
We  regret  that  we  did  not  include  a  wire  of  that  substance.  It  is,  of  course,  improb- 
able that  its  increase  is  proportional  to  its  temperature — from  0®  to  1 00°  C. 

Our  observations  on  these  wires*  extended  from  July  24  to  September  18,  1890, 
and  we  were  unable  to  detect  any  change  in  their  resistances  dm-ing  that  time. 

The  behaviour  of  the  alloy  C  is  curious.  Our  figures,  which  were  carried  to  a 
place  beyond  that  given  in  the  above  table,  prove  that,  over  the  above  range  the 
increase  in  resistance  varied  strictly  as  ft  In  order  to  test  the  straightness  of  its 
line  beyond  the  above  range,  we  constructed  a  thermometer  which  had  this  wire  for 
its  coil,  but  which  was,  in  all  other  respects,  constructed  in  the  same  manner  as  a 
platinum  thermometer  with  double  electrodes. 

This  thermometer  gave  Rq  =  12*972, 11^=  14 '25 5,  and  R,  (i.e.,  resistance  in  sulphur 
vapour  at  760  millims.)  =  18'677.     Assuming  the  straight  line  we  have 

0,  =  (R,  -  Ro)/(Ri  -  Ro)  X  100  =  444-6. 

According  to  an  investigation  subsequently  conducted  as  to  the  boiling  point  of 
sulphurt  the  true  air  temperature  ought  to  be  444''*53  C.  It  is  difficult  to  imagine  a 
closer  approximation.  A  thermometer  thus  constructed  is,  therefore,  a  very  simple 
and  accurate  instrument.  It  would,  however,  be  exceedingly  difficult  to  make  another 
specimen  of  the  aUoy  of  a  precisely  similar  composition,  and  the  above  table  shows 
that  the  effect  of  smaU  changes  may  be  considerable. 

A  consideration  of  the  results  led  to  the  conclusion  that  the  wire  marked  H  waa 
the  one  most  suitable  for  our  purpose.  Its  change  in  resistance  from  10^  to  25^  C.  was 
only  1  in  5000,  and  since  the  resistance  diminished  as  0  increased,  it  was  easy  to 
compensate  by  the  addition  of  a  little  of  the  C  wire.  All  difficulties  connected  with 
change  of  resistance  consequent  on  the  rise  of  temperature  of  the  water,  or  of  the 

•  All  these  wires  had  been  previously  heated  to  a  temperature  of  about  150®  C. 

t  It  must  be  borne  in  mind  that  the  date  of  this  determination  preceded  the  work  of  Callihdab  and 
OaiFFiTHS  on  this  subjecty  and  at  this  time  (July  27,  1890)  the  boiling  point  of  sulphur  was  acoepted 
as  44S'''4i  G.  (Bbqkault). 
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difference  in  temperature  of  the  wire  and  the  water,  appeared,  therefore,  to  have  been 
overcome.  This  conclusion,  however,  led  to  the  loss  of  many  weeks'  work,  and  was 
the  cause  of  much  disappointment  and  delay.  In  the  simmier  of  1891  we  commenced 
a  series  of  direct  determinations  of  J,  the  arrangement  of  the  apparatus  being  very 
nearly  the  same  as  that  of  1892.  Our  coil  consisted  of  about  80  inches  of  the  above 
wire,  H,  which  was  first  annealed  at  a  temperature  of  about  200^  C  in  an  atmosphere 
of  CO2.  The  fine  white  silk  covering  was  allowed  to  remain,  and  it  was  painted  with 
Mr.  Laurie's  amber  varnish.* 

The  resistance  of  this  coil,  and  of  the  leads  from  it  to  the  calorimeter  lid  when,  in 
situ  and  immersed  in  rapidly  stirred  water,  is  shown  in  the  foUowing  table. 


Table  III. 


Temperatares .     .     . 

14** 

16» 

18* 

20** 

22** 

24- 

AngHBi  21,  1891   .     . 

R=  10-6214 

10-5220 

10-5223 

10-5225 

10-5226 

10-5225 

BrESiSTANCE  of  the  coil  at  temperature  14°  C,  on  different  dates. 
Aug.  22 10-5228 


9f 


99 


99 


9t 


99 


23,  11  A.M.       .     .     10-5275 

23,  1 1  P.M.       .     .     10-5299 

24 10-5342 

25 10-5398 

27,  before  exp.  Jj     105559 ;  after  exp.  J3 10-5600 

J4 10-5632 

Js    .     .     .     .     .     .     10-5696  . 

J,, 10-5860 

Jt 10-5962 

Jei  .     .    .     :     .     .     10-5977 


,.     28, 

•99 

J4 

10-5570; 

,.     29, 

99 

Js 

10-5618; 

„     30, 

99 

^6a 

10-5760 ; 

,.     31, 

99 

Jt 

10-5867 ; 

»     31, 

99 

JeA 

10-5953; 

Sept    1, 

10 

A.M. 

•     • 

10-5968; 

99 


99 


;> 


99 


99 


99 


»9 


99 


99 


10-5968  ;  (some  current  passed)  11  P.M.     10'5982 

The  resistance  of  the  wire  at  different  temperatures  was  also  ascertained  in  the 
observations  taken  August  21  to  25. 

It  is  unnecessaiy  to  give  the  resistance  at  temperatures  other  than  14°  C,  since  the 
resulting  cxurves  are  all  parallel  to  the  one  on  August  21.  The  alteration  caused  by 
a  rise  of  10°  C.  being  only  1  in  10,000,  the  steady  diurnal  rise  in  the  resistance  (at 
the  same  temperature)  amounts  to  nearly  1  in  500  in  the  above  interval  of  time.  WcJ 
trusted  that  this  might  be  a  result  of  the  annealing,  and  that  the  wire  would  assume  a 
stable  condition  in  coiu^e  of  time. 

*  Mr.  Laurie  was  bo  kind  as  to  allow  ns  to  Lave  a  bottle  of  this  Tamish  prepared  by  himself ;  for  par- 
ticulars concemitig  this  varQish,  see  '  Proceedings  Cambridge  Phil.  Soc.,'  vol.  7,  part  2,  p.  52. 
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It  should  be  noticed  that  on  the  above  dates  we  were  constantly  passing  currents 
through  the  coil  in  order  to  adjust  the  temperature  of  the  calorimeter  during  our 
stirring  experiments.  As,  however,  there  was  but  little  current  when  ascertaining 
the  resistance  of  the  wire  at  different  temperatures,  the  curves  were  not  appreciably 
altered,  and  we  did  not  recognize  the  fact  that  the  rise  was  a  consequence  of  the 
current. 

On  August  27,  we  performed  one  of  our  "  J'*  experiments.  We  then  had 
a  current  of  about  half  ampere  passing  through  the  coil  for  about  1 J  hours.  We 
had  determined  the  resistance  at  the  commencement  of  the  experiment,  and,  on 
repeating  our  observations  at  its  close,  we  found  that  the  value  of  R  had  risen  from 
10*556  to  10*560.  It  would  thus  appear  that  the  rise  was  a  function  of  the  current 
rather  than  of  the  time.  We  continued  the  series  of  experiments  until  September  1 , 
when  we  decided  to  abandon  the  use  of  this  alloy.*  The  labour  thus  expended  was 
not  altogether  lost,  for,  as  will  be  explained,  in  the  section  on  the  measurement 
of  temperature,  the  results  were  of  considerable  value  to  us. 

Had  the  rise  been  a  function  of  the  time  it  would  not  have  been  so  disastrous,  since 
we  could  have  deduced  the  resistance  during  each  experiment.  As,  however,  the 
change  was  caused  by  the  current,  it  was  impossible  to  determine  (with  sufficient 
accuracy)  the  actual  value  of  R  at  each  stage  of  the  experiment.  It  appeared  probable 
that  electrol3rsis  of  some  kind  took  place.  If,  after  a  current  had  been  passing 
for  some  time,  the  ends  of  the  wires  from  the  coil  were  connected  with  the  galvano- 
meter, a  considerable  deflection  was  produced,  and  it  was  impossible  to  determine  the 
resistance  of  the  coil  for  about  half  an  hour  after  the  completion  of  an  experiment, 
owing  to  the  disturbance  of  the  galvanometer  thus  caused.  The  effect  was  apparently 
due  to  polarization  rather  than  to  thermal,  or  "  Thomson "  effects,  and  decreased 
regularly  until  it  might  be  neglected,  although  the  differences  of  temperatiu^  in  the 
circuit  were  maintained  unaltered.  Much  time  and  energy  having  already  been 
expended  in  experimenting  with  these  various  alloys,  we  decided  to  retrace  our  steps 
and  revert  to  a  platinum  wire  coiL  Another  consideration  which  influenced  us,  was 
that  we  had,  during  the  past  few  years,  given  considerable  time  and  attention  to  the 
behaviour  of  platinum  wires  when  used  in  platinum  thermometers,  and  we  considered 
that  the  experience  thus  gained  of  the  changes  in  the  r^istance  of  such  wires  under 
varied  conditions,  might  enable  us  to  proceed  with  more  confidence. 

The  smaller  the  diameter  of  the  wire  the  less  its  capacity  for  heat  and,  in  com- 
parison, the  greater  its  cooling  surface.  The  wire  selected  for  this  year's  experiments 
was  supplied  by  Messrs.  Johnson  and  Matthey.     It  had  a  diameter  of  *004  in.,  and 

*  Mr.  Skinksb  has  recenUj  condaoted  some  experiments  with  the  same  coil  immersed  in  paraffin 
instead  of  in  water ;  and  although  he  has  passed  far  greater  currents  than  any  used  bj  us,  he  was  unable 
to  trace  any  signs  of  consequent  increase  in  R.  The  increase  shown  during  our  experiments  was,  there- 
fore, probably  due  to  some  action  between  the  wire  (when  carrying  a  current)  and  the  water,  this  is  not 
unlikely  when  we  remember  that  one  of  the  metals  present  was  Mn. 
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was  of  as  pure  platinum  as  could  be  obtained.  The  length  used  was  about  18  in., 
and  the  wire  was  so  disposed  that  parts  near  to  each  other  should  have  only  a  small 
difference  of  potential.  This  wire  was  covered  with  a  coating  of  the  amber  varnish 
before  referred  to.  Several  coatings  form  an  excellent  insulating  covering  for  such  a 
wire,  but  we  contented  oiunselves  with  a  thin  skin.  The  better  the  insulation  between 
the  wire  and  the  water  the  slower  the  flow  of  heat  across  the  insulator,  and  the 
greater  the  difference  in  temperatiu^  between  the  siu*fi9ix$es  which  it  separates. 

If  the  insulation  was  not  perfect  we  have  little  doubt  but  that  it  was  sufficient.  In 
order  to  throw  more  light  on  this  point  we  decided  to  make  a  care^  determination 
of  the  value  of  R,  with  the  coil  immersed  m  a  pure  paraffin  (pentane),  but  otherwise 
under  the  same  conditions  as  those  of  the  experiment.  We  selected  pentane  (1) 
because  it  would  be  difficult  to  find  a  more  perfect  non-conductor ;  (2)  if  pure^  it 
would  be  easy  to  free  the  calorimeter  fix)m  all  traces  by  passing  through  it  a  current 
of  warm,  dry  air.  The  latter  was  an  important  consideration,  for  any  Substance  such 
as  ordinary  impure  paxaffin  might  so  alter  the  interior  surfaces  of  the  calorimeter  as 
to  change  the  stirring  coefficient. 

On  December  8,  1892,  about  250  cub.  centims.  of  pentane*  were  introduced  into 
the  calorimeter,  which  had  previously  been  dried  with  extreme  care,  and  the  resist- 
ance  of  the  coil  was  taken  at  twelve  different  temperatures.  A  smnmary  of  the 
results  is  given  at  the  end  of  this  section  (see  p.  413),  and  a  very  slight  increase  in 
the  resistance  is  observable,  amounting  to  one  part  in  22,000.  It  is  satis&otory  to 
find  that,  whatever  may  be  the  effect  of  conduction  through  the  water,  it  is,  in  this 
case,  so  small  as  to  be  unimportant. 

The  measurements  of  B  were  made  when  the  coil  was  immersed  and  the  water 
stirred  in  the  same  manner  as  during  the  experiments,  hence  it  Mows  that  if  the 
water  acted  merely  as  a  conductor  it  would  in  no  way  affect  our  results. 

Even  if  its  conductivity  changed  with  the  temperature  our  values  of  R  indude  the 
effects  of  such  change,  and  the  manner  in  which  B  is  built  up  at  each  tempekuture  is 
of  no  consequence. 

Again,  if  electrolysis  takes  place  (of  which,  however,  we  have  had  no  tdgn),  polarisa- 
tion must  ensue.  The  best  proof  of  the  absence  of  polarijEation  is  the  &ot  that 
when  the  storage  and  Clark  cell  circuits  were  reversed  (and  this  was  invariably 
done  more  than  once  during  each  J  experiment)  no  readjustment  of  the  iheochoid. 
was  required  when  using  the  platinum  coil,  although  when  using  the  manganine  coil 
a  considerable  readjustment  was  necessary. 

Had  electrolysis  occurred,  it  is  almost  certain  that  HNOs  would  have  been 
formed.     In  our  earlier  experiments  (both  in  the  platinum  and  silver  calorimeters), 

*  Gbeat  diffionltj  was  experienced  in  obtaining  this  specimen  of  pentane,  and  it  was  only  through 
the  kindness  of  Mr.  Vebnon  Habooubt  that  we  were  able  to  procure  it.  It  was  prepared  under  his  own 
direction  and  was  free  from  all  impurities,  except  some  traces  of  tetrane  and  hexane. 
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although  the  same  water  was  never  used  for  two  experiments,  we  fomid  that  it  became 
acid — in  some  cases  strongly  so. 

This  year  the  water  remained  unchanged  for  twenty  consecutive  experiments  and 
we  were  unable  to  detect  any  acidity,  although  all  water  withdrawn  from  the  calori- 
meter was  invariably  subjected  to  a  careful  examination. 

The  insulation  of  the  leads  passing  through  the  steel  cover  and  the  lid  of  the  calori- 
meter was  a  troublesome  matter,  as  there  was  great  difficulty  in  making  the  insulating 
junctions  absolutely  air-tight. 

Fig.  3. 

'^ 

0:       ;^-    JD 


vc-wv  vx  ^^v^: 


^    A 


Full  sije 


A  9  B  was  a  brass  pin,  which  had  a  screw  thread  on  the  end  B  and  terminated  in  a 
nut  at  A.  C  was  a  ring  of  ebonite  fitting  tightly  into  the  hole  in  the  metal  plate 
and  having  a  projecting  flange  at  the  lower  end. 

The  surface  of  the  ebonite  was  moistened  with  gutta-percha  solution  (made  by 
dissolving  gutta-percha  in  chloroform) ;  the  ring,  (7,  was  then  forced  into  the  hole  and 
the  brass  pin  passed  through  it.  A  ring  of  ebonite,  JD,  was  then  threaded  on  to  the 
pin  and  a  brass  nut,  E^  firmly  screwed  down — the  ends  of  the  wire  being  soldered  on 
at  A  and  B. 

This  form  of  joint  proved  to  be  an  excellent  one,  and  when  once  adopted  (after  the 
fidlure  of  many  other  contrivances)  gave  no  fiuther  trouble.  The  steel  lid  was  pierced 
by  such  junctions  in  four  places,  and  the  calorimeter  lid  in  two.  As  tap- water  was 
continually  flowing  over  the  top  of  the  steel  lid  it  was  necessary  to  insulate  the 
exposed  parts  at  B.  A  piece  of  wide  india-rubber  tubing  enveloped  the  wire,  the 
lower  end  fitted  over  the  ebonite  ring  JD,  and  was  wired  firmly  on  to  it.  The  upper 
end  of  this  tubing  projected  above  the  surfisice  of  the  water  in  the  tank.  The  tubes 
themselves  were  filled  with  distilled  water  to  prevent  any  rise  in  temperatiwe  of  the 
leads.     The  general  arrangement  is  shown  in  Plate  2,  fig.  2. 

Leads  1  and  3  (fig.  4,  p.  396)  were  connected  with  the  Clark  cells,  and  thus  no  current 
passed  along  them.  2  and  4  carried  the  current.  Any  heat  developed  in  the  parts 
above  AD  passed  into  the  water  of  the  outside  tank,  and  might  be  disregarded.  A 
portion  of  the  heat  developed  in  the  wires  hM  and  dN  would  pass  to  the  water  in  the 
calorimeter.     By  sufficiently  diminishing  the  resistance  of  hM  and  dN  the  heat  thus 
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developed  could  be  diminished  indefinitely ;  on  the  other  hand,  the  conduction  of  heat 
between  the  calorimeter  and  the  steel  chamber  would  be  increased.  The  wire  selected 
was  of  pure  copper  (No.  21,  B.W.G.),  and  each  arm  was  about  10  centims.  in  length. 
The  resistance  of  hM  +  dN  was  carefully  determined,  and  found  to  be  "00680).  It  is 
probable  that  half  the  heat  generated  in  these  wires  would  find  its  way  to  the  inner, 
and  half  to  the  outer,  vessel  We  may,  therefore,  in  order  to  determine  the  heat 
thus  added  to  the  calorimeter,  assume  this  external  resistance  (r)  as  *00346i. 

Fig.  4. 


Let  R  be  the  coil  resistance.  Then  in  any  time  T,  the  quantity  of  heat  developed 
in  the  calorimeter,  will  be  J.  H  =  C^  (R  +  r)  T.  Now  C  =  E/R,  and  since  M  and  N  are 
maintained  at  a  constant  difference  of  potential,  therefore 


J-H  =  f('+i)T. 


therefore  the  effective  value  of  the  resistance  =  R  —  7*  (neglecting  terms  involving 
r^/R  and  higher  powers  of  r).  Since  the  mean  value  of  R  is  about  87,  the  correction 
is,  in  any  case,  a  small  one. 

In  order  to  test  the  insulation  an  arm  of  the  bridge  was  constructed,  which  included 
wire  No.  4,  the  insulators,  and  the  steel  casings — good  connection  with  the  steel  being 
insured  by  passing  a  wire  into  the  mercury  contained  in  the  thermometer-hole.  High 
battery  power  was  used,  and  the  resistance  was  foimd  to  be  greater  than  we  could 
measure — ^that  is,  greater  than  10  megohms.  Since  No.  4  was  in  connection  with 
all  the  junctions  in  the  plate  AD,  the  insulation  of  all  the  junctions  through  the  steel 
was  thus  established. 

The  arm  was  then  made  to  include  No.  4,  the  insulators  in  the  lid  of  the  calori- 
meter, and  a  copper  wire,  which  was  passed  down  the  glass  tubes  until  in  contact 
with  the  floor  of  the  calorimeter.  The  resistance  of  the  two  calorimeter  junctions 
was,  in  the  same  way,  found  to  be  greater  than  10  megohms. 
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Method  ofjindiriQ  B^ 

Pi  aod  P,  (see  fig.  2,  p.  362)  were  blocks  of  paraffin.  The  wiivs  leading  from  the 
calorimeter  to  the  joncdcHis  on  the  ebonite  rod  H  passed  through  the  Uock  P^  down 
which  holes  were  then  bored  mitil  the  wires  were  exposed.  Theee  exposed  portioDS 
were  carefully  amalgamated  and  the  holes  filled  with  mercoiy.  Two  thick  jneoes  of 
copper  were  so  bent  that  commonication  oonld  be  established  between  any  of  the  holes 
in  Pi  and  the  two  troughs  in  P^  When  placed  in  position,  the  ends  of  theee  con- 
necting strips  rested  on  the  conductors  at  the  bottom  of  the  holes.  Two  thick  wires 
led  from  the  troughs  in  P|  to  the  resistance  box,  and,  in  order  to  bring  their  resistance 
up  to  a  convenient  quantity,  a  coil  was  introduced  into  one  of  these  leads. 

Denoting  the  total  reastance  of  the  conductors  from  the  box  to  the  lid  of  the 
calorimeter  by  r^,  r^  r^  r^  it  is  obvious  that  all  the  following  resistances  could  be 
taken  by  a  mov^nent  of  the  connectors  between  Pj  and  P^  vir.,  r^  +  r^  rj  +  R  +  r^, 
Tj  +  R  +  r4,  Tj  -f-  r*.     The  determinations  were  always  made  in  the  order  thus  given. 

If  N|,  N2,  N3,  and  N^  are  the  resulting  numbers,  we  have 

R  =  {(N,  +  N,)  -  (N,  +  NJ}/2. 

The  galvanometer  used  had  a  resistance  of  about  8^,  and  was  fitted  with  a  micro- 
scope containing  a  micrometer  eyepiece  by  Zeiss.  The  image  of  a  black  line  placed 
on  a  slip  of  paper  in  front  of  the  mirror  was  thrown  on  to  the  micrometer  scale. 

A  galvanometer  fitted  in  this  way  is  a  very  convenient  instrument,  for  the  swings 
can,  with  practice,  be  read  wnth  greater  ease  and  accuracy  than  when  the  ordinary 
lamp  and  screen  arrangement  are  used. 

When  a  resistance  was  taken  (whether  of  the  coil  or  of  a  platinum  thermometer) 
the  order  of  the  observations  was  as  follows : — 

Having  determined  between  which  plugs  the  resistance  lay,  the  swing  corresponding 
to  the  lower  one  was  taken,  the  battery  inverted  and  the  swing  in  the  opposite 
direction  read.  This  process  was  repeated  when  the  higher  plug  was  in  place.  In 
this  way  all  thermal  or  other  effects  are  practically  eliminated,  and  the  method  is 
independent  of  small  changes  in  the  zero  position  of  the  spot. 

In  some  cases,  as  when  working  with  platiniun  thermometers  at  high  temperatures, 
the  thermal  effects  are  considerable,  and  the  position  of  the  zero  point  becomes  so 
changed  that  the  spot  is  thrown  off  the  scale  when  connection  with  the  galvanometer 
is  made,  although  the  battery  circuit  is  not  connected.  To  meet  this  difficulty  a 
special  key  was  constructed. 

The  ends  of  a  and  h  (fig.  5)  and  also  of  e  and /are  connected  with  the  galvanometer 
circuit,  the  ends  of  c  and  d  with  the  battery.  The  screw  at  a  is  so  arranged  that, 
when  the  key  is  imtouched,  the  galvanometer  circuit  from  the  box  is  completed. 

The  position  of  the  spot  at  any  time,  therefore,  is  that  due  to  the  influence  of  any 
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E.M.F.  in  the  circuit  exterior  to  the  battery  circuit.  Thus  the  spot  can  be  placed  in 
a  convenient  position  by  the  control  magnet,  although  a  perceptible  current  is  passing 
through  the  galvanometer.  When  H  is  sharply  pressed  down  the  connection  at  a  is 
first  broken ;  then  the  battery  circuit  is  established  by  c  and  d  and  the  galvanometer 
circuit  by  e  and  f  (the  projecting  blocks  on  6  and  d  being  insulators).  By  proper 
adjustment  of  the  key,  the  whole  operation,  performed  by  one  movement,  is  accom- 
plished in  a  small  fraction  of  time.  Thus  the  observed  swing  is  due  to  the  difference 
of  potential  caused  by  the  battery  and  bridge,  and  is  independent  of  any  electro- 
thermal effects. 

Fig.  5. 


y/////////////////////////////^^^^ 


We  have  described  this  form  of  key  at  some  length  because,  simple  as  it  is,  we 
have  not  seen  any  similar  arrangement,  and  we  have  found  it  a  great  convenience, 
especially  when  working  with  platinum  thermometers. 

As  an  example  of  our  method  of  observation,  we  give  one  of  our  determinations  of 
the  value  of  R.*  It  should  be  remembered  that,  although  the  exterior  leads  were 
made  as  equal  as  possible,  the  measurement  of  R  does  not  depend  on  their  equality 
and  Ni  and  N^;  N^^  and  N3  are  not  necessarily  equal.  Arms  of  bridge  1000/10. 
E.M.F.  that  of  2  Ledanch^  cells.  When  measuring  Nj  and  N4  a  resistance .  of 
1400ai  was  thrown  into  battery  circuit,  in  order  to  make  the  total  swing  a  convenient 


size. 


*  A  snininaiy  of  onr  determinations  of  B  is  given  at  the  end  of  this  section  (see  Table  XVI.,  p.  418} ; 
the  value  of  B  in  the  last  colnmn  but  ono  of  Table  lY.  has  jet  to  be  corrected  for  box  errors,  &a 
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Table  IT. 


G«1t.  swings.  Obs.  B.      Temp.  E..*  Temp.  box.         B^ 


box. 


272 
227 

53 
S98 

45 

345 

333 
183 

110 
411 

150 

301 

848 
200 

124 
426 

148 

302 

330 
276 

138 
477 

59AS» 


932Hf 


311-2 


16-65 


8-73205        8-73058 


19-560 


932Hi 


54       339 


59M 


R={(N,  +  N,)-(N,  +  N, 


m. 


A  large  number  of  similar  observations  were  taken  at  temperatures  ranging  from 
13^  to  26^  C.  Observations  at  certain  temperatures  were  repeated  at  regular 
intervals,  and  no  change  of  any  kind  could  be  detected.  The  resulting  resistance 
curve  WBS  the  characteristic  platinum  one.  and  in  no  way  differed  from  those  given 
by  our  platinum  thermometers.  This  in  itself  seems  to  us  to  be  an  adequate  proof 
that  the  insulation  of  the  coil  was  sufficient. 

On  September  4,  the  calorimeter  was  taken  to  pieces,  and  the  method  of  fisuBtening 
the  wire  to  the  glaaB  rods  within  the  calorimeter  was  altered.  The  wire  was  a  little 
strained  during  the  operation ;  but  the  only  effect  was  to  slightly  increase  its  resist- 
ance at  all  temperatures.  A  new  resistance  curve,  however,  had  to  be  drawn,  and 
new  values  of  B  used  after  that  date. 

It  may  be  mentioned  that  this  coil  was  often  used  by  us  as  a  platinum  thermometer 
to  determine  the  temperature  of  the  calorimeter  when  below,  or  above,  the  range 
ofE^ 

The  reversing  keys  in  the  storage  and  Clark  cell  circuit  (see  fig.  2,  p.  332)  were 
of  the  ordinary  ^^  rocker "  form,  but  so  constructed  that  as  the  wires  cm  one  side 
passed  out  of  the  mercury  cups,  the  wires  on  the  other  almost  immediately  made 

*  See  Section  X.  The  mercoiy  thermometer  E«  wm  used  throaghont  all  obeerrationB  on  the 
temperatnrD  of  the  calorimeter.  • 
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contact ;  the  interval  of  time  between  the  break  and  make  being  less  than  we  could 
measure. 

If  a  current  be  passed  through  a  naked  wire,  immersed  in  water,  it  is  certain  that 
the  temperature  of  the  wire  will  be  greater  than  that  of  the  water,  even  when  the 
latter  is  rapidly  stirred. 

Had  we  been  able  to  use  the  alloy  wire  previously  referred  to  this  would  have  been 
a  matter  of  small  importance.  Since,  however,  the  value  of  R,  when  a  platinum  wire 
is  used,  varies  greatly  with  the  temperature  of  the  wire,  we  felt  it  necessary  to  com- 
mence a  series  of  investigations  into  the  extent  of  the  change.  Hence  we  proceeded 
to  determine  the  resistance  of  the  coil  when  there  was  a  considerable  difference  of 
potential  at  its  ends.  Our  first  trial  was  a  modification  of  Pogobndorff's  method  of 
comparing  E.M.F.'s.  The  storage  cells  were  put  in  circuit  through  the  coil,  and  a 
potentiometer  arranged  in  series.  One  end  of  the  Clark  cell  circuit  was  connected  to 
the  storage  end  of  the  coil,  the  other  forming  a  sliding  contact  on  the  potentiometer ; 
thus  when  the  galvanometer  in  this  circuit  showed  no  deflection, 

E.M.F.  of  Clark  cells  _     Bi 
KM.F.  of  storages         Bi  +  p 

when  Ri  is  the  resistance  of  the  coil  and  part  of  the  potentiometer,  and  p  the  resist- 
ance of  the  rest  of  the  storage  circuit.  We  had  supposed  that  the  internal  resistance 
of  the  storages  might  be  neglected  so  that  p  could  be  determined  directly  after 
adjustment  by  throwing  the  storages  out  and  completing  the  circuit  by  a  short  length 
of  wire.  The  ratio  of  the  E.M.F.'s  could  also  be  obtained  by  the  usual  method 
through  the  potentiometer,  and  thus,  by  noting  the  temperature  of  the  coil  when 
adjustment  was  perfect,  we  had  sufficient  data  firom  which  to  calculate  the  resistance 
of  the  coil.  The  results  obtained  by  this  method  were  very  imsatisfactory,  owing 
probably  to  the  following  causes  : — 

(1.)  The  heating  up  of  the  circuit  p  in  the  same  manner  as  the  coil  itself, 

(2.)  The  internal  resistance  of  the  storages,  although  almost  zero  when  no  current 
is  passing,  increases  when  the  circuit  is  established,  and  hence 

(3.)  The  ratio  of  the  E.M.F.'s  is  not  the  true  one. 

Of  these,  the  first  was  probably  the  greatest  source  of  error,  although  this  circuit 
was  entirely  composed  of  naked  \^'ires,  which  had  a  large  cooling  surface. 

We  therefore  relinquished  the  attempt  to  find  the  whole  resistance  of  the  coil,  and 
devised  a  method  whereby  we  could  find  the  increment  of  the  resistance  due  to 
increasing  electromotive  force ;  the  resistance  when  E  =  '004  volt  having  been  found 
at  all  points  of  our  range  as  described  above  (Table  IV.).  For  this  purpose  a  temporary 
Wheatstone's  bridge  was  arranged,  constructed  as  follows : — 

The  arm  AB  (fig.  6)  was  formed  by  the  coil  alone.  BC  contained  three  large  oo3s  of 
uncovered  wire,  the  first  of  which  (Cavendish  Laboratory  coil)  was  of  German  silver 
and  had  a  resistance  of  56) ;  the  second,  also  of  German  silver  (belonging  to  the 
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British  Association),  had  a  resistance  of  2*5<w;    and  the  third,  of  copper,  had  i 
resistance  of  '5<w.* 

Fig.  (5. 


The  arms  AD,  DC  (ahout  6  feet  each)  were  made  of  uncovered  copper  wire.  A 
preliminary  rough  adjustment  could  he  made  at  D  and  the  final  adjustment  of  the 
whole  bridge  was  made  by  altering  the  temperature  of  the  coil  in  the  arm  AB.  This 
alteration  in  temperature  was  produced  by  the  heat  developed  in  the  wire  itself,  and 
thus  the  whole  calorimeter  was  under  the  same  conditions  as  those  prevailing  diuing 
our  detennination  of  J. 

The  temperature  on  thermometer  E«  was  read  at  the  moment  when  the  galvano- 
meter (Gj)  showed  no  deflection.  The  behaviour  of  the  galvanometer  indicated  that 
the  flow  of  heat  from  the  coil  was  not  quite  steady,  but  took  place  in  gushes,  owing 
probably  to  the  coating  of  insulating  varnish  on  the  wire ;  for  when  the  key  was 
depressed,  the  mirror  did  not  swing  steadily  back  to  its  zero,  but  oscillated  about  it, 
and  the  moment  had  to  be  estimated  when  the  mean  of  these  oscillations  coincided 
with  the  zero.  That  this  could  be  done  with  considerable  accuracy  is  shown  by  the 
£stct  that  the  individual  observations  agreed  well  amongst  themselves. 

The  general  conduct  of  a  series  of  these  experiments  was  as  follows. 

We  flrst  foimd  the  temperature  of  the  coil  when  the  bridge  was  in  adjustment,  the 
KM.F.  at  the  ends  of  the  coil  being  that  used  when  taking  a  resistance  in  the 
ordinary  way.  When  the  calorimeter  was  cooled  down,  the  E.M.F.  was  raised  and 
the  coil  allowed  to  warm  up  until  a  new  balance  was  obtained  and  the  temperature  at 
that  moment  noted. 

As  the  temperature  and  consequently  the  resistance  of  the  arm  ^C7  remains  constant, 
and  since  the  arms  AD,  DC  are  practically  equal,  their  ratio  remains  unchanged. 
The  resistance  of  the  arm  AB  (the  coil)  must  also  be  the  same  as  before,  hence  the 
difference  in  the  two  observed  temperatures  gives  us  the  niunber  of  degrees  that  the 
coil  is  hotter  than  the  surrounding  water ;  or  we  can  express  the  result  in  terms  of 
increase  in  resistance,  as  the  resistance  (when  E  =  '004)  at  all  temperatm*es  is  known. 

*  The  total  mass  of  metal  in  this  arm  of  the  bridge  amounted  to  sereral  poands. 
BnXXXJXCIII. — ^A.  3  P 
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Table  V. 
The  following  Table  gives  a  series  of  observations  taken  on  August  22,  1892 


1 

1 

Temp.  Em. 

Temp.  C. 

Time. 

Battery  in  oircuit. 

R  when 
E=-004. 

IR. 

At  which  bridge  balances. 

5.35 

1  Leclanch^  .... 

344-7 

6.22 

if 

343-9 

20-397 

8-7519 

6.47 

1  Storage 

337-8 

20-240 

8-7471 

•0048 

6.55 
6.58 

2  Storages 

316-5 1 
316-7  / 

19-698 

8-7311 

•0208 

7.15 

1  Leclanch^ 

343-7 

20-395 

8-7518 

7.40 

3  Storages     . 

277-0      1 

7.45* 

» 

279-0  (?)  } 

18-684 

8-7010 

•0507 

7.55 

» 

276-8      J 

8.17 

1  Ledanch^  . 

344-4 

20-409 

8-7021 

9.9 

11 

342.5 

20-361 

8-7508 

9.40 
9.50 

4  Storages 

221    1 
221-2/ 

17-286 

8-6600 

•0899 

10.13 
10.22 

5  Storages 

>9                      * 

137    1 
139    J 

\ 

15-231 

8-5995 

•1485 

10.44 

1  Leclanch^  . 

337-9 

20-243 

8-7472 

When  the  readings  obtained  by  using  1  Leclanch^  differ  (the  change  being 
probably  due  to  changes  in  the  temperature  of  the  bridge),  intermediate  values  are 
deduced  from  the  times. 

It  seemed  absolutely  immaterial  whether  the  current  was  on  for  only  a  few  seconds 
or  indefinitely.  In  the  above  set,  when  three  storage  cells  were  being  used^  the 
current  was  not  broken  at  all,  the  calorimeter  being  cooled  down  by  the  ether 
apparatust  in  defiance  of  the  heat  developed  in  the  coil.  Although  a  quarter  of  an 
hour  elapsed  between  the  observations,  they  were  in  very  good  agreement.} 

To  determine  the  E.M.F.  at  the  ends  of  the  coil,  the  various  batteries  used  were 
compared  with  the  Clark  cells.  This  method  was  therefore  open  to  the  sources  of 
error  mentioned  on  p.  400,  Nos.  (2)  and  (3).  The  resistance  of  the  other  parts  of  the 
bridge  were  then  determined  and  were  as  follows  : — 

Resistance  of  whole  bridge  4'S0(o. 

large  coils  7'69g). 

coil  and  its  ratio  arm  9*17(o.     Hence  coil  =  875,  arm  '42. 
large  coils  and  ratio  arm  8-06a).     Hence  coil  =  875,  arm  '369. 
wires  forming  battery  circuit  •030g). 

The  E.M.F.'s  were  determined  by  the  ordinary  Poggbndorff's  method  in  terms 

*  This  obseryation  was  uncertain ;  the  observer  at  the  galvanometer  remarking  so,  before  he  knew 
that  the  reading  of  the  temperatnre  was  different, 
t  See  p.  419,  infra. 
X  This  would  show  that  the  increase  in  resistance  of  the  other  arms  of  the  bridge  was  not  appreciable. 
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of  the  Clark  cell  at  temperature  IG^'S  C,  hence  E.M.F.  =  1*434  volts ;  another  set  of 
storage  cells  being  used  to  give  the  current  through  the  potentiometer. 

Table  VI. 


Potentiometer  readings. 

Battery. 

B.M.F. 

For  battery. 

For  Clark  cells. 

No. 

1  Leclanch^    .     •     .    • 

32-2321 
32-226  / 

1     .    33-832 

1-366 

I  Storage 

23-916 1 
23-936/ 

1    .    17188 

1-994 

2       

47-735 1 
47-734  / 

2    .    34-196 

4-004 

3       „        

72-088 1 
72-083/ 

3    .    61-347 

6-039 

4       „        

64-105 

4    .    46-602 

8-064 

5       „        

79-8441 
79-867  / 

5    .    57029 

10040 

To  determine  the  internal  resistance  of  the  batteries,  the  current  from  them  was 
sent  through  the  coil  and  balanced  in  our  usual  manner  with  the  mercury  rheostat 
(see  Section  VI.).  The  temperature  being  noted,  when  the  galvanometer  was  steady, 
the  resistance  of  the  whole  battery  circuit  external  to  the  coil,  was  immediately 
taken ;  then  if  a;  is  the  internal  resistance  of  the  battery,  R  the  resistance  of  the 
coil  approximately  corrected  for  the  rise  due  to  the  current,  then, 

E.M.R  of  Clark  cell K_ 

RM^F.  of  battery    ~  B.  +  p  +  x' 

but  this  ratio  was  given  by  the  potentiometer  comparison,  hence  we  found  ar,  the 
internal  resistance  of  the  storages,  =  'OlScu,  and  of  the  Leclanch^  2*246). 
Hence  we  have  the  following  results  : — 

Table  VII. 


Battery. 

At  end  of  coil. 

1  Leclanch^  being 
called  0. 

E  =  -004. 

1  Leclanch^     .     . 

1  Storage     .     .     . 

2  „      .    .    •    . 

3  „      .     .     .     . 

4  „      .... 

5  , 

1-035 

1-90 

3-81 

5-74 

7-67 

9-66 

0 

•0048 

•0208 

•0507 

•0899 

•1485 

•0016 
•C064 
•0224 
•0623 
•0916 
•1601 

*  It  is  proliable  that  the  Talaes  of  B  are  too  high,  for  (aa  before  pointed  oat)  these  are  the  values  of 

3  F  2 
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These  observations  will  be  seen  to  agree  fairly  well  with  the  parabola 

8R  =  -00160  E^ 

This  method,  although  the  results  were  concordant,  was  unsatis&ctory  in  the 
manner  in  which  the  difference  of  potential  at  the  ends  of  the  coil  had  to  be  calculated. 
We  therefore  adopted  the  following  arrangement  (fig.  7),  which  possessed  the  great 
advantage  of  at  once  giving  us  the  difference  of  potential  at  the  ends  of  the  coil  in 
terms  of  our  standards.     The  Clark  cell  circuit  was  connected  to  the  ends  1  and  3  of 

Fig.  7. 


the  coil,  and  the  mercuiy  rheostat  intixxluced  into  the  storage  circuit;  thus,  by 
adjustment  of  the  rheostat  the  E.M.F.  at  the  ends  of  the  coil  could  be  made  equal  to 
that  of  1,  2,  3,  &c.,  Clark  cells.  No  difl&culty  was  experienced  in  working  the  two  gal- 
vanometers together,  the  observer  at  the  low  resistance  one  being  entirely  unaware 
whether  the  high  resistance  circuit  was  made  or  broken.  As  it  was  felt  that  the 
whole  success  of  the  method  depended  on  the  non-heating  of  the  large  coils,  the 
two  smaller  were  replaced  by  one  large  one  of  German  silver,  wound  double,  so  as  to 
expose  a  very  great  sm^ace  to  the  air.  The  resistance  of  this  coil  was  selected  so 
that  when  placed  in  series  with  the  Cavendish  large  coil,^  their  united  resistance 
was  very  nearly  equal  to  that  of  the  calorimeter  coil ;  thus  the  remaining  arms  of  the 
bridge  were  more  nearly  equal  than  before,  and  were  made  of  stout  German  silver 
wire,  so  that  each  arm  was  about  5  feet  in  length  and  had  a  resistance  of  '3q».  We 
believe  that  these  results  were  quite  satisfactory,  since  (1)  there  was  no  difficulty 
in  the  measurement  of  E ;  (2)  the  mass  of  metal  in  the  large  coils  was  very  great, 
their  cooling  surface  large  (a  thermometer  placed  on  the  coils  never  showed  any 
tendency  to  rise)  and  their  temperature  coefficient  small ;  (3)  the  other  arms  of  the 

E  when  ihe  exterior  resistance  is  infinitely  great,  hence  the  valne  of  a  (in  the  equation  ^B  =  mEf) 
is  too  low. 

*  The  Cavendish  coil  was  a  triple  strand  one,  containing  nearly  1400  feet  of  single  German  silrer 
wire,  the  other  coil  had  a  donble  strand  and  contained  more  than  400  feet  of  a  btonter  wire. 
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bridge  were  so  nearly  equal,  and  were  so  arranged,  that  they  would  be  affected  to 
the  same  degree  by  any  temperature  changes. 
The  figure  shows  the  connections — 

BC  is  the  arm  containing  the  coiL 

BD  contains  the  two  large  German  silver  coils. 

ACf  AD  the  two  German  silver  wires  forming  the  remaining  arms  of  the 
bridge. 

Gi,  G3  the  high  and  low  resistance  galvanometeiu 

L,  S  the  Clark  cells  and  storages. 

K  the  meixjury  rheostat. 


Table  Vlll. — The  following  Table  gives  the  observations  taken  September  20,  1892. 


Time. 

No.  of 
Clark  cells. 

Temperature  at  which  bridge  is 
balanced. 

E  at  C° 
(in  Legal  ohms). 

aB. 

Em. 

C°. 

3.40 
3.46 
3.64 
3.56 
4.  3 
4.17 
4.21 
4.25 
4.33 
4.36 
4.38 
4.50 
4.59 
5.50 
6.  0 

1 
2 

3 

4 

5 
6 

376-3 1 
376-3/ 
360-71 
360-2^ 
360-4  J 
332-5  T 
332     y 
332-1 J 
292-51 
292-8^ 
292-3  J 
240    1 
240-5/ 
177-5 1 
176-8  / 

21-226 
20-818 

20-100 

19080 

17-760 
16-202 

8-7790 
8-7671 

8-7458 

8-7157 

8-6771 
8-6316 

X 

a!+-0119 

ai+-0332 

«+-0633 

a»+-1019 
a) + -1474 

7.12 
7.18 
7.26 
7.30 
7.45 
8.  0 

1 
2 
3 

4 
5 

379-4 

363-4 

333-41 

383-6/ 

292 

240-4 

21-306 
20-895 

20130 

• 

19-067 
17-766 

8-7814 
8-7692 

8-7468 

8-7166 
8-6772 

«+-0122 

a)+-0346 

at +0658 
a)+-1042 

Of  the  second  series  of  experiments,  the  first  was  taken  immediately  after  entering 
the  laboratory,  when  the  arms  AC^  AD  (being  very  near  one  observer,  and  the  gas 
having  been  lighted)  had  not  probably  reached  a  state  of  thermal  equilibrium,  but 
they  evidently  did  so  during  the  series. 
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Table  IX  * 


The  following  numbers  were  plotted : — 

• 

1 

(Legal  ohms.) 

SR  dedaoed  from 

SB.  =  •00422nS. 

1 

No.  of  cells. 

Increase. 

0 

—  X 

0 

0 

1 

0 

•0042 

•0042 

2 

•0120 

•0163 

•0168 

3 

•0333 

•0376 

•0378 

4 

•0638 

•0681 

•0675 

5 

•1023 

•1066 

•1055 

6 

•1478 

•1516 

•1619 

Hence  x  =  '0042, 
and  the  above  agree  within  the  limits  of  experimental  error  with  the  parabola 

8R  =  '00422  X  n® ;  where  n  is  number  of  Clark's  cells. 

In  this  case  there  can  be  no  doubt  about  the  actual  D.P.  at  the  ends  of  the  coiL 
The  results  of  the  previous  investigation  (p.  404)  are  of  great  importance,  in  so  far  as 
they  Zionfirm  the  conclusion  that  8R  =  aE^  but  are  of  little  use  for  determining  the 
value  of  a. 

In  order  to  complete  these  experiments  variations  in  the  rate  of  stirring  were  tried. 
It  was  found,  as  would  be  expected,  that  the  more  perfect  the  stirring,  the  less  the 
wire  became  heated  ;  but,  within  the  limits  of  our  rate  of  stirring,  the  change  was  so 
slight  that  no  correction  was  thought  necessary. 

The  observer  at  the  high-resistance  galvanometer  could,  however,  always  detect 
minute  changes  in  the  rate  of  stirring  by  the  irregular  behaviour  of  the  spot.  These 
changes,  although  thus  rendered  very  evident,  had  an  exceedingly  small  effect  and 
thus  they  served  as  a  proof  that  the  oscillations  observed  during  our  J  experiments 
also  indicated  variations  too  minute  to  affect  our  measurements 

[Note. — ^As  illustrating  the  importance,  as  also  the  accuracy,  of  the  correction 
rendered  necessary  by  the  difference  between  the  temperature  of  the  wire  and  of  the 
water,  we  here  give  a  summary  of  the  results  of  J  9  and  J  34.  These  two  experi- 
ments were  performed  in  order  to  subject  the  corrections  (both  for  radiation,  &c.,  and 
for  the  difference  in  the  temperature  of  the  wire)  to  a  severe  test,  the  heat 
developed  per  second  in  the  wire  during  J  34  being  nine  times  as  great  as  that 
developed  per  second  throughout  J  9. 


*  In  comparing  the  last  two  columns,  it  must  be  remembered  that  a  difference  of  •QOIO  corresponds  to 
a  difference  of  but  1  in  8600  in  R. 
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E.M.F.  (expressed  in  terms  of  a  Clark  cell  at  16^) 

Weight  of  water  +  water  equivalent  =  (M)  = 

Mean    rise   per    1"    (after  correction  for  stirring,  radiation, 

ACi^  z=i  y  Ts 

J  9. 

J  34. 

2 
273-77  grmfl. 

8225°  X  10-7 
19'-b4/0  C. 

6 
345-20  gmu. 

• 

5778°  X  10-« 
19''640  0. 

Mean  teniperatare    .     -     -     r     *     t     .     r     .     .     r     .     r     .     .     . 

Hence,  thermal  grms.  generated  per  1",  when  E  is  that  due  te  1 
Clark  cell  =  |7  X  M'^  = 

66295  X  10-» 

55404  X  10 -• 

v/ioir*.  w%ju,         ^7  /x   ^^j           

Now,  resistance  of  wire  at  19*540,  as  determined  by  box  in  the 
ordinary  manner  =  (Tin)  ^     .....     , 

8-7084 

8-7122* 

Hence,  thermal  grms.  per  1"  if  R  =  Iw ;   s  (  7  X  paj-^o  f  ^ 

49026  X  10-» 

48270  X  10-« 

These  quantities  (which  ought  to  be  equal,  and  from  which  we  deduce  the  value  of  J)  here  differ  by 

nearly  1  part  in  60. 

• 

If,  however,  we  deduce  the  values  of  B|e  and  Bqe  fi-om  Table  IX., 
we  get  8-7084  + -0168  and  87122  + -1519 

Hence  ^7  x  ^  W  — 

8-7252 

8-8641 

49111  X  10-» 

49110  X  10-» 

1 

«.«wuvw  ■     ,     ,^     "PS  1         1                                      

We  did  not  see  how  to  apply  a  more  severe  test,  and  we,  therefore,  considered  it 
unnecessary  to  carry  the  investigation  ^rther,  although  we  had  supposed  that  a 
repetition  would  be  necessary.] 


Comparison  of  our  Resistance  Coils  with  the  Standards. 

The  resistance  box  was  taken  to  the  Cavendish  Laboratory  on  October  31,  1892, 
to  be  compared  with  the  standard  coils  in  possession  of  the  British  Association. 

In  order  to  be  able  to  standardize  each  coil  separately,  two  plugs  were  made,  half 
ivory  and  half  brass,  so  that  good  contact  was  secured  with  the  outer  circle  of  the 
dials  through  the  brass,  but  no  contact  was  possible  with  the  inner  circle  through  the 
ivory.  The  insulation  of  these  plugs  was,  however,  defective,  the  shunt  so  formed 
being  suflScient  to  bring  the  10  legal  ohms  down  to  10  B.A.  ohms. 

Two  brass  bridges  were  then  made  which  rested  over  the  outer  <5ircles  of  the  dials, 
one  end  of  each  bridge  fitted  into  the  plug-holes,  but  was  cut  away  so  as  not  to 

*  The  resistance  of  the  coil  had  been  altered  between  these  two  experiments  (see  p.  4 LI). 
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touch  the  central  circle.  By  tightening  up  a  screw  in  the  other  end  of  the  bridge  a 
good  and  regular  contact  was  secured.  To  the  centre  of  each  bridge  a  binding  screw 
was  fixed,  and  connection  was  made  by  thick  wire  leads  from  these  to  the  Carey- 
Foster  bridge. 

In  the  comparison  of  the  units  and  tens,  the  Carey-Foster  bridge  belonging  to  the 
B.A.  was  used,  and  the  difference  between  the  standard  and  the  box-unit  was  found 
in  terms  of  a  length  of  bridge- wire.  In  the  comparison  of  the  lOO's  and  lOOO's,  the 
bridge  described  by  Glazebhook  (*  B.A.  Report/  1883)  was  always  used.* 

The  etandarf  ooL  uaed.  and  thL  val„«.l  given  L  the  fnUoLg  TaMe :- 

Table  X. 


Coil. 

Yalae. 

Elliott   269 

„        270 

,.        288 

289 

Naldsr  3634      

„       3637      

lOOOi.w.d 

1            +  000282  (t  -  15-1) 
1            +  -000286  it  -  15-3) 
10            +  -00265  (t  -  16-2) 
10            +  -00260  (t  - 15-4) 
100            +  •aS08  (*  - 17-2) 
100            +  -0308  (*  -  17-05) 
-06000  +  -0000715  (t  -  182) 

The  same  thermometer  (Hicks,  No.  352,601)  that  had  been  employed  in  all  our 
detenninations  was  again  used  in  the  standardization,  and,  since  its  bore  was  very 
nearly  uniform,  no  correction  was  necessary.  The  B.A.  thermometer  (K.O.,  75,149) 
was  used  for  the  temperatures  of  the  standards ;  its  correction  was  —  *10  at  the 
temperatures  of  our  observations. 

The  resistance  of  the  connections  between  the  box  and  bridge  was  taken  in  terms 
of  the  bridge- wire  of  the  Carey-Foster  bridge. 

The  results  of  observations  on  different  days  agree  well,  the  average  departure 
from  the  mean  being  less  than  100066' 

The  differences  could,  in  most  cases,  be  easily  accounted  for  by  small  temperature 
changes  in  the  interior  of  the  coils,  which  could  not  be  indicated  by  the  thermometer. 

The  accompanying  Table  gives  the  results. 

(Although  the  coils  in  the  1000  dials  were  not  used  during  the  determinations  of 
the  resistance  of  the  calorimeter  coil,  we  have  indaded  them  in  this  Table,  since  many 
of  them  were  required  when  ascertaining  the  platinum  temperatures,  and  also  because 
a  complete  standardization  of  this  kind  is  interesting,  as  it  shows  the  order  of 
accuracy  of  boxes  of  this  pattern.) 


*  In  comparing  the  100  and  1000  ohms  coils,  two  Leclanch^  cells  were  used.    The  currents  in  the 
battery  circuit  were  '090  and  '023  ampere  respectiFel  j. 
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As  the  terminals  were  used  for  testing  at  the  time  the  box  was  constructed, 
the  resistance  of  the  connections  through  the  dials  was  then  taken.  This  is  sufficient 
to  account  for  the  apparently  low  value  of  the  first  unit,  as  the  resistance  of  the  box 
with  all  the  plugs  at  0  is  '00334.  In  testing  the  arms  of  the  bridge,  the  centre  and 
end  terminals  were  used  in  the  same  manner  as  when  the  box  itself  formed  the  bridge, 
so  that  no  plug  resistance  correction  had  to  be  applied. 

A  table  was  constructed,  giving  the  total  difference  between  the  reading  and  the 
real  value  (in  terms  of  legal  ohms)  for  every  position  of  the  plugs  in  each  dial.  This 
difference  we  termed  the  "  plug  correction."*  Having  made  this  correction,  we  then 
had  to  correct  for  any  inaccuracy  in  the  ratio  of  the  arms  of  the  bridge,  and  as  all 
determinations  of  the  calorimeter  coil  resistance  were  made  with  the  1000  (right)  and 
10  (left)  as  the  arms,  it  is  here  only  necessary  to  give  the  correction  for  these  coila 

Now  10L/1000R=  100077/1000-30  =  '0100047.  This  we  termed  the  "bridge 
correction." 

The  resulting  values  are  expressed  in  legal  ohms,  and  true  ohms  =  reading  in  legal 
ohms(l  —  -0024275). 

By  applying  the  corrections  in  the  above  form  it  was  possible  to  perform  all 
the  operations  by  means  of  the  slide  rule,t  as  it  was  only  necessary  to  determine 
the  quantity  to  be  added  or  subtracted  in  one  C€U3e  to  three,  and  in  the  other  to 
four  figures. 

(When  working  with  platinum  thermometers  the  last  two  corrections  are  omitted, 
as  it  is  only  necessary  that  the  resistances  should  be  expressed  in  terms  of  the  same 
unit,  the  absolute  value  of  that  imit  being  imimportant). 

Table  XII.  gives  the  values  of  B,  when  the  calorimeter  coil  was  in  water,  stirred  in 
the  same  way  as  during  a  "  J  "  determination.  Each  number  in  the  column  B  was 
obtained  in  the  manner  given  in  full  on  p.  399,  and  includes  the  correction  for  tempera- 
ture. The  "  plug  correction  "  cannot  be  deduced  firom  column  R,  because  the  differ- 
ence between  the  correction  on  B,  -f  r  and  r  has  to  be  used  in  each  case.  The  plug 
correction  however  is,  in  every  case,  about  the  same  as  that  required  by  the  values 
of  R  -f  r  and  r  as  given  in  Table  IV. 


*  The  correction  for  the  temperature  of  the  box  was  made  before  applying  the  "  ping  correction."  The 
valnes  of  the  temperature  coefficient  for  each  dial  had  been  previonsl j  determined  by  MesBrs.  Blliott, 
and  the  accaracy  of  the  coefficients  has  been  exposed  to  severe  tests. 

As  the  temperature  of  the  box  was  controlled  by  a  special  regulator,  it  never  differed  greatly  from 
17°  C.     (See  *  Phil.  Trans./  vol.  182,  A,  p.  45.) 

t  Fuller's  spiral  slide  rule  gives  results  correct  to  1  in  20,000  or  30,000. 
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Table  XII. 


Date. 


Ang. 

6  .    , 

» 

6  .    . 

< 

tt 

30  .     . 

< 

»9 

17  .     . 

»t 

24  . 

1 

^9 

31  .    , 

Se 

ipt. 

4  .    . 

R  (at  iry 


R  corrected 
for  "plugs." 


18-701 
13133 
25-217 
19-231 
20-337 
17-066 
15-325 


8-70152 
8-53685 
8-89343 
8-71690 
8-74906 
8-65267 
8-60104 


8-70514 
8-54041 
8-89701 
8-72046 
8-75260 
8-65627 
8-60459 


R  corrected 
for  bridge. 


8-70923 
8-54442 
8-90119 
8-72456 
8-75671 
866034 
8-60863 


True  ohms. 


8-68809 
8-52368 
8-87958 
8-70338 
8-73545 
8-63932 
8-58773 


Between  September  4  and  1 1  the  coil  was  readjusted,  and  was  probably  somewhat 
strained  in  the  process.     The  value  of  It  was  slightly  increased. 

Table  XIII. 


Date. 

C^ 

R  (at  17°). 

R  corrected 
for  "  plugs." 

R  corrected 
for  bridge. 

True  ohms. 

Sept.  11    .     .     . 

19-560 

8-73058 

8-73416 

8-73827 

8-71706 

25-522 

8-90563 

8-90923 

891342 

8-89178 

13-28(J 

8-54471 

8-54826 

8-55228 

853152 

15-086 

8-59816 

.  8-60171 

8-60575 

8-58486 

22-154 

8-80618 

8-80975 

881389 

8-79250 

23-274 

8-83966 

8-84326 

8-84742 

8-82594 

16-952 

8-65268 

8-65628 

8-66035 

8-63933 

„     19    .     .     . 

18-697 

8-70415 

1 

8-70777 

8-71186 

8-69072 

The  sixth  figure  is,  of  course,  unnecessary.  The  numbers  in  the  first  and  last 
columns  were  plotted  on  a  very  large  scale,  so  that  the  fifth  figure  could  be  read 
distinctly.  The  resulting  curves  diflTer  in  no  respect  from  those  given  by  platinimi 
thermometers.  The  difference  between  the  curve  reading  (at  any  of  the  above 
temperatures)  and  the  corresponding  value  in  the  table  in  no  case  exceeds  '0005  {i.e., 
1  in  17,000). 

The  values  of  B  after  September  4  exceed  the  values  before  that  date  (when  the 
temperature  is  the  same)  by  *0038. 

The  values  of  B  (true  ohms)  at  other  temperatures  than  those  in  the  above  tables 
were  obtained  from  the  curves.* 

*  In  order  to  trace  the  changes  in  the  specific  heat  of  water  throughout  our  range,  we  had  decided  to 
find  the  time  of  rising  1**  at  each  of  the  following  temperatures,  vis.,  14'',  15**,  Ifi"",  18*,  20^  22*,  24%  and 
25*  C.  It  would  hare  been  difficult,  if  not  impossible,  to  arrange  our  actual  observations  throughout  our 
experiments  so  that  they  were  exactly  grouped  about  these  points.  The  value  of  each  millim.  of  our 
thermometer  stem  varied  as  the  temperature  changed,  and  the  above  temperatures  in  no  case  corresponded 
with  any  integral  number.    The  values  of  our  variables  at  these  temperatures  had  to  be  obtained  by 
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As  mentioned  (p.  394)  the  resistance  of  the  coil  when  immersed  in  pentane  was 
ascertained.  The  observations  were  taken  in  the  same  manner  and  with  the  same 
rate  of  stirring  as  those  whose  results  are  ^ven  in  the  above  tables. 

--^^LE-XIV. - -  - 


C^ 

Determination  of  R  in  pentane. 

True  olims  (after 

R  at  (17°). 

"  P^^S  "  ^^^  bridge 
corrections). 

13-632 

8-55513 

8-54195 

14010 

8-56516 

8-55197 

U-982 

8-59544 

8-58223 

16202 

8-62941 

861612 

17161 

8-65892 

8-64557 

18'2U 

8-69058 

867699 

19164 

8-71857 

8-70506 

20-602 

8-75805 

8-74443 

21702 

8-79354 

8-77989 

23001 

8-83186 

8-81812 

24-699 

8-88218 

8-86836 

24-699 

8-88204 

8-86822 

24-713 

8-88275 

8-86891 

The  results  must  be  compared  with  those  in  Table  XIII.,  since  the  observatioDS 
were  made  after  the  change  in  the  coil. 

In  order  to  find  what  difference,  if  any,  was  caused  by  the  change  from  water  to 
pentane,  the  values  of  R  in  water  at  the  above  temperatures  were  taken  fix^m  the  curve 
plotted  from  Table  XIII. 


large  scale  cnrves.  No  purpose  would  be  served  bj  reproducing  any  of  these  ourves  in  tbia  paper, 
because  if  drawn  on  a  small  scale  tbej  would  be  useless  and  misleading ;  for  tbej  would  give  an  cxag. 
gorated  idea  of  the  accuracy  of  our  results — the  discrepancies  being  imperceptible.  In  every  case  we 
give  data  by  which  the  curves  could  be  reproduced,  and  where  any  marked  departure  is  shown  by  an 
individual  observation  we  mention  it. 
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Table  XV. 


c°. 

R  (pentane). 

R  (water). 

Difference.* 

13-632 

I    8-5420 

8-5419 

+  -0001 

14010 

8-5520  ? 

8-5528 

-0008  P 

14-982 

8-58-22 

8-5818 

+  0002 

16-202 

8-6161 

8-6148 

+  0013 

17161 

8-6456 

8-6456 

+  0000 

18-214 

!    8-6770 

8-6766 

+  0004 

19164 

8-7051 

8-7046 

+  0005 

20-502 

8-7444 

8-7444 

+  0000 

21-702 

8-7799 

8-7794 

+  0005 

23-001 

88181 

8-8176 

+  0005 

24-699 

8-8683 

8-8676 

+  0007 

24-713 

8-8689 

8-8680 

+  •0009 

Mean  difference  =  "0004, 

showing  a  rise  of  about  ^a^oo  when  in  pentane. 

The  specific  heat  of  pentane  is  so  small  that  it  is  possible  that  the  wire  would  be 
at  a  slightly  higher  temperature  than  when  in  water,  as  it  would  not  be  robbed  so 
rapidly  of  the  heat  supplied  by  the  current,  and  thus  some  portion  of  the  small  rise 
observable  might  be  due  to  this  cause. 

The  following  tables  give  the  resistances  used  by  us  for  the  reduction  of  our  "  J  " 
experiments : — 

Rq  denotes  the  resistance  when  the  current  is  so  small  as  to  produce  no  visible 
change  in  R 

(E^  =  R,  as  deduced  from  Table  XIIL,  diminished  by  '0034,  see  p.  396.) 

Rk,  RgE,  &c.,  the  resistance  when  the  diflPerence  of  potential  at  the  ends  of  the  coil 
is  that  due  to  1,  2,  &c.,  Clark  cells. 

(Rot  =  Rt)  +  8Ro>  where  8R^  =  00421  X  n*  true  ohms,  see  p.  406.) 


Table  XVI.  Series  II.  Values  of  R. 

For  Series  I 

.  subtract  -0038. 

C*. 

1 

• 

Rq. 

RjK- 

RlE- 

R^j. 

Em. 

Rai- 

14-477 

1 

8-5626 

8-5794 

8-6012 

8-6307 

8-6686 

8-7149 

15-581 

8-5959 

8-6127 

8-6337 

8-6632 

8-7011 

8-7474 

16-682 

8-6282 

8-6450 

8-6660 

8-6955 

8-7334 

8-7797 

17-683 

8-6578 

8-6746 

8-6956 

8-7251 

8-7630 

8-8098 

18-688 

8-6876 

8-7044 

8-7254 

8-7549 

87928 

8-8391 

19-835 

8-7214 

8-7382 

8-7592 

8-7887 

8-8266 

8-8729 

21-115 

8-7592 

8-7760 

8-7970 

8-8265 

8-8644 

8-9107 

22-409 

8-7972 

8-8140 

8-8350 

8-8645 

8-9024 

8-9487 

23-862 

8-8399 

8-8567 

8-8777 

8-9072 

8-9451 

8-9914 

25-006 

8-8735 

8-8903 

8-9113 

8-9408 

8-9788 

9-0250 

*  The  differences  in  the  last  column  show  a  slight  tendency  to  increase  as  the  temperatore  rises, 
indicating  a  decrease  in  the  resistance  of  water. 
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Section  VIII. — The  Measurement  of  Tibie. 

As  previoiisly  mentioned,  an  electrical  clock  (made  by  Mr.  Thomas)  was  used  as 
our  standai'd.  The  energy  required  was  supplied  by  two  Leclanch^  cells.  The  pen- 
dulum (a  seconds  one)  was  very  heavy,  weighing  about  ^  cwt.  Its  rod  was  of  wood, 
and  we  were  unable  to  detect  that  any  appreciable  change  in  rate  was  caused  by  the 
small  changes  of  temperatmre  to  which  it  was  exposed.  The  working  parts  of  an 
electrical  clock  of  this  kind  are  so  simple  that,  when  once  standardized,  it  is  a  very 
reliable  instrument.  The  pendulum  was  fitted  with  a  rough  and  a  fine  adjustment, 
and  comparisons  were  made  at  regular  intervals  with  a  ("rated")  Dent's  chrono- 
meter. Until  August  21,  1892,  the  rate  of  gain  was  —  1  in  2424;  after  that  date 
the  rate  of  gain  was  certainly  less  than  1  in  25,000,  and  such  variations  as  were 
observed  may  have  been  due  to  temperature  changes,  as  they  were  irregular  and,  in 
any  case,  so  small  as  to  render  corrections  unnecessary.  All  observations  of  time 
made  before  the  above  date  (August  21)  were  corrected  for  clock  error,  before  they 
were  used  in  the  calculations.  The  actual  uncorrected  observation  is,  however,  the 
one  given  in  all  columns  headed  "  time." 

The  chronograph,  which  was  worked  by  a  separate  battery,  was  of  a  somewhat 
peculiar  construction.  It  was  contrived  so  that  on  '*  making  **  the  circuit  connecting 
it  with  the  clock,  the  tape  was  at  once  started,  and,  on  breaking  that  circuit,  the  tape 
came  to  rest.  Thus  the  observer  could,  without  moving  his  position,  start  or  stop  the 
chronograph  by  pressing  a  key.* 

We  rarely,  however,  used  this  contrivance,  because,  as  oiu*  observations  lasted  over 
considerable  intervals  of  time,  the  instrument  had  to  be  continuously  at  work.  The 
regulator  was  so  adjusted  that  the  tape  passed  through  about  f  of  an  inch  per  second 
— the  fractions  of  a  second  being  rapidly  read  off  by  means  of  glass  scales.  The 
labour  of  numbering  the  seconds  was  great,  for  the  instrument  was  not  so  contrived 
that  it  could  make  a  distinguishing  mark  every  tenth  second.t 

Immediately  before  the  observer  were  placed  two  keys  connected  with  the  chrono- 
graph, one  of  which  made  permanent  connection  with  the  clock  pendidum,  the  other 
was  a  spring  key  for  recording  the  times  of  passing  certain  temperatures,  or  the  time 
of  each  1000  revolutions  of  the  stirrer. 

Some  preliminary  observations  indicated  that  the  personal  error  (t.e.,  the  di£Eereiice 
between  the  actual  time  and  those  read  off  from  the  tape)  amounted  to  about  t%^  of  a 
second.  As,  however,  all  times  were  recorded  by  the  same  observer,  this  constant 
"  lag  "  was  of  no  consequence. 


*  It  was  fonnd  necessary  to  place  tbe  chronograpli  at  a  considerable  distance  from  the  galvanometer. 
t  The  Table  XIX.,  given  in  Section  XII.,  shows  that  one  experiment  alone  lasted  more  than  10,000 
seconds. 
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Section  IX. — The  Measurement  of  Mass. 

Rowland,  in  the  paper  to  which  reference  has  ahready  been  made,  takes  objection 
to  Weber's  determination  of  "  J,"  on  the  ground  that  he  used  only  250  grms.  of 
water.  Also  M.  Arnoux  in  the  discussion  which  followed  D'Arsonval's  paper 
said,  "  Its  determination  has  always  been  carried  out  in  diminutive  apparatus  ...  in 
which  the  losses  by  radiation  attained  a  high  figure.  With  large  apparatus  the  loss 
by  radiation  becomes  negligible  since  the  volume  increases  as  the  cube  and  its 
radiating  surface  as  the  square  only  of  the  linear  dimensions.  With  appliances 
capable  of  transforming  into  heat  a  few  hundred  kilogrammetres  per  second,  we  ought 
to  succeed  in  determining  the  mechanical  equivalent  to  three  or  four  (sic)  places."* 
Now  as  the  quantity  of  water  used  by  us  was  small,  it  will  be  well  to  point  out  the 
considerations  by  which  we  were  influenced. 

Besides  the  mass  of  water,  which  is  used  in  the  calorimeter,  accoimt  must  be  taken 
of  what  is  usually  termed  the  "  water  equivalent "  of  the  calorimeter.  [We  take  this 
opportunity  of  remarking  that  when  we,  in  subsequent  statements,  use  the  word 
"  equivalent "  we  refer  to  the  water  equivalent  of  our  calorimeter,  and  do  not  use  the 
word  in  the  sense  in  which  it  occurs  in  Rowland's  paper  as  meaning  "  the  mechanical 
equivalent ; "  this  we  have  designated  by  the  letter  "  J."]  Now  it  is  the  very 
difficulty  of  satisfifcctorily  determining  this  equivalent,  rather  than  the  estimation  of 
loss  by  radiation,  which  has  led  experimenters  to  prefer  a  large  mass  of  water,  when 
practicable,  in  order  to  make  any  error  in  the  equivalent  one  of  the  second  order. 

Up  to  the  time  of  writing,  only  two  methods  seem  to  have  been  generally  adopted 
for  determining  the  equivalent,  (1)  the  method  of  mixtures,  (2)  the  method  by  calcula- 
tions from  the  specific  heats  and  masses  of  the  component  parts  of  the  calorimeter. 
Of  the  first  of  these  we  need  say  but  little,  for  Joule  himself  obtained  values  which 
varied  amongst  themselves  by  12  per  cent.t  We  did  not,  however,  dismiss  this 
method  without  trial,  for  having  applied  it,  with  every  conceivable  precaution,  to  one 
of  our  calorimeters,  we  obtained  niraibers  whose  differences  were  so  great  as  to  render 
them  useless  for  the  purposes  of  this  investigation. 

The  second  method  is  attractive  on  account  of  its  simplicity,  but  since  the  specific 
heats  have  probably  been  determined  by  the  application  of  the  first  method,^  the 
accuracy  is  not  of  a  superior  order.  Of  greater  weight  is  the  consideration  that  a 
calorimeter  has  no  definite  limits,  it  being  impossible  to  foretell  to  what  extent  and  in 
what  manner  the  necessary  supports,  connections,  and  surrounding  envelopes  have  to 
be   introduced.     The  method  which  we  have  adopted  of  making  the  experiments 

*  Rowland's  calorimeter,  when  fall,  weighed  over  12  kilos.,  Joulb's  aboot  6  kilos. 

t  See  Table,  p.  639,  *  Joulb's  Scientific  Papers,'  vol.  1. 

X  We  may  quote  from  Prof.  Bvbkbtt's  '  Units  and  Physical  Constants,'  "  Specific  Heat  of  Liquids." 
^'  We  haye  omitted  decimal  figures  after  the  fourth,  as  even  the  second  figure  is  different  with  different 
obseryers."    To  this  we  may  add  that  the  specific  heat  c{  solids  will  bear  no  closer  scrutiny. 
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themselves  give  us  the  value  of  the  equivalent  appears,  to  us,  to  be  the  only  way  in 
which  this  difl&culty  can  be  successfully  overcome,  and,  as  our  results  will  show,  the 
equivalent  was  determined  with  the  same  accuracy  as  the  other  quantities.* 

There  does  not  appear  to  be  any  argument  in  favoiu*  of  using  a  small  mass  of  water 
when  the  value  of  "J"  is  to  be  determined  according  to  Joule's  original  method  by  the 
friction  of  water ;  but  the  complexion  of  the  case  is  completely  changed  if  the  mode 
of  investigation  is  altered,  for  in  each  different  method  the  accuracy  of  the  result  will 
be  some  function  of  the  variables  at  omr  disposal,  and,  since  we  cannot  apply  the 
calculus,  these  ought  to  be  so  selected  from  general  considerations,  as  to  make  that 
accuracy  a  maximum.  In  the  method  which  we  have  adopted  the  variables  are  the 
mass  of  water,  the  resistance  of  the  coil,  the  difference  of  potential  at  its  ends,  and, 
dependent  upon  these,  is  the  rate  of  rise  in  temperature. 

Now  the  most  satisfactory  method  of  ascertaining  the  rate  of  rise  in  temperature, 
consists  in  timing  the  transit  of  the  mercury  column  across  the  spider-wire  of  a 
reading  telescope.  This  wire,  being  set  along  the  graduations  of  the  thermometer, 
several  successive  transits  are  recorded  at  different  parts  of  the  range  and  the  mean 
time  is  taken  at  each  place.  Although  the  rate  of  rise  ought  to  be  fisdrly  great,  in 
order  to  diminish  the  importance  of  radiation  losses,  if  the  rate  is  too  rapid  the 
observer  has  not  sufficient  time  to  set  his  cross-wire  to  the  successive  graduations, 
and  only  one  observation  can  be  recorded  at  each  part  of  the  range.  The  confusion 
which  would  be  introduced  by  attempting  to  observe  every  other  scale  division  need 
scarcely  be  mentioned.  It  was  only  by  constant  practice  that  one  of  the  observers 
was  able  to  take  observations  with  accuracy  at  the  rate  we  adopted. 

If,  on  the  other  hand,  the  advance  of  the  colimin  is  too  slow,  the  time  of  apparent 
contact  with  the  telescope  wire  is  uncertain  and,  at  the  same  time,  the  phenomenon 
of  "  sticking  "  is  rendered  more  probable.  As  during  these  experiments  the  strain 
on  the  observer  was  very  great,  mere  personal  fatigue  would  be  sufficient  to  prevent 
accurate  observations  being  taken  if  the  duration  of  the  experiment  was  extended 
beyond  an  hoiu*.  In  the  case  of  the  experiments  on  the  heat  developed  by  the 
stirrer,  it  will  be  seen  by  reference  to  the  tables  that  these  sometimes  lasted  three  or 
foiu*  hours ;  but  the  nature  of  these  experiments  not  being  so  complicated,  the  strain 
was  less  and  the  observer  had  short  intervals  of  rest. 

The  rate  of  rise  in  temperature  thus  practically  determines  the  values  which  we 
must  assign  to  the  other  quantities  at  our  disposal,  for  to  make  the  rate  great  we  must 
either  diminish  the  mass  or  resistance,  or  else  increase  the  difference  of  potentiaL 
The  considerations  which  led  us  to  give  to  E  and  B  the  limiting  values  assigned  to 

*  The  value  of  J  can  be  obtained  without  ascertaining  the  value  of  the  water  equivalent  (see  p.  481), 
and  the  determination  of  the  changes  in  the  capacity  for  heat  of  water  is  entirely  independent  of  it. 
Our  conclusions  are  based  on  observations  of  differences  in  time  caused  by  differences  in  the  mass  of 
water,  and  we  see  no  reason  why  such  differences  could  be  ascertained  with  greater  accuracy  if  the  water 
equivalent  was  diminished.   The  total  times  would  be  decreased,  but  the  differences  would  remain  unaltered. 
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except  that  every  withdrawal  involved  four  weighings,  so  that,  after  a  short  time, 
the  mass  of  water  in  the  calorimeter  was  dependent  upon  a  very  great  number  of 
weighings,  and  small  errors  in  each,  if  cmnulative,  might  have  become  serioua  We, 
therefore,  soon  abandoned  this  as  a  general  method,  and  only  resorted  to  it  occa- 
sionally. Since  then  we  have  always  used  the  following  method  of  adding  a  known 
mass  of  water  to  the  calorimeter  : — 

Pairs  of  glass  flasks  (with  india-rubber  stoppers),  of  100,  200,  and  300  cub.  centims. 
capacity,  were  selected  and  carefully  cleaned.  One  of  each  pair  was  kept  as  a  tare 
for  its  fellow.  In  introducing  the  water  into  the  calorimeter  it  was  necessary  to  avoid 
loss  either  by  accident  or  by  evaporation,  and  to  guard  against  losses  of  this  kind  the 
following  device  was  employed : — ^A  thin  glass  tube,  30  centims.  in  length,  had  a 
wider  piece,  about  7  centims.  long  and  2  centims,  in  diameter,  fused  to  its  upper 
end,  thus  forming  a  funnel  Up  the  centre  of  this  wide  portion  a  piece  of  glass  rod 
was  fixed,  its  upper  extremity  projecting  above  the  top  of  the  wider  tube,  so  that  the 
lip  of  the  flask,  from  which  water  was  poured,  could  rest  against  it,  and  thus  prevent 
any  drops  running  down  the  outside  of  the  flask  or  tube.  By  forming  a  slight 
support,  it  also  somewhat  relieved  the  difficulty  of  the  operation,  which,  even  with 
its  aid,  was  a  trying  one.  A  cork  was  fixed  to  the  stem  of  the  funnel,  in  such  a 
manner  as  to  permit  its  lower  end  to  dip  into  the  calorimeter.  This  funnel  was 
provided  with  a  case,  consisting  of  a  length  of  glass  tube  closed  permanently  at  the 
lower,  and  temporarily  at  the  upper,  end  by  an  india-rubber  stopper.  A  piece  of 
similar  tubing,  closed  at  both  ends,  was  used  as  a  tare.  The  full  flask  and  funnel 
having  been  weighed,  the  funnel  was  withdrawn  from  its  case,  placed  in  one  of  the 
tubes  leading  to  the  calorimeter,  and  the  water  poured  down  it  from  the  flask.  This 
is  the  only  part  of  the  process  during  which  evaporation  could  possibly  take  place, 
and  any  such  loss,  during  the  few  seconds  the  operation  lasted,  would  be  a  matter  of 
no  consequence.  The  empty  flask  was  immediately  re-stoppered,  the  funnel  with- 
drawn and  returned  to  its  case,  and  the  weight  ascertained  at  any  convenient  time. 
This  method  also  enabled  us  to  add  water  below  the  dew-point  of  the  room  without 
any  error  due  to  moisture  condensed  on  the  flask  and  funnel,  for  it  was  only  necessary 
to  first  weigh  the  flask,  then  cool  it,  and  pour  its  contents  into  the  calorimeter.  The 
exterior  of  the  funnel  was  dried  before  returning  it  to  its  case,  and  the  stoppered 
flask  placed  in  a  dessicator  for  some  time  before  the  final  weighing.  This  method 
appeared  to  be  satisfactory,  and,  although  it  was  impossible  to  add  exactly  the  same 
amount  on  diflerent  occasions,  still,  as  the  difference  was  only  the  fraction  of  a  gramme, 
it  was  easy  to  apply  any  necessary  correction  to  the  resulting  numbers.  A  glass 
tube,  reaching  to  the  bottom  of  the  calorimeter,  was  connected  with  an  exhaust  pump, 
which  enabled  us  to  withdraw  nearly  all  the  water,  and  the  remaining  moisture  was 
removed  by  passing  a  current  of  hot  dry  air  through  the  calorimeter  for  several  hours. 

Owing  to  some  difficulty  with  regard  to  the  air-tight  joints,  we  were  obliged  to 
take  the  calorimeter  to  pieces  at  the  beginning  of  July,  1 892,  and  to  our  astonishment 
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we  found,  although  we  had,  as  we  thought,  dried  completely,  there  still  remained 
several  cub.  centims.  of  water.  We  subsequently  ascertained  that  the  calorimeter 
could  be  properly  dried  in  the  above  manner,  provided  that  sufficient  time  was 
allowed  ;  but  the  hot  air  had  to  pass  for  several  days  before  a  drying  tube,  suspended 
within  the  caloriineter  for  12  hours,  showed  no  increase  in  weight.  Now,  as  the  first 
method  involved  too  many  weighings,  and  the  second  was  unsafe,  unless  two  or  three 
days  elapsed  between  each  experiment,  we  were  compelled  to  seek  a  different  mode  of 
procedure.  Thus,  as  we  could  neither  withdraw  any  portion  of  the  water,  nor  cool 
the  whole  calorimeter  down  without  great  labour,  means  had  to  be  devised  for  cooling 
it  from  within.  A  tube,  through  which  a  freezing  mixture  could  be  forced,  was 
evidently  objectionable,  as  there  would  always  be  uncertainty  as. to  whether  all  the 
fr'eezing  mixture  had  been  removed.  We  found  the  following  arrangement  worked 
admirably,  for  the  temperature  of  the  calorimeter  fell  as  rapidly  when  cooling,  as  it 
rose  when  the  current  was  passing.  We  were  thus  able  to  use  the  same  water  again 
and  so  save  a  numerical  reduction. 

A  very  thin  glass  tube,  closed  at  its  lower  end,  passed  down  the  support  tube  F 
(Plate  2,  fig.l)  of  the  calorimeter,  just  clearing  the  base,  and  the  upper  end,  which  was 
open,  projected  about  \  inch  above  the  top  of  the  tube  F.  Care  was  taken  to  so  fix  this 
tube  that  no  water  could  find  its  way  up  the  annular  space  between  the  two  tubes. 
When  not  in  use,  the  upper  end  was  closed  by  a  cork,  so  as  to  prevent  air-currents 
circulating  down  to  the  calorimeter.  When  used  for  cooling,  this  tube  was  partially 
filled  with  ether,  through  which  a  rapid  current  of  dried  air  was  sucked  by  means  of 
the  arrangement  shown  in  Plate  2,  fig.  I.  The  fine  capillary  point  reached  just  to  the 
bottom  of  the  closed  tube,  so  that,  when  the  cooling  had  proceeded  far  enough,  the 
remaining  ether  could  be  withdrawn  by  reversing  the  connections  to  the  exhaust  pump 
and  the  H^SO^  drying  bottles.  Any  ether  or  impurity  left  at  the  bottom  of  this  tube 
would  have  caused  great  irregularities  in  the  experiments,  so,  as  a  precaution,  only 
freshly  distilled  ether  was  used,*  and  when  the  temperatmre  had  been  suflSciently 
lowered,  dry  air  was  passed  for  a  considerable  time  and,  finally,  the  cooling  tube 
thoroughly  cleaned  by  means  of  an  absorbent  mop.  The  joint  at  G  was  made  by  slipping 
a  small  ring  of  india-rubber  tubing  round  the  projecting  end  of  the  cooling  tube,  and, 
by  slightly  splaying  out  the  mouth  of  the  aspirating  portion,  a  suflSciently  good  imion 
was  effected,  the  extreme  thinness  of  the  walls  rendering  a  ground  glass  joint  impractic- 
able.    The  entrance  tube  K  was  used  for  adding  fresh  ether  as  occasion  required. 

As  soon  as  we  perceived  that  this  method  of  cooling  was  a  success,  it  was  at  once 
evident  that  it  could  be  applied  to  finding  the  latent  heat  of  evaporation  of  liquids, 
for  by  regulating  the  rate  of  evaporation  we  could  make  the  cooling  effect  such  as  to 
counterbalance  the  heat  developed  by  a  known  current.  We  have  already  made  a  few 
rough  determinations,  but  prefer  to  postpone  their  publication  until  we  have  applied 
the  method  with  greater  precautions. 

*  The  ether  was  always  redistilled  by  us  immediately  before  use — at  a  temperature  under  4ff  C. 

3  H  2 
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Section  X. — The  Measurement  of  Temperature. 

When  commencing  this  account  of  our  experiments,  we  proposed  to  give  ftill  detailfl 
of  the  calibration  and  standardization  of  the  mercury  thermometer  Em,  upon  which  all 
our  measmrements  depend.  Nearly  half  of  our  time  and  attention  has  been  devoted 
to  this  part  of  the  subject,  and  there  are  but  two  courses  open  to  us,  viz.,  to  give  a 
full  account  of  oiu*  method  of  standardization,  with  the  tables  upon  which  our  con- 
clusions are  based  ;  or  to  reserve  a  detailed  description  for  a  fiuther  communication, 
and  give  a  short  summary  of  the  results  in  the  present  paper.  We  have  decided  to 
adopt  the  latter  comrse,  for  the  following  reasons : — 

(1.)  We  are  (with  the  help  of  Mr.  Callendar)  now  entering  on  a  careful  direct 
comparison  of  thermometer  E>,  with  a  new  form  of  air  thermometer,  which,  there  is 
every  reason  to  believe,  will  give  very  accurate  results ;  but  we  are  unable  to  assign 
any  definite  limit  to  the  time  that  this  investigation  may  take. 

(2.)  Dr.  GuiLLAUME  is  now*  engaged  in  the  comparison  with  the  Paris  standard  of 
a  thermometer  specially  constructed  for  us  by  M.  Tonnelot,  and  some  time  must 
elapse  before  this  comparison  can  be  completed. 

(3.)  The  dimensions  of  this  commimication  are  already  very  great,  and  if,  in  addi- 
tion, we  gave  a  fiill  account  of  our  thermometric  comparisons,  its  length  would  become 
immoderate. 

(4.)  We  consider  that  the  success  of  the  method  of  exact  determination  of  tem- 
perature by  platinum  thermometers  may  now  be  regarded  as  established,  and  that  the 
accuracy  of  the  results  obtained  by  platinum  thermometers  in  oiu*  possession  is  proved 
by  communications  already  published.t 

(5.)  The  results  of  oiu*  J  experiments  may  themselves  be  taken  as  a  proof  of  the 
€tccuracy  of  the  method  of  time-calibration  adopted  by  us,  and  described  on  pp.  423 
and  424,  infra. 

Assuming  the  accuracy  of  the  calibration  it  is  possible  we  are  in  error— 

(1.)  In  the  actual  elevation  ; 

(2.)  In  the  value  of  our  total  range. 

No.  (1)  may  be  disregarded,  for  it  is  only  the  changes  in  the  specific  heat  of  water 
which  render  the  actual  elevation  of  any  consequence  whatever.  Now  it  is  impossible 
that  we  are  in  error  by  0°*2  C,  for  the  comparisons  we  have  made  with  the  B.A. 
thermometers,  which  have  been  carefiilly  standardized  at  Kew,  would  alone  have 
been  sufficient  to  detect  any  error  of  that  kind,  and  an  error  of  0^'2  C.  in  elevation 
would  mean  an  alteration  of  only  1  in  20,000  in  the  value  of  J. 

No.  (2)  is,  of  course,  of  vital  importance. 

In  '  Phil.  Trans.,'  vol.  182,  A,  p.  155,  will  be  found  the  results  of  a  comparison  of  one 

*  December,  1892. 

t  *B.A.  Report;  1890;  'Phil.  Ti-ans.,'  vol.  182,  A,  pp.  43-72  and  119-167;  'Phil.  Mag.,'  December, 
1891 ;  '  Chem.  Soc.  Joam.,'  1890,  p.  656. 
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of  our  platinum  thermometers  (H)  and  the  air  thermometer  over  a  range  of  0°  to  100°, 
and  the  numbers  there  given  show  that  the  probable  limit  of  error  at  any  point  in  the 
above  range  is  0°'01  C.  This  limit  may  be  fiuther  diminished  by  the  "  plug  correc- 
tions" (see  p.  410),  then  neglected  by  us.  It  must  be  remembered  that  this  limit 
of  error  refers  to  the  actual  elevation,  and  is  probably  decreased  when  we  come  to 
consider  differences  over  a  range  of  1 1°  C.  Further,  the  table  there  given  is  a  record 
of  only  a  single  series  of  observations,  and  must  include  experimental  errors,  which 
would  tend  to  mean  out  if  sufficient  observations  were  taken. 

Again  as  regards  differences^  the  quantity  which  chiefly  affects  us  (apart  from 
experimental  errors,  etc.)  is  the  value  of  8  in  the  equation 


d  =  e-^pt  =  8  (pOOJ^  -  ^/lOO}  ; 

and  it  is  therefore  important  to  point  out  to  what  extent  the  variations  we  have 
observed  in  the  value  of  8  may  influence  our  results. 

We  have  standardized  our  mercury  thermometer  E,,  by  means  of  the  platinum 
thermometer  N.*  (For  particulars  see  *Phil.  Trans.,'  1891,  A,  p.  151.)  This 
thermometer  contained  two  wires,  and  by  placing  these  in  series  a  third  resistance 
could  be  determined ;  it  thus  practically  contained  three  coils,  which  we  denote  by 
A  +  B,  A,  and  B. 

The  fixed  points  (R„  "Rj,  and  Rq)  of  this  thermometer  have  been  re-determined  at 
regular  intervals  during  the  past  two  years,  and  no  change  of  any  consequence  has 
been  observed. 

The  values  of  its  constants  are  as  folio  wst : — 


i 

A  +  B. 

A. 

B. 

9-8636 
13-2987 
24-2703 

1-641 

6-9881 

8-0743 

14-7631 

1-645 

3-8762 
5-2252 

9-5343  hence 
1-640 

Now,  the  value  of  rf  at  14°  C.  and  25°  C.  obtained  by  assuming  the  above  values  of 
8  are  —  '198  and  —  '308,  and  it  is  on  the  difference  between  these  numbera  ('HO) 
that  possible  error  in  the  value  of  our  range  depends.  Assume  it  as  possible  that  the 
true  value  of  8  is  as  high  as  170  or  as  low  as  1*60  (oiu*  greatest  differences  in  any 
determinations  of  this  constant  have  been  "009)  we  should  then  get  —  '205,  —  '319, 


*  The  coil  of  thermometer  H  was  so  long  that  it  was  barely  contained  in  the  calorimeter,  and,  as  it 
required  complete  immersion,  it  was  not  suitable  for  ose  in  this  case. 

t  The  constants  differ  slightly  from  those  previously  published  ('  Phil.  Mag.,'  December,  1892),  as  the 
**  plug  correction  "  (see  p.  410),  has,  for  the  first  time,  been  applied  to  them.  By  assxuning  that  B  =  0 
we  get  for  the  absolute  zero  —  270*66,  —  270*55,  and  —  270*86  instead  of  the  numbers  there  given. 
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and  —  '193  and  —  '300  as  the  diflPerences,  thus  causing  changes  of  "004  and  '003, 
respectively,  in  our  range,  although  causing  differences  of  '010  and  '00  8  in  the 
elevation. 

Apart  from  errors  of  observation,  we  may,  therefore,  regard  the  limit  of  our  range 
error  as  ±  '003  in  11°  C,  i.e.,  1  in  4000 ;  and  we  believe  it  to  be  much  less. 

As  to  experimental  errors,  it  must  be  remembered  that  we  have  made  the 
comparison  of  the  platiniun  and  mercury  thermometers  imder  the  most  fisivourable  cir- 
cumstances. Both  were  immersed  in  the  calorimeter,  the  cooling  tube  (Plate  2,  fig.  2), 
having  been  removed  to  allow  of  the  insertion  of  the  platiniun  thermometer.  The 
observer,  with  his  eye  at  the  telescope  and  his  hand  on  the  key  could,  by  means  of 
the  current,  set  the  temperature  with  extreme  exactitude  to  any  required  reading  E«, 
stirring  being  maintained  at  the  same  rate  as  during  an  experiment.  Observations 
could  thus  be  repeated  at  the  same  reading  as  often  as  necessary. 

Again,  the  observations  taken  by  the  observer  at  the  galvanometer  were  entirely 
independent  of  the  readings  of  the  observer  at  the  telescope,  yet  a  difference  of 
0°*004  C,  on  the  repetition  of  an  observation,  was  very  unusual. 

Many  hundreds  of  comparisons  were  made,  the  particulars  of  which  we  reserve  for 
owe  second  communication. 

We  may  mention  that  the  comparisons  made  in  1892  differ  from  those  of  1891  by 
*003  in  range,  but  show  a  rise  of  about  '010  in  the  actual  elevation  of  E«. 

Em  was  one  of  three  thermometers  specially  constructed  for  this  work  by  Hicks. 
We  set  him  a  somewhat  difficult  task,  as  the  dimensions  of  the  bulb  were  strictly 
limited  both  in  length  and  diameter,  and  the  weight  of  mercury  was  also  specified. 

The  stem  was  divided  into  millimetres,  about  40  millims.  to  1°  C,  and  the  lower 
18  centims.  were  out  of  sight  within  the  calorimeter  tube,  the  graduation  marked  0 
being  within  this  tube  and  the  26th  millimetre  just  appearing  above  it. 

The  reading  87-5  =  13°-990  C. ;  the  readmg  537*5  =  25°-471  C. 

The  graduations  continued  to  580  millims. 

Our  method  of  observation  obviated  the  necessity  of  attempting  to  divide  the 
millimetres  by  eye.  The  thermometer  was  fixed  in  such  a  position  that  the  view  of 
the  bore  was  unimpeded  by  any  of  the  shorter  graduations.  When  timing  changes 
of  temperature  the  spider- wire  of  the  telescope  was  placed  on  these  graduations  and 
the  time  of  contact  with  the  spider- wire  observed.  No  attempt  was  made  to  take 
any  reading  terminating  in  0  or  5,  as  these  graduations  extended  across  the  bore  and 
obscured  the  edge  of  the  mercury  column  for  about  l/20th  millim.  Thus  to  obtain 
the  time  of  passing  a  given  point  we  were  limited  to  the  observation  of  four  con- 
secutive transits,  and  for  this  reason,  our  "fixed  points'*  were  determined  at  87*5, 
127'5,  &c.,  and  the  time  of  passing  these  points  deduced  from  the  times  at  86,  87, 
88,  and  89,  &c. 

A  consideration  of  the  behaviour  of  this  thermometer  (as  well  as  of  other  narrow 
bore  ones)  rendered  it  evident  that  the  ordinary  method  of  calibration  was  insufficient 
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if  the  thermometer  was  to  be  used  for  the  determination  of  changing  temperatures. 
We  believe  that  no  calibration  can  be  considered  satisfactory  unless  made  under  the 
same  circumstances  as  those  in  which  the  thermometeris  to  be  used.  As  an  illus- 
tration of  our  meaning  we  may  mention  that  the  range  87*5  to  127*5  E«  =  0°'975  C. 
when  the  thermometer  was  stationary,  but  =  0°*973  C.  when  rising  at  the  normal  rate 
of  our  experiments,  i.e.,  in  addition  to  calibration  for  inequalities  in  the  bore,  a  ther- 
mometer used  under  circumstances  similar  to  ours  must  be  calibrated  for  **  sticking  " 
and  for  certain  periodic  alterations  in  the  rate  of  advance  which  are  probably  due  to 
the  behaviour  of  the  glass  bulb.  Whatever  may  be  the  case  with  other  thermometers, 
a  close  and  prolonged  study  of  the  thermometer  £«  has  rendered  it  certain  that  the 
rate  of  advance  of  the  column  (when  the  rise  in  temperatm'e  is  uniform)  is  influenced 
by  other  conditions  than  mere  irregularities  in  the  bore,  but  that  these  changes  in 
rate  will,  under  the  same  conditions,  almost  always  recur  at  the  same  places. 

During  1891  the  times  of  rising  every  10  millims.*  throughout  the  whole  range 
were  observed  and  the  observations  repeated  on  more  than  thirty  occasions  with 
varjring  rates  of  rise.  Nearly  half  of  these  observations  were  taken  with  the  alloy 
wire,  whose  resistance  did  not  increase  as  the  temperature  rose,  the  remainder  with 
a  platinum  wire.  During  this  series  of  observations  the  weights  of  water  were 
different,  the  supply  of  heat  was  trebled,  the  exterior  temperatiure  was  shifted  from 
the  bottom  to  the  top  of  our  range,  the  pressure  changed  from  I  to  760  millims., 
and,  in  fact,  all  the  conditions  were  altered.  The  times  of  rising  10  millims.  under 
all  these  different  circumstances  were  thus  determined  at  42  points  in  our  range,  and 
the  results  plotted ;  the  mean  path  in  each  case  was,  of  course,  different,  but  the 
deviations  from  it  were  regular  in  their  occurrence  and  similar  in  their  nature.  Such 
deviations  as  invariably  occurred  throughout  all  the  altered  conditions  must  have 
bad  their  origin  in  the  thermometer  itself. 

We  hope  to  publish  some  of  these  curves  in  our  further  communication  for,  although 
the  changes  in  the  curves  themselves  are  great,  the  steady  repetition  of  lag  and 
acceleration  is  both  curious  and  interesting.  This  year  these  differences  recurred 
with  another  coil  and  a  different  method  of  stirring. 

The  mean  values  of  these  deviations,  which  were  repeated  throughout  the  whole 
of  the  experiments,  were  expressed  in  terms  of  the  curve -reading  at  each  point  and 
plotted  as  ordinates  on  a  straight  line,t  and  the  remainder  of  the  calibration  com- 
pleted in  the  usual  manner.  The  effect  of  the  application  of  the  resulting  corrections 
to  the  numbers  obtained  from  our  J  experiments  is  a  sufficient  proof  of  the  accuracy 
of  the  method.  An  error  of  0°*001  C.  in  the  comparative  value  of  any  of  our  ranges 
would  produce  a  difference  of  from  '4  to  '7  second  between  the  "  mean  times  "  given 

*  10  millims.  on  thermometer  Em  =  0^*25  G.  approzimatelj. 

t  B.g,y  if  t"  was  observed  time  over  a  small  range  0^  —  0^^  and  if  f  was  the  value  over  that  range 
as  given  by  the  smooth  carve,  then  if'lt'  was  plotted  as  ordinate  and  \  (0^  —  0{)  as  abcissa,  and  the 
areas  tbns  obtained  were  integrated,  &o. 
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in  columns  5,  9,  14,  18,  and  22,  Table  XL.,  and  the  curve  numbers  in  the  succeeding 
columns  Further,  this  difference  would  recur  in  each  experiment.  No  persistent 
discrepancy  of  any  consequence  is  observable.  In  our  own  work  we  have  expressed 
the  value  of  these  ranges  to  another  figure,  but  we  refrain  from  printing  it  until  we 
produce  more  evidence.  One  possible  cause  of  error  in  our  total  range  yet  remains, 
viz.,  the  difference  caused  by  unequal  lag  at  the  beginning  and  end  of  that  range,  and 
this  difficulty  cannot  be  surmounted  by  means  of  the  same  method  as  that  used  for 
determining  the  comparative  values  of  the  smaller  ranges. 

Our  experiments  on  this  point  were  of  the  following  nature  : — 
A  platinum  thermometer  £  (Pt)  of  exceedingly  small  capacity  for  heat  (the  external 
diameter  was  only  3/16  inch)  was  placed  in  the  calorimeter.  The  coil  of  this  ther- 
mometer was  pressed  tightly  against  its  glass  envelope,  which  was  of  egg-shell  thin- 
ness, and  thus  the  thermometer  was  rendered  extremely  sensitive.  Its  stem  passed 
down  a  condenser-tube,  through  which  the  tank  water  was  continually  drawn  by 
means  of  the  water  pimip.  The  stem-resistance,  therefore,  remained  constant,  and 
thus  only  one  observation  was  required,  whereas  with  N  three  observations  had  to  be 
taken  to  accurately  determine  a  temperature.  The  value  of  B  when  the  temperature 
of  the  calorimeter  was  steady  was  determined  at  the  initial  and  final  points  of  our 
range.  The  temperature  was  then  lowered  to  om*  usual  starting-point  (10^  C),  and 
raised  in  the  same  manner  as  during  an  experiment.  The  value  of  B  was  ascertained 
when  the  reading  of  Em  (mercury  thermometer)  again  indicated  the  initial  and  final 
points.  No  doubt  the  platiniun  thermometer  also  lagged,  but  we  proved  by  inde- 
pendent experiments  that  it  did  so  to  an  extremely  small  extent,  and,  if  uniform,  the 
lag  was  of  no  consequence,  as  it  would  only  affect  the  elevation  and  not  the  range. 
Now  in  the  platiniun  thermometer  we  have  no  ^'  sticking,''  &a,  and  there  is  every 
probability  that  the  lag  is  regular.  The  observer  at  the  galvanometer  called  at  the 
moment  when  the  "  spot "  was  seen  to  pass  the  zero  point,  the  other  observer  taking 
the  mercury  readings  at  the  same  instant.  This  was  done  over  four  or  five  consecu- 
tive pliigs,  and  the  resistance  deduced  at  the  moment  of  passing  the  required  points. 
The  results  indicated  that  the  lag  of  the  mercury  thermometer  was  greater  at  the 
commencement  than  at  the  end  of  our  range  by  (at  oiu*  normal  rate  of  rise)  about 
0°*008  C*  The  "  stationary  range  "  would,  therefore,  require  diminishing  by  about 
•008  in  11°  a,  or  by  1  in  1400. 

In  order  to  investigate  this  point  more  fully  another  platiniun  thermometer  (Q), 
having  a  naked  wire,  was  placed  in  the  calorimeter.  The  coil  of  this  thermometer 
had  fifty  turns  to  the  inch,  and  thus  the  different  parts  of  the  wire  were  very  dose 
together.     The  results  were  not  satisfisictory,  the  conduction  across  the  water,  under 

*  The  average  lag  of  the  mercnry  thermometer  proved  to  be  less  than  we  anticipated.  It,  of  oonne, 
depends,  in  a  great  measure,  on  the  thorooghness  of  the  stirring ;  but  when  the  mass  of  mercnry  that 
has  to  be  heated  is  considered,  the  extreme  lag,  observed  at  onr  rate  of  rise,  vis.,  '025,  is  snrprisiiigly 
small. 
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such  circumstances^  being  sufficient  to  render  the  galvanometer  uncertain  and  to  pro- 
duce irregularities  in  our  results.  We  propose  to  repeat  these  "  lag  "  determinations, 
using  the  naked  wire,  but  placing  pentane  instead  of  water  within  the  calorimeter. 
In  the  meantime  we  have  left  our  total  range  uncorrected  for  the  difference  in  the 
initial  and  final  lag,  as  our  own  data  are  not  at  present  sufficiently  accurate  for  us 
to  apply  the  correction,  which  is  certainly  less  than  1  in  1400.  Its  effect  would  be  to 
increase  the  value  of  J,*  but  it  would  not  affect  the  changes  in  the  specific  heat  of 
water  or  the  calorimeter. 

The  correction  will  only  have  to  be  applied  to  the  final  result. 

The  exterior  temperature  was  determined  by  a  mercury  thermometer  A  (by  HiCKs),^ 
which  was  similar  in  most  respects  to  E«,  but  its  range  was  not  so  open — about 
27  millims.  =  1^  C.  It  was  placed  in  the  calorimeter  with  E«  and  the  readings  com- 
pared  at  every  5  millims.  of  E..  When  conducting  our  experiments  we  only  required 
to  know  accurately  the  difference  between  the  internal  and  external  temperature,  and, 
for  such  a  purpose,  this  comparison  was  sufficient.  As  A  was  to  be  used  for  the 
reading  of  stationary  temperatures,  a  careful  calibration  of  the  usual  kind  was  made 
by  means  of  the  Cavendish  dividing  microscopes.t 

Our  method  of  experimenting  eliminated  several  of  the  errors  which  are  associated 
with  the  use  of  mercury  thermometers. 

(1.)  Changes  of  temperature  of  stem. 

The  exposed  portion  of  the  stems  of  A  and  E«  was  always  immediately  above  the 
surface  of  the  water  in  our  twenty-gallon  tank.  The  water  was  always  maintained  at 
a  constant  temperature  (see  p.  454)  and  (as  we  ascertained  by  direct  measurements) 
the  temperature  of  the  air  above  it  varied  but  slightly.  The  lower  portion  of 
the  stem  passed  through  a  tube  immersed  in  this  tank  water,  and  thus  the  stem 
temperature  remained  steady  when  the  temperature  of  the  bulb  was  rising.  The 
change  in  the  temperature  of  even  the  upper  portion  of  the  stem  never  exceeded 
three  or  four  degrees  throughout  the  year,  and  the  diange  in  the  average  stem 
temperature  must  have  been  much  smaller.  At  the  time  of  determination  of  the 
values  of  the  ranches,  the  stem  was,  therefore,  under  exactly  the  same  conditions  as 
th«e  prevalent  d^g  an  experin«nt. 

(2.)  The  effect  of  changes  of  pressure  on  the  bulb. 

The  only  changes  to  which  it  was  exposed  were  atmospheric  ones,  which,  even  if 
they  affected  the  elevation,  would  not  affect  the  range.     Again,  A  and  E«  were  so 

*  Rowland  appears  to  have  paid  no  attention  to  the  effect  of  this  difference  in  initial  and  final  lag. 
It  is  probable,  therefore,  that  the  correction,  if  it  was  possible  to  obtain  it,  would  cause  a  greater  increase 
ia  his  value  than  it  is  likelj  to  effect  in  ours,  since  his  average  rate  of  rise  was  three  times  as  great. 

t  This  calibration  is  in  practical  agreement  with  another  calibration  of  A  conducted  bj  platinum 
thermometers;  the  inequalities  as  determined  by  the  latter  method  are,  however,  always  greater  than 
those  shown  by  the  former.  This  is  to  be  expected  when  the  length  of  the  mercury  thread  used  in 
the  ordinary  method  of  calibration  is  considered. 

MDCCCXCIII. — A.  3   I 
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similar  in  construction  and  dimensions  that  the  result  of  such  changes  would  be  nearly 
the  same  in  both.  Thus  the  differences  of  temperature  deduced  from  the  readings 
would  not  be  altered  to  any  appreciable  extent,  and  it  was  only  with  such  differences 
that  we  had  to  deal. 

(3.)  The  changes  in  zero  caused  by  the  sudden  changes  in  temperature. 

The  history  of  thermometer  E**  was  much  the  same  from  day  to  day.  During  the 
night  it  remained  about  the  temperature  of  the  tank.  Before  an  experiment,  its 
temperature  was  lowered  to  10°  C.  and,  during  an  experiment,  it  was  steadily  raised 
from  10°  C.  to  25°  C,  no  readings  being  taken  until  it  reached  13°'9  C  When 
determining  the  fixed  points,  the  same  routine  was,  as  nearly  as  possible,  observed ; 
thus  the  conditions  were,  in  all  cases,  so  alike  that  the  effects  were  probaHy  similar. 
In  any  case,  we  have  been  unable  to  detect  any  irregularities  arising  from  this  cause. 

.  Table  XVII. — Values  of  "  Fixed  Points  "  on  Thermometer  E«  when  the  Temperature 

is  Steady. 


E«. 

C. 

87-5 

13-990 

1275 

14965 

177-5 

16-198 

217-5 

17-187 

257-5 

18180 

297-5 

19196 

347-5 

20-474 

397-5 

21-755 

447-5 

23  061 

507^5 

24-662 

5375 

25-471 

The  following  Table  shows  the  difference  between  the  comparative  values  of  the 
ranges  when  the  thermometer  is  steady  and  when  rising. 


Range  E,.. 

Range  G. 
Thermometer  steady. 

Range  G. 
Thermometer  rising. 

87^5-127-5 
1275-177-5 
177-5-217-5 
217-5-267  5 
257-5-297-5 
297-5-347-5 
347-5-397-5 
397-5-447-5 
447-5-507^5 
507-5-537-5 

•975 
1-233 
•989 
•993 
1016 
1-278 
1-281 
1-306 
1-601 

•809 

•973 
1235 

•987 

•995 
1-016 
1-278 
1-282 
1307 
1598 

•811 

*  E«  remained  in  the  calorimeter  from  the  commencement  to  the  close  of  car  work  except  on  the 
few  oecasions  when  water  was  added  or  withdrawn. 
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The  calibration  of  those  portions  of  the  thermometer  between  our  "  fixed  points  " 
was  conducted  in  the  same  manner  as  the  calibration  over  the  whole  range. 

[Note  by  E..H.  GrifMths,  added  March  31st,  1893. 

On  Februaiy  14  I  received  the  thermometer  by  M.  Tonnelot  (No.  11048), 
which  had  been  standardized  both  by  Dr.  Guillaume,  and  imder  his  direction,  at  the 
Bureau  International  des  Poids  et  Mesures. 

This  thermometer  is  of  hard  glass,  with  transparent  stem,  and  is  divided  into 
tenths  of  a  degree  Centigrade.  The  scale  is  continuous  from  —  3°  to  27°  C.  when  there 
occurs  a  bulb,  then  a  narrow  portion  giving  readings  48^  to  52®  C,  then  a  second  bulb, 
and,  finally,  readings  from  98°'5  to  lOl'^'S  C.  The  length  of  each  degree  is  about 
10  millims. 

The  study  of  this  thermometer  has  been  a  most  exhaustive  one ;  two  separate 
calibrations  were  performed  for  the  most  useful  part  (10®  to  26°*5  C.) — the  greatest 
difference  between  any  two  values  given  by  the  separate  determinations  being 
0®*0028  C.  The  fundamental  interval  and  the  coefficients  of  external  and  internal 
pressure  were  repeatedly  determined.  Several  hours  must  have  been  occupied  in  the 
mere  copying  of  the  observations  forwarded  to  me — although  the  record  consists, 
almost  entirely,  of  numerals.  I  mention  this  as  indicating  the  labour  which  has  been 
devoted  to  this  standardization,  and  I  owe  my  warmest  thanks  to  the  Bureau  Inter- 
national for  the  care  and  attention  bestowed  upon  it. 

The  papers  include  printed  tables  for  the  reduction  of  the  corrected  mercury  readings 
both  to  the  hydrogen  and  the  nitrogen  scale  as  resulting  from  the  comparisons  of  Dr. 
Chappuis. 

The  comparison  between  this  thermometer  (denoted  hereafter  by  P)  and  the 
thermometer  £»  was  conducted  in  the  outer  tank,  for  had  the  comparison  been  made 
in  the  calorimeter,  the  lower  readings  of  P  would  have  been  invisible.  E«  was, 
tlierefore,  under  the  same  conditions  as  during  our  J  experiments,  except  in  the 
following  particulars : — 

(1.)  The  external  pressure  was  increased  by  about  110  millims.  of  water.  A  series 
of  observations  proved  that  the  resulting  correction  was  —  '3  millim.  (rather  less 
than  O^'OOl  C.)  and  this  correction  was  always  made  before  entering  the  reading 
ofE^ 

(2.)  When  in  the  calorimeter,  the  lower  portion  of  the  stem  passed  through  tubes 
washed  by  the  tank  water.  About  60  millims.  were  thus  maintained  at  a  constant 
temperature,  whatever  the  extent  of  alteration  in  the  bulb  temperature.  About 
50  millims.  intervened  between  the  top  of  the  calorimeter  and  the  lower  end  of  this 
constant  temperature  portion.  We  may  consider  that  this  50  millims.  assumed  the 
mean  temperature  between  the  tank  and  the  calorimeter.  Thus  a  length  of  (60  +  25) 
millims.  of  the  stem,  which  during  our  previous  experiments  was  at  the  tank  tem- 
perature 19°'26,  assumed,  during  this  comparison,  the  temperature  of  the  bulb  0i. 

8  I   2 
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The  correction  in  millimeters  is  given  with  sufficient  accuracy  by  the  formula 

85  (^1  —  19-3)  X  -00016, 

and  as  the  mean  value  of  1  millim.  is  0^*025  C,  the  resulting  correction  is 

85  (^1  -  19-3)  X  -00016  X  0''025  C (a). 

This  amounts  in  the  greatest  case  to  0°'002  C. 

The  readings  of  P  were  taken  by  a  microscope  (re-levelled  before  each  observation) 
which  was  fitted  with  a  micrometer  scale.  The  one  hundredth  of  a  degree  Centigrade 
was  thus  read  directly  and  no  difficulty  was  experienced  in  estimating  the  one 
thousandth,  the  scale  being  an  unusually  clear  one,  made  by  the  Cambridge 
Scientific  Instrument  Company. 

The  thermometer  was  placed  in  a  tube,  open  at  the  lower  extremity,  and  an 
opening  at  the  upper  end  was  connected  with  a  rubber  tube  leading  to  the  waste 
pipe.  This  arrangement  was  used  as  a  siphon  and  the  thermometer  stem  was  thus 
maintained  at  the  bulb  temperature,  and,  therefore,  as  the  mercury  column  rose,  any 
alteration  in  the  stem  immersion  was  rendered  unnecessary. 

In  order  that  the  readings  might  be  obtcdned  under  the  exact  conditions  observed 
by  Dr.  Guillaume,  I  implicitly  followed  the  instructions  given  in  a  printed  note 
added  to  the  certificate.  After  the  tank  had  arrived  at  the  required  temperature, 
at  least  half-an-hour  was  allowed  to  elapse  before  taking  a  reading,  and  immediately 
after  the  observation  the  thermometer  P  was  transferred  to  ice,  and  a  series  of  readings 
taken  to  obtain  the  greatest  zero  depression.  The  admirable  methods  adopted  by  the 
Bureau  International  are  less  known,  or,  if  known,  are  less  practised  in  this  country 
than  they  deserve  to  be.  I  therefore  give  one  example  in  full  showing  the  various 
corrections. 


THE  MECHANICAL  EQUIVALENT  OF  HEAT.  429 

Comparison  of  the  Reading  87*5  on  E^  with  P  (March  15,  1893). 

Temperatnm  reading  by  P.  Zero  point. 

millims.  millimfi. 

Barometer  (corrected) 7541  754*1 

H2O  pressure  (expressed  in  terms  of  Hg)     .     .         12*1  4*4 

Total  external  pressure     ....       766*2  758*5 

Observed  reading     ......     14025  —  '036 

Calibration  correction —  '026  0 

External  pressure  correction —'001  0 

Internal         ,.  „  +  '026  +  '003 

Zero +  -028  —  '028 

Fundamental  error  correction —  '006 

Sum  corrections +  '02 1 

Correction  for  stem  E«  [see  (a),  siiprd]  —  *002. 

Hence  reading  on  the  mercury  scale  =  14*044. 
Correction  to  H  scale  —  '067 ;  to  N  scale  —  '059. 
Hence 

Reading  E«.  Hydrogen  scale.  Nitrogen  scale. 

87-5  13*977  13*985 

I  confess  that  I  did  not  know  until  I  adopted  in  detail  the  precautions  advised  by 
Dr.  GniLiJLUME  in  his  ^'  Traits  de  Thermom^trie/'  that  it  was  possible  to  regard  the 
mercury  thermometer  as  an  instrument  of  precision,  and  I  had  considered  such  correc* 
tions  as  too  refined  for  so  rough  an  instrument.  I  am,  however,  now  convinced  that, 
given  the  right  conditions,  it  is  possible  to  ascertain  temperatures  by  a  mercury 
thermometer  with  a  limit  of  error  of  0^*002  or  0°*003.  It  is  rarely,  however,  that  such 
conditions  prevail  The  labour  involved  in  the  previous  standardization  of  the 
thermometer  is  enormous,  and  there  are  but  few  men  capable  of  constructing  ther- 
mometers on  which  such  labour  may  be  profitably  expended.  The  actual  operation  of 
observing  and  reducing  the  results  is  also  considerably  greater  than  is  the  case  when 
platinum  thermometers  are  used. 

The  following  table  gives  the  results  of  all  observations  made  with  the  micrometer 
eye-piece.  I  had  previously  made  several  comparisons  whose  mean  result  is  in  fair 
agreement  with  those  here  given ;  but,  as  the  last  two  figures  of  the  readings  had  to 
be  estimated,  the  discrepancies  are  greater,  and  the  results  of  less  value. 
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1®.  £tude  du  thermomitre  P. 

a.  Calibrage  (y  compris  rinterpolation  dans  la  supposition  que  la  division  est  ^ui 
distante) ; 

h.  Determination  du  coefficient  de  pression ; 

c.  Determination  de  Tintervalle  fondamental. 

Les  corrections  resultant  de  ces  deux  derni^res  Etudes  n'agissent  que  sur  le  range ; 
et  sont  de  peu  d'importance  (moins  de  *001  degr^)  sur  un  intervalle  de  10  d^r^s. 
Xe  calibrage,  au  contraire,  pent  introduire  de  point  en  point  des  erreurs  irr^guli^res. 
J'ai  montre  autrefois*  que,  dans  un  calibrage  fait  avec  tons  les  soins  possibles  par  un 
observateur  trfes-exerc^,  Textrdme  limite  d'erreur,  pour  un  thermom^tre  divisd  en 
dixi^mes  de  degre  est  de  '001 ;  le  calibrage  du  thermom^tre  P  a  6t6  fait  avec  soin,  mais 
par  une  m^thode  abr^g^e  et  Ton  peut  s'attendre  k  des  erreurs  de  *002  environ  sur  les 
points  determines  directement ;  le  tube  etant  assez  irregulier  les  erreurs  des  points 
interpoies  peuvent  atteindre  '003, 

2°.  Reduction  au  thermomitre  d  azote. 

Cette  reduction  se  fait  au  moyen  des  tables  generales  detenninees  par  la  comparaison, 
faite  une  fois  pour  toutes,  d'un  groupe  de  thermom^tres  en  verre  dur  avec  le  thermo- 
m^tre  k  gaz.  Dans  Tapplication  de  cette  table  au  tbermom^tre  P,  on  suppose  que  les 
corrections  sont  les  mSmes,  c'est-k-dire  que  le  verre  et  le  mercure  de  ce  tbermom^tre 
Hont  identiques  k  ceux  des  thermom^tres-etalons^  Cette  identite  thermique  a  6t& 
yerifiee  approximativement  par  des  comparaisons  precises  faites  sur  un  grand  nombre 
de  thermom^tres ;  mais  si  Ton  songe :  (a)  que  le  verre  est  un  corps  chimiquement 
complique,  et  dont  la  dilatation  est  soumise  k  des  lois  singuli^res ;  (6)  qu'il  suffit  d'une 
difflSrence  relative  de  4^  (2'10~^^  en  valeur  absolue)  dans  le  coefficient  de  6^  dans  la 
formule  de  la  dilatation  lineaire  du  verre  pour  provoquer  une  difference  de  '001  degr^ 
dans  les  indications  du  thermom^tre  k  50°,  on  ne  peut  dtre  que  fort  etonne  d'une  telle 
concordance,  qui  resout  la  question  vitale  du  thermom^tre  k  mercure,  et  detruit  tous 
les  prejuges  que  Ton  avait  contre  cet  instrument,  aussi  bien  que  sur  la  dilatation  du 
verre. 

3°.  Comparatsons^ 
Celles-ci  comprennent : — 

(a.)  les  observations  k  diverses  temperatures ; 
(h.)  les  determinations  du  zero. 
On  peut  vraisemblablement  s'attendre  ^  ce  que  les  erreurs  de  temperature,  les 
defauts  de  Tedairage,  les  irregularites  du  menisque  provenant  en  partie  des  irr^gu- 

*  "  Etudes  thermom^triqnes/*  *  Traranx  et  Memoires  da  Bureau  lutemational  des  Poids  et  Hesures,* 
tome  5,  p.  23  (1886). 


THE  MECHANICAL  EQUIVALENT  OP  HEAT.  433 

larit^  du  tube,  enfin  les  erreurs  de  restimation  produisent  au  total  des  discordances 
de  '001  degr^  au  minimum  dans  (a)  et  dans  (6). 

Toutes  les  causes  mentionn^es  ci-dessus  et  ne  concernant  que  le  thermom^tre  P 
auraient  pu,  sans  aucune  doute,  conduire  dans  la  reduction  au  thermom^tre  k  azote  k 
des  erreurs  irr^guli^res  atteignant  005. 

La  difflSrence  systSmatiqvs  de  0i  '005  en  moyenne  s'explique  suffisamment  par  deux 
causes : — 

(a.)  Pression  capillaire  moindre  dans  la  colonne  toujours  descendante  h,  z6to  que 
dans  la  colonne  k  m^nisque  le  plus  souvent  ascendant  ou  en  ^quilibre  moyen  aux 
autres  temperatures 

Dans  les  tubes  de  thermom^tres  Tangle  de  raccordement  varie  entre  46^  et  75^ 
environ,  ce  qui,  dans  les  tubes  de  '1  millim.  de  diam^tre,  correspond  k  une  vaiiation 
de  pression  de  50  millims.  de  mercure  au  maximum. 

(6.)  Le  z^ro  se  relive  d^s  Tinstant  oh  le  thermom^tre  est  plough  dans  la  glace  ;  ce 
rel^vement  au  moment  initial  est  k  pen  pr^s  ind^pendant  de  la  depression,  et 
d^passe  *001  degr^  par  minute. 

Ces  deux  causes  r^unies  suffiraient  ll  expliquer  des  differences  constantes  plus 
fortes  mSme  que  celle  qu'a  trouv^e  M.  Griffiths  ;  pour  la  plupart  des  recherches, 
comme  dans  le  cas  actuel,  elles  sont  sans  nuUe  consequence.  U  me  sera  permis  en 
terminant  d'insister  sur  la  securite  que  donne  aux  mesures  de  temperatures  le 
contr61d  si  indirect  et  en  mSme  temps  si  parfait  qui  r^sulte  des  comparaisons  de 
M.  Griffiths,  et  d'exprimer  le  voeu  que  la  verification  soit  bientdt  etendue  h,  un 
intervalle  de  temperature  aussi  large  que  possible.  Jusqu'k  ce  jour,  I'etude  du  ther- 
mom^tre  a  mercure  *au  Bureau  International  a  ete  faite  entre  —  25^  et  +  100^; 
rechelle  sera  prochainement  etendue  jusqu'k  200^.  Le  thermom^tre  k  toluene  a  ete 
parfaitement  etudie  et  compare  au  thermom^tre  k  hydrog^ne  jusqu'k  —  75^  ;  k  cette 
temperature  la  discordance  entre  divers  instruments  etudies  individuellement 
n'atteint  pas  '05  degre."] 

Section  XI. — The  Heat  Developed  by  the  Stirring. 

During  our  earlier  experiments  (1887)  we  stirred  by  means  of  a  screw  which 
revolved  about  200  times  per  minuta  Throughout  1888  and  1889  we  continued  to 
use  the  same  form  of  stirrer,  but  endeavoured  to  make  the  mixing  more  efficient  by 
increasing  the  rate  of  revolution.  As  our  experience  increased  we  became  strongly 
impressed  with  the  necessity  of  thorough  mixing.  Any  slackness  in  this  respect 
makes  itself  evident  (a)  in  changes  in  resistance  of  the  wire,  owing  to  changes  in  its 
rate  of  cooling ;  (6)  irregularities  in  the  radiation  and  conduction,  probably  owing  to 
varying  temperatures  of  the  lid ;  (c)  irregularities  in  the  thermometer  readings ; 
(d)  in  the  water  equivalent,  which  then  is  found  to  alter  to  some  extent  with  the 
mass  of  the  contained  water. 

MDCCCXCIII. — A.  3   K 
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One  assumption  underlies  all  the  calculations,  viz.,  that  whatever  the  mass  of  the 
contained  water,  the  water  equivalent  of  the  calorimeter  remains  constant.*  We 
find  this  assumption  is  not  correct,  unless  the  water  is  thrown  against  every  part  of 
the  calorimeter  throughout  each  experiment.  At  first  sight  it  would  appear  that, 
whatever  might  be  the  **lag"  of  any  un wetted  portion  of  the  calorimeter  when  the 
flow  of  heat  had  become  steady,  the  quantity  of  heat  absorbed  by  it  for  each  rise  of 
1^  C.  would  be  the  same,  and  that  it  would  only  be  at  the  commencement  of  each 
experiment  that  differences  would  be  observabla  It  must,  however,  be  remembered 
that  the  radiation  coeflficient  of  the  whole  calorimeter  would  be  altered  by  the  exist- 
ence of  this  colder  portion ;  and,  as  this  cause  of  error  would  continue  to  exist 
throughout  the  whole  experiment,  the  effect  would  be  appreciable. 

In  1891  we  adopted  a  new  form  of  stirrer.  An  ebonite  shaft,  passed  down  the 
central  tube,  and  terminated  at  its  lower  extremity  in  an  agate  point,  which  rested 
on  a  metal  bearing  on  the  base  of  the  calorimeter.  Two  gold  tubes  joined  together  in 
the  form  of  a  V  were  fastened  to  this  shaft,  the  apex  of  the  V  being  downwards  and 
immediately  above  the  agate  point.  This  stirrer  acted  as  a  centriftigal  pump,  and, 
when  revolving  at  a  rate  of  about  1200  per  minute,  threw  the  water  upwards  and 
outwards  with  great  rapidity — the  whole  contents  of  the  calorimeter  being  removed 
in  a  few  seconds  when  the  lid  was  off*.  There  could  be  no  doubt  that,  provided  there 
was  sufficient  water  to  at  all  times  cover  the  lower  openings  of  the  tubes,  the  stirring 
was  sufficient,  and  that  no  portion  of  the  calorimeter  could  remain  for  any  appreciable 
time  at  a  different  temperature  to  the  water.  This  form  of  stirrer  appeared  to  us  so 
satis&ctory  that  we  did  not  attempt  to  improve  upon  it  during  out  experiments  in 
1891  ;  and  it  was  this  misplaced  confidence  which  was  the  chief  cause  of  our  &ilure, 
in  that  year,  to  obtain  satisfactory  results. 

Its  defects  may  shortly  be  summed  up  as  follows : — 

(1.)  As  the  depth  of  water  in  the  calorimeter  increased,  the  work  expended  in 
forcing  the  tubes  through  the  water  also  increased ;  and  the  rate  of  rise  in  tempera* 
ture  (which  ought  to  have  diminished)  was  much  greater  when  the  mass  of  the  water 
was  large. 

(2.)  This  change  in  the  quantity  of  heat  developed  would  not  have  been  fatal,  since 
it  could  have  been  determined  separately  for  each  mass  of  water  used,  and  we  per- 
severed in  our  attempts  to  thus  determine  it.  Unfortunately,  however,  it  varied 
capriciously,  even  when  the  mass  of  water  and  rate  of  revolution  were  constant ;  and 
we  have  never  arrived  at  any  satisfactory  explanation  of  these  variations.  It  appears 
probable,  however,  that  their  origin  was  due  to  differences  in  pressure  between  the 

*  If  the  water  eqaivalent  varies,  the  fact  is  rendered  very  evident  when  the  valaes  of  J  deduced  from 
different  masses  of  water  are  compared.  Until,  in  1 891,  we  adopted  forms  of  stirrers  which  threw  the  water 
against  the  roof  of  the  calorimeter,  onr  experiments  were  rendered  useless  by  this  constant  Bonroe  of 
error.  The  agreement  between  the  valaes  obtained  in  1892  is  a  satisfactory  proof  that  this  diflBcultj 
had  been  overcome. 
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agate  point  and  its  bearing,  the  slightest  variation  in  the  position  of  the  shaft  of  the 
stirrer  causing  very  different  quantities  of  heat  to  be  generated.  The  quantity  of  heat 
generated  by  the  stirrer  varied  from  about  one-sixth  to  one-fifteenth  of  the  heat 
generated  by  the  current,  according  to  the  electromotive  force  used ;  and  as  the 
capricious  changes  above  referred  to  amoimted,  in  some  cases,  to  5  or  6  per  cent,  of 
the  heat  due  to  the  stirring,  they  might  affect  our  ultimate  result  by  as  much  as  a 
half  and,  in  some  cases,  nearly  1  per  cent.  The  quantity  of  heat  appeared  to  vary 
with  the  rate  of  revolution  in  such  a  manner  that  tr^  was  a  constant,  where  t  was  the 
time  of  rising  1°  C.  and  r  the  rate  of  revolution. 

Our  experience  of  this  stirrer  led  to  the  following  conclusions  : — 

(I.)  The  ideal  stirrer  must  be  able  to  throw  the  water  from  the  bottom  to  the  top 
of  the  calorimeter  whatever  the  mass  of  the  water. 

(2.)  The  "  work  done  "  by  the  stirrer  should  be  the  same,  whatever  the  depth  of 
the  water. 

(3.)  The  "  work  done  "  by  the  stirrer  should  be,  as  far  as  possible,  employed  in 
throwing  the  water  upwards  to  the  lid,  rather  than  in  simply  causing  a  rotation  of 
the  water  near  the  bottom  of  the  calorimeter. 

(4.)  The  whole  of  the  energy  should,  if  possible,  be  employed  in  lifting  the  water 
and  not  in  overcoming  the  fiiction  between  solid  surfaces,  i.e.,  the  bearings  should  be 
outside  the  calorimeter. 

Although  we  found  it  impracticable  to  devise  a  form  which  would  entirely  ftilfil 
the  above  requirements,  the  one  adopted  by  us  during  our  1892  experiments  was 
satisfectory. 

During  the  spring  of  1892,  we  made  a  large  number  of  trial  experiments  with 
different  forms  of  stirrers,  and  it  should  be  borne  in  mind  the  form  it  ultimately 
assumed  was  an  example  of  the  "  survival  of  the  fittest."  A  section  will  be  found  in 
Plate  2,  fig.  2. 

A  cylindrical  tube  AB^  1  inch  in  diameter,  closed  at  the  lower  end,  rested  on  four  little 
feet  about  1/16  of  an  inch  in  length,  which  were  fixed  to  the  base  of  the  calorimeter. 
The  plate  at  the  lower  end  was  perforated  in  the  centre,  so  as  to  allow  the  end  of  the 
revolving  shaft  to  pass  through  without  touching  it.  Round  this  centre  hole  were 
four  slits  through  which  the  water  in  the  calorimeter  passed  into  the  cylinder.  The 
end  of  the  revolving  shaft  was  fitted  with  a  small  cylinder  of  agate,  which  hung 
loosely  within  a  ring  fixed  to  the  base  of  the  calorimeter  at  C.  The  end  of  the 
agate  was  not  in  contact  with  the  base  of  the  calorimeter.  The  bearing  by  which 
the  stirrer  was  supported  was  fixed  at  the  top  of  the  central  glass  tube,  and  thus  any 
increased  downward  thrust  of  the  stirrer  did  not  alter  the  friction  within  the  calori- 
meter. The  stirrer  consisted  of  an  inverted  cone  with  nearly  vertical  paddles  at  its 
extremities  (a  section  is  shown  at  D).  When  the  stirrer  revolved,  the  water  was 
drawn  in  through  the  Imse  of  the  cylinder,  thrown  outwards  by  the  paddles,  and, 
being  unable  to  escape  at  the  lower  end,  mounted  rapidly  to  A,  whence  it  was  ejected 
with  considerable  violence  against  the  roof  of  the  calorimeter.     If  the  rate  exceedetl 
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about  twenty-six  revolutions  per  second,  it  was  found  that  when  the  lid  was  removed, 
the  water  was  thrown  many  inches  above  the  top  of  the  cylinder,  while  the  stirring- 
shaft  remained  dry.  A  small  window  at  E  caused  a  stream  of  water  to  be  continuaDy 
thrown  on  to  the  top  of  the  thermometer  bulb. 

The  bearings  at  the  top  of  this  shaft  ultimately  assumed  the  form  shown  at  H.  A 
small  block  of  steel  was  fastened  by  a  screw  to  the  shaft,  and  the  lower  end  of  this 
steel  terminated  in  a  projecting  ring,  which  revolved  in  a  brass  bearing  of  the  form 
shown  at  H.  This  brass  bearing  was,  as  already  mentioned,  fixed  to  the  top  of  the 
central  glass  tube.  A  drop  of  oil  placed  in  the  channel,  on  the  top  of  the  brass, 
rendered  this  bearing  practically  air-tight,  at  all  events,  suflSciently  so  to  prevent 
any  possibility  of  evaporation.*  The  shaft  from  H  to  the  top  of  the  calorimeter  was 
about  8  inches  long,  and  made  of  ebonite ;  the  conduction  of  heat  along  this  shaft 
was,  therefore,  very  small.  The  heat  generated  in  the  bearing  at  H  passed  almost 
entirely  into  the  water  of  the  outer  tank,  for  the  brass  tube  which  terminated  there 
was  continued  downwards  to  the  steel  lid,  and  thus  the  lower  three  inches  were 
immersed  in  the  water. 

The  portion  at  D  was  at  first  shaped  like  a  horizontal  paddle- wheeL  It  was,  how- 
ever, found  that  although  it  would  work  excellently  for  a  time,  a  gradual  accumu- 
lation of  air  at  the  centre  of  the  paddle-wheel  greatly  diminished  its  efficiency. 
Many  attempts  were  made  to  surmount  this  difficulty,  and  it  was  only  by  the  con- 
version of  the  upper  portion  into  the  form  of  an  inverted  cone  that  it  was  finally 
overcome. 

To  adjust  the  stirrer,  the  screw  in  S  was  loosened  and  the  shaft  lowered  until  the 
end  of  the  agate  touched  the  base  of  the  calorimeter.  The  stirrer  was  then  raised 
about  1  millim.,  and  fixed  in  that  position  by  means  of  the  screw  at  S.  When 
investigating  the  action  of  these  stirrers,  the  lid  of  the  calorimeter  was  replaced  by  a 
sheet  of  glass  which  prevented  the  contents  from  being  ejected.  As  far  as  it  was 
possible  to  see  the  interior  through  the  shower  of  water  that  poured  against  the  glass, 
the  water  without  the  cylinder  assumed  a  slow  circular  movement  only.  At  the  same 
time,  there  can  be  but  little  doubt  that  the  entire  contents  passed  from  the  bottom  to 
the  top  within  the  space  of  a  second  or  two.  As  long  as  the  volume  of  the  contained 
water  exceeded  130  cub.  centims.,  the  throw  appeared  to  be  the  same,  whatever  the 
quantity,  and,  as  the  figures  will  show,  the  work  done  altered  only  slightly. 

Our  first  series  of  experiments  was  performed  with  the  object  of  ascertaining  (I)  If, 
under  the  same  conditions,  the  work  done  by  the  stirrer  was  constant ;  (2)  In  what 
respect  the  work  done  varied,  if  at  all,  with  the  mass  of  water ;  (3)  If  there  was  any 
constant  relation  between  the  heat  developed  and  the  rate  of  revolution. 

The  results  of  our  preliminary  series  are  given  in  the  following  table,  the  rise  in 
temperature  being  expressed  in  millimeters  of  thermometer  E«,  since  our  object  at 
this  time  was  not  to  determine  the  actual  quantity  of  heat  developed,  but  to  investi- 
gate the  points  mentioned  in  the  above  headings. 

•  It  was  found  that  this  "  join  "  would  support  a  pressure  of  7  or  8  inches  of  water  without  leaka^. 
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From  the  above  results  we  drew  the  following  conclusions  : — 

(1.)  That  under  the  same  conditions  the  quantity  of  heat  developed  was  the  same. 

(2.)  That  the  work  done  increased  slightly  with  the  mass  of  water. 

(3.)  That  tf^  was  a  constant  quantity.* 

If  Nos.  1  and  3  were  established,  No.  2  was  of  little  consequence,  as  we  proposed 
to  determine  the  heat  developed  for  each  mass  of  water. 

When  it  is  remembered  that  our  "  rate  "  varied  in  the  above  experiments  from  26 
to  34  revolutions  per  second,  the  close  approximation  of  <r^  to  a  constant  is  renwurkable, 
and,  as  we  proposed  to  maintain  a  rate  of,  as  neariy  as  possible,  30  revolutions  per 
second  throughout  our  experiments,  it  was  evident  that  any  assumption  based  on 
this  conclusion,  could  lead  to  no  appreciable  error.  Again,  a  considerable  variation 
in  the  value  of  ti^  would  have  but  little  effect  on  the  value  of  <,  t.e,  the  time  of 
rising  1°  C. 

These  experiments  were  regarded  as  only  preliminary,  and  no  special  care  was  taken 
with  regard  to  external  temperature  or  pressure,  and,  it  is  probable,  that  many  of  the 
apparent  discrepancies  arose  from  such  causes.  Again,  when  the  movement  of  the 
mercury  column  was  so  slow  that  from  50  to  100  seconds  were  taken  in  rising  1  millim., 
it  was  difficult  to  estimate  with  great  precision  the  time  of  apparent  contact  of  the 
mercury  column  and  the  spider  wire  of  the  telescope.  Personal  errors  of  this 
description  must,  however,  in  the  long  run,  tend  to  "mean  out"  and  give  a  true  average. 

Had  we  been  able  to  bring  our  mechanical  arrangements  to  such  perfection  that 
the  rate  of  revolution  was  absolutely  constant,  it  would  have  rendered  the  above 
investigation  unnecessary,  for  the  stirring  correction  would  have  been  constant 
whenever  the  mass  of  water  was  the  same. 

Although  by  the  pressure  regulator,  described  p.  378,  the  regularity  of  the  motor 
was  increased  to  an  extent  which  those  accustomed  to  the  behaviour  of  these 
instruments  hardly  anticipated,  we  were  unable  to  ignore  the  residual  variations.  It 
was,  therefore,  necessary  .to  record  the  revolutions  (the  time  per  1000  being  taken  in 
each  case)  throughout  all  our  experiments.  The  labour,  both  of  observing  and 
calculating,  was  tliereby  greatly  increased ;  but  as  we  had  no  better  means  at  our 
disposal,  we  had  to  submit  to  the  inevitable. 

The  establishment  of  the  law  that  (with  this  stirrer)  ti^  might  be  regarded  as 
constant,  enabled  us  to  apply  with  certainty  the  necessary  corrections. 

As  previously  stated,  our  object  was  to  deduce  the  rise  in  temperature  per  1  second, 
at  rate  30.  If  t  is  time  of  rise  of  1°  in  any  scale,  then  1/^  =  K?'^,  therefore, 
8 .  l/<  =  3Kr^ .  8r.  Knowing  Xft^  (the  rise  per  1  second  at  any  observed  rate),  and 
1/^1  (the  rise  at  rate  30),  we  know  Ijt^  —  l/ig,  that  is  the  term  required  to  reduce  the 
observation  to  the  rate  30. 

The  accuracy  of  the  correction  can  be  estimated  by  means  of  the  above  table.     For 

•  <  =  time  riHing  1**  (in  any  scale),  in  seconds. 

r  =  rate  of  revolution,  t.e.,  number  of  rpvolutioAs  per  second. 
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examjJe,  the  mean  Taloe  <^  tr^  tot  the  weight  194*20  is  1600,  the  greates^^  departure 
from  the  mean  is  1611  in  Expariment  13.  By  assuming  tr^  =  1600,  we  find  the  rise 
per  1  seooiid  at  rate  30  =  "001687  (expressed  in  millim&  of  EI«),  whereas  if  we  assume 
that  tf^  =  1611  and  correct  Experiment  13  (rate  26*33)  to  rate  30,  we  get  *00I676.''^ 
Again,  the  mean  vafaie  of  If^  for  weight  285*37  is  21 19,  which  gives  the  rise  at  rate  30 
as  -001274.  Experimoit  22  (rate  26*60)  is  an  extreme  case ;  this  would  give  *001265 
at  rate  30. 

Experiment  7  (weight  104*02)  shows  a  greater  divergence  from  the  mean  value, 
since  it  would  give  a  rise  of  "00242  per  1  second  as  against  '00238,  the  value  as  given 
by  the  mean  tr^.  As»  however,  we  discarded  all  J  experiments  whera  the  weight  of 
water  was  less  than  130  grm&,  this  extreme  case  did  not  affect  our  results. 

During  our  J  experiments  our  rate  was  always  between  29  and  31  (generally 
between  29*8  and  30*2),  hence  the  divergences  in  the  cases,  above  selected,  are  &r 
greater  than  any  which  occurred  during  our  experiments. 

The  value  of  tt^  appeared  to  increase  very  r^ularly  as  the  quantity  of  water 
increased,  and  thus  changes  in  its  value  caused  by  small  changes  in  the  mass  could 
be  deduced.  Thus  experiment  30  (239*27  grms.)  gave  a  value  of  1839.  Hence  we 
deduced  that,  if  the  weight  of  water  was  239*73  (as  in  Nos.  17  to.  19),  the  value  of 
tr^  =  1843  as  against  1842,  the  mean  of  the  actual  experiments  with  the  latter 
weight. 

Had  the  work  done  by  the  stirrer  been  independent  of  the  quantity  of  water,  we 

could  have  deduced  the  water  equivalent  of  the  calorimeter  from  the  values  of  fr^,  for, 

-^Y  jf  W  K 

if  Ki,  Kp,  etc.,  are  the  values  of  tr^  when  W,,  Wg  are  the  weights,  we  have  —^ — tF^~^ 

as  the  value  of  the  water  equivalent.  Using  the  values  of  K  deduced  from 
Table  XVIIL,  we  get 


W. 


K. 


Water  equivalent. 


M/K. 


104-02 

1134 

194-20 

1600 

239-73 

1843 

285-37 

2119 

} 


115-5 

105-7 

73-5 


1418 
1740 
1769 
1753 


We  ultimately  ascertained  that  the  water  equivalent  was  as  nearly  as  possible 
86*0.     Assimiing  this  value  and  denoting  by  M  the  mass  of  contained  water  +  water 
equivalent,  then,  if  the  work  done  by  the  stirrer  was  constant,  M/K  would  be  constant 
The  numbers  in  the  last  column  show  that  the  quantity  of  heat  developed  increases 
rapidly  at  first  and  arrives  at  a  maximum. 

This  maximum,  as  well  as  we  can  estimate,  occurs  when  the  quantity  of  water  is 


*  We  required  bat  three  significant  figaroa  when  wo  applied  a  similar  oorrcotion  to  oar  J  oxperimeuti. 
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sufficient  to  £01  the  calorimeter  to  about  the  top  of  the  tube  up  which  the  water  is 
thrown,  and  it  is  possible  that  the  conditions  would,  at  this  depth,  change  slightly. 

In  any  case,  the  work  done  by  the  stirrer  alters  but  very  little  as  the  height  of 
water  changes,  provided  that  130  cub.  centims.  is  regarded  as  the  miniTnum  quantity.* 

The  examples  given  above  show  that  the  limit  of  error  introduced  by  applying  this 
method  of  reduction  to  variations  far  exceeding  any  occurring  during  our  experiments 
is  less  than  1  per  cent.,  and  as  the  heat  generated  by  the  stirrer  dmring  the  majority 
of  omr  1892  experiments  varied  fipom  about  ^  to  -j^  of  the  heat  due  to  the  current,  it 
is  evident  that  any  error  must  be  less  than  yoITo  ^^  *^®  whole  supply.  Bearing  in 
mind  the  small  variations  which  actually  occurred,  we  may  safely  regard  the  limits  of 
error  as  a  small  fraction  of  this  -rofto- 

As  will  be  seen  later  on,  we  performed  an  experiment  in  which  the  current  was  so ' 
diminished  that  the  stirring  supply  was  half  that  due  to  the  current  (see  J  9),  and 
another  in  which  the  current  was  so  increased  that  the  proportions  were  as  1  :  20 
(see  J  34).  Any  inaccuracy  in  the  determination  of  the  stirring  supply  would  have 
caused  considerable  divergence  in  the  corrected  results ;  but  the  nmnbers  obtained  are 
themselves  a  proof  of  the  accuracy  of  the  method  adopted.     (See  note,  p.  406.) 

It  appeared  possible  that  changes  in  the  viscosity  of  water  at  different  temperatures 
would  have  an  influence  on  the  i^esults. 

This  may  be  the  case,  although  our  experiments  do  not  lead  to  that  conclusion 
(see  p.  448).  If  so,  however,  it  would  not  affect  us,  for  the  total  heat  lost  or  gained 
by  the  calorimeter  at  different  temperatmres  (independently  of  the  current  supply) 
was  directly  determined  for  each  weight  of  water,  and  therefore  although  oiur  values 
of  the  radiation  coefficient,  &c.,  might  be  modified,  the  expression  for  the  total  loss  or 
gain  would  remain  imchanged. 

Want  of  time  alone  prevented  our  investigating  this  matter  more  fiilly,  but  the 
consideration  that  neither  the  value  of  J,  nor  the  changes  in  the  specific  heat  of 
water  would  be  aff*ected  thereby,  justified  its  postponement  to  another  season. 

No  use  was  made  of  the  numbers  obtained  in  Table  XVIII.  ;  oiur  only  object  being 
to  establish  the  law  <r^  =  K.  This  was  fortunate,  for  on  afterwards  examining  the 
water  used  for  this  series  we  had  reason  to  believe  that  it  had  become  slightly  soiled. 
We  found  that  the  lead  ring  used  in  the  calorimeter  lid  had  been  insufficiently  gilded, 
and  also  we  had  not  allowed  the  gutta-percha  varnish,  which  we  used  as  a  "  size  " 
for  the  gold  leaf,  to  harden  sufficiently  before  introducing  the  water. 

The  results  of  nearly  ninety  additional  experiments  of  a  similar  kind  indicate  that 
the  irregularities  of  the  numbers  in  the  above  table  are  imusual,  and  that  the  actual 
values  of  tr^,  obtained  fipom  them,  are  unreliable,  but  that  the  conclusion  drawn 
(viz.,  that  under  the  same  circumstances  <r^  is  a  constant)  is  correct. 

Very  small  changes  in  the  adjustment  caused  considerable  changes  in  E,  but  its 

^  This  minimam  quantity,  130  cab',  centims.,  is  deduced  from  the  results  of  later  experiments. 
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value  remained  constant  so  long  as  the  adjustment  was  unaltered.  Any  alteration 
in  the  fixing  of  the  stirring  shaft  necessitated  a  re-determination  of  K. 

After  experiment  J  19,  the  whole  apparatus  was  taken  to  pieces.  It  was  then 
found  that  small  fragments  of  gutta-percha  had,  by  the  continued  impact  of  the 
water,  been  detached  from  the  ring  of  gutta-percha  which  had  been  placed  between 
the  cooling  tube  and  the  tube  down  which  it  passed.  Many  of  these  fragment43  had 
collected  beneath  the  base  of  the  cylinder  at  B*  and  must  have  considerably  impeded 
the  flow  of  water.  In  consequence,  therefore,  before  putting  the  apparatus  together 
again,  we  removed  all  remaining  gutta-percha  surfaces  which  were  exposed  to  the 
action  of  the  water.  The  values  obtained  for  K  were,  from  this  time,  very  different 
from  preceding  ones,  and,  once  obtained,  remained  constant  as  long  as  the  same  mass 
of  water  was  used. 

The  experiments  J  20  to  34,  are  in  better  agreement  amongst  themselves  than  the 
earlier  ones,  and  the  cause  no  doubt  is  that  just  indicated. 

The  mean  result  of  the  earlier  experiments  is  satisfactory  as  likewise  the  mean 
time  of  each  experiment,  but  the  times  over  small  ranges  (especially  in  experiments 
Nos.  J  5  to  12)  leave  much  to  be  desired.  The  fact  that  the  quantity  of  heat 
developed  by  the  stirrer  was  increased  by  the  removal  of  the  gutta-percha  fiug- 
ments  is  a  proof  that  the  flow  of  water  was  appreciably  diminished  by  the 
obstruction. 

Section  XII. — The  Gain  or  Loss  by  Radiation,  &c. 

It  has  already  been  pointed  out  that  the  method  of  observation  adopted  enabled  us 
to  determine,  with  sufficient  accuracy,  the  total  loss  or  gain  of  heat  per  second  at  any 
temperature,  apart  from  the  supply  due  to  current.  We  propose  to  use  the  phrase 
"  non-electrical  supply  "  to  denote  heat  due  to  all  other  sources  than  the  current. 

By  the  method  described  in  Section  XI.,  we  were  enabled  to  deduce  the  rise  per 
second  when  the  rate  of  revolution  of  the  stirrer  was  30,  although  the  actual  rate 
differed  slightly  from  our  standard  one.  The  rate  of  rise,  when  radiation,  &c.,  was 
eliminated,  was  first  ascertained  by  noting  the  time  of  a  small  rise  across  the  outside 
temperature.  The  temperature  of  the  calorimeter  was  then  gradually  raised  through 
the  whole  range  by  means  of  stirring  only,  and  the  times  ascertained  of  smaU  changes 
at  the  different  temperatures.  Assuming  the  "stirring  heat  "  to  be  the  same  at  all 
temperatures  (when  the  rate  is  the  same),  we  can  deduce  the  radiation  coefficient. 
(By  radiation  coefficient  we  denote  the  loss  or  gain  in  temperature  per  second,  due  to 
the  combined  effects  of  radiation,  conduction,  and  convection,  for  a  difference  in 
temperature  of  1°  C). 

One  advantage  of  this  method  is,  that  all  observations  of  temperature  are  taken  on 

*  Plate  2,  fig.  2. 
MDCCCXCIII. — A.  3  L 
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a  rising  thermometer,  for  '*  sticking  "  is  far  less  likely  to  ocour  wh^i  the  mereuiy  is 
advancing  than  when  receding. 

We  have  found  that  all  observations  of  slowly  falling  temperatures  (when  taken 
with  a  mercury  thermometer)  are  xmsatisflEictory  for  the  above  reason.  AgBiin,  the 
conditions  resemble  more  nearly,  in  every  respect,  those  prevalent  during  a  '*J" 
experiment.  On  this  account,  we  did  not  desire  to  reduce  the  "  stirring  heat»"  even  if 
we  had  been  aUe  to  do  so,  since  the  loss,  due  to  radiation,  &g.,  would,  at  the  higher 
portions  of  the  range,  have  mastered  the  stirring  supply,  and  the  observations  would 
have  had  to  be  taken  on  a  falling  thermometer,  a  mode  of  observation  which,  guided 
by  the  results  obtained  in  previous  years,  we  had  decided  to  reject. 

It  appeared  unlikely  that  Newton's  Law  of  Badiation  would  hold  over  our  range, 
and  we  anticipated  a  decided  curvature  in  the  line  showing  oiu*  "  non-eleotrical 
supply.'' 

We  first  proceeded  to  determine  isolated  points  on  this  curve  (ordinate  =  rise 
in  temperature  per  second,  abscissa  r=  difference  in  temperature  between  the  calori- 
meter and  the  outside  temperature),  but  these  appeared  to  fall  so  nearly  on  a  straight 
line,  that  we  decided  to  follow  its  course  over  our  range  of  temperature,  using  a  small 
mass  of  water  so  that  the  changes  in  the  value  of  the  rise  should  be  as  marked 
as  possible.  A  very  large  number  of  experiments  were  made  in  order  to  depide  this 
point — for,  if  the  exponential  formula  given  by  DuLONG  and  Petit  holds,  the  curvature 
ought  to  have  been  marked.  Although  changes  in  the  specific  heat  of  water  and  of 
the  calorimeter  would  influence  the  inclination  of  the  line,  it  appeared  unlikely  that 
they  would  affect  it  in  such  a  manner  as  to  straighten  it ;  and  further,  the  effect 
of  such  changes  would  alter  as  the  mass  of  water  changed.* 

The  numbers  alone  resulting  from  these  observations  half  fill  a  large  note-book,  and 
to  give  them  in  full  would  occupy  too  much  space.  As  an  example,  we  venture  to 
give  experiments  51  to  54,  exactly  as  they  appeared  in  our  notes.  As  the  method 
employed  never  varied,  we  will,  in  other  cases,  simply  give  results,  and  we  select  this 
series  because  it  was  the  first  done  by  us  with  the  object  of  tracing  the  "non-electrical 
supply  "  cui-ve  throughout  the  greater  part  of  oiu:  range. 

The  numbers  in  the  columns  marked  "  time,"  are  those  given  by  the  chronograph 
tape.  New  tapes  were  used  after  the  readings  at  343,  407,  and  458,  and  the  times  of 
rising  between  these  temperatures  were  not  noted  ;  therefore,  the  experiments  at  those 
ranges  are  numbered  as  separate  experiments  although  taken  consecutively. 

No  temperatures  were  taken  whose  readings  ended  in  0  or  5  because,  as  these  were 

•  We  may  state  at  once  that  (altbough  some  slight  signs  of  curvature  are  visible  when  the  masa  of 
water  is  great)  by  assuming  the  non-electrical  supply  to  be  a  linear  function  of  the  temperature  (when 
the  rate  of  stirring  is  constant),  we  introduce  no  error  sufficient  to  affect  our  results,  and  this  con- 
clusion is  based  on  the  data  supplied  by  more  than  100  "  stirring  and  radiation"  experiments.  If  the 
results  were  expressed  in  terms  of  the  mercury  thermometer  scale,  the  curvature  would,  of  course,  be 
marked. 
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denoted  by  longer  lines  on  the  thermometer  BCtde,  the  time  of  contact  with  tho 
"  spider  wire  **  was  not  sufficiently  definite,  and  the  thickness  of  the  graduation  wouhl 
have  made  a  considerable  difference  in  the  value  of  t. 

We  did  not  attempt  to  record  the  time  for  every  individual  1000  revolutions,  but 
sufficient  observations  were  taken  to  enable  us  to  detect  any  change  in  rate. 

The  presaure  in  the  aimular  space  round  the  calorimeter  was  high  ('98  millim.) 
during  experiments  51  to  54,  as  we  had  only  recently  commenced  re-exhausting. 

Table  XIX.— Experiment  LI.     Aug.  11,  1892. 

McLeod  gauge  =  62  millims.     Outside  temp.  =  241*3  A,  =  300E«. 

Pressure  =  '98  millim.     Mass  of  water  (m  vacuo)  =  lOG'Ol  gnn. 

aock  error  =  +  -0004125. 


Experiment. 

Temperature  Em- 

Time. 

Revolations. 

Time. 

seconds. 

thousands. 

BecondH. 

LI. 

SB 

1110 

6 

0-8 

87 

187-9 

8 

ii7'G 

88 

164-8 

10 

1340 

89 

193-0 

1 

167-4 

91 

248-4 

2 

200-7 

92 

275-9 

3 

234-3 

93 

802-6 

4 

267-7 

94 

330-2 

6 

.3(K)-9 

96 

886-0 

6 

3340 

97 

412-5 

7 

.367-3 

98 

.  a 

9 

433-6 

•99 

469-3 

21 

5010 

101 

524-4 

2 

533-9 

102 

5528 

3 

567-2 

103 

579-8 

4 

6010 

104 

609-8 

•  • 

•  • 

88 

1065-2 

121 

1095-6 

9 

1098-4 

122 

1124-2 

40 

1131-6 

123 

1154-4 

1 

1164-8 

124 

1183-3 

2 

1197-9 

126 

1244-3 

4 

1264-6 

127 

12740 

128 

1304-0 

7 

13647 

129 

1334-2 

8 

1397-8 

131 

1394-6 

50 

1463-9 

132 

1425-4 

1 

1497-3 

133 

1455-3 

2 

15:^)-5 

1.34 

1485-0 

53 

1563-5 

136 

1546-0 

•  • 

•  • 

76 

23.32-4 

161 

2345-9 

7 

2.%5-8 

162 

2379-4 

8 

2:^99-3 

163 

24120 

9 

24:52-6 

164 

2444-9 

80 

24660 

166 

2511-2 

1 

2409-3 

167 

2544-0 

3 

2565-8 

168 

25780 

4 

2599-4 

169 

2611-7 

5 

26:^25 

1 

•  • 

•  • 

109 

•                                                     1 

34:55-0 

:i  L  2 
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Table  XIX. — continued. 


Biperiment. 

TBmp<,r.liir,  E.. 

Time. 

RerolntionB. 

Time. 

seconds. 

thoDsnndjt. 

secoeds. 

LI. 

193 

3140'9 

110 

3468-3 

IH 

3477-5 

1 

3501-6 

196 

35480 

3 

35682 

19? 

3583-8 

4 

3601-8 

198 

3619-6 

5 

3635-0 

199 

3656-6 

6 

3668-5 

201 

3727-2 

7 
8 

3701-7 
3735-0 

226 

4665-0 

145 

4633-2 

227 

4704-6 

7 

4699-9 

228 

4743-0 

8 

4733-2 

229 

47820 

9 

1766-6 

231 

4859-9 

150 

1800-0 

232 

4900-0 

1 

4833-3 

• 

233 

4939-2 

2 

4866-6 

234 

49788 

4 
155 

4932-9 
4966-2 

252 

5719-8 

178 

5732-0 

253 

6762-9 

180 

5798-9 

251 

5800-7 

2 

68659 

256 

6892-1 

4 

5932-1 

257 

6935-8 

6 

6999-3 

269 

6023-0 

8 

60660 

261 

6110-6 

190 

6132-8 

262 

6154-6 

2 

6199-3 

276 

6787-7 

210 

6797-6 

277 

6834-6 

2 

6864-3 

278 

6881-9 

6 

6964-4 

279 

6929-4 

6 

6997-5 

281 

7021-3 

8 

7064-0 

282 

7071-5 

9 

7097-3 

296 

7763-0 

240 

7797-7 

297 

7813-7 

1 

7831-0 

298 

7864-7 

3 

7897-8 

299 

7917-1 

245 

7964-5 

301 

80209 

6 

7998-0 

302 

80734 

8 

8064-9 

303 

8127-0 

250 

8131-9 

301 

8179-4 

2 

8198-6 

306 

8285-9 

4 

8266-6 

322 

9163-7 

280 

9133-5 

323 

9Z20-8 

3 

92.14-2 

324 

9277-9 

6 

93014 

326 

9393-5 

7 

9368-0 

327 

9452-2 

9 

9435-4 

S28 

9510-6 

291 

.   9502-2 

337 

10044-7 

307 

10038-0 

338 

10104-8 

310 

10138-9 

339 

10167-3 

2 

10206-0 

341 

102908 

4 

10272-5 

342 

10350-2 

6 

103392 

343 

10411-6 

8 

1O4O6-0 
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Table  XX. — ^Experiment  LII.-LIV.     Aug.  11, 1892.     The  constants  are  the  same  as 

for  LI. 


Experiment. 

Temperature  Em. 

Time. 

BevolntionB. 

Time. 

• 

Beconds. 

thousands. 

seconds. 

LIL  ■ 

403 

10 

0 

15-0 

404 

93-7 

3 

116-4 

406 

281-6 

6 

2171 

407 

378-5 

10 

352-3 

408 

472-0 

3 

453-4 

409 

465-5 

6 

554-2 

« 

411 

757-4 

9 
21 

655-0 
7220 

LIIL 

456 

10 

3 

36-8 

457 

1496 

6 

137-4 

458 

297-4 

10 

271-6 

459 

438-5 

4 

405-5 

461 

7320 

22 

673-6 

462 

883-7 

8 

875-6 

LIV. 

507 

1-1 

8 

13-8 

508 

290-5 

10 

247-8 

509 

560-2 

2 

314-4 

511 

1179-9 

20 

5803 

39 

1215-2 

Method  of  reducing  the  results  in  the  above  Table. 


The  time  over  any  range  is  the  mean  time  obtained  by  taking  the  observations  in 
pairs — thus  the  time  over  the  range  87*5-97*5  E^  is  the  mean  of  the  times  taken  in 
rising  from  86-96,  87-97,  88-98,  and  89-99.  Thus  each  number  in  column  4  of  the 
following  Table  is  the  mean  of,  at  leasts  four  intervals  of  time. 


AA$ 
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actual  ofa9»"rakt£oiL  acrr^es  una::  trimpef^iiure  was^  o^^er  ;&  rui^  of  0^'1:^S  C  otxhr.  and  aisi 
error  of  0°i)Ol  C  m.  tlie  caui^  wixilii  msike  a  dilSenMiiw  of  4  in  the  number  in  the  IftSl 
eohmm.     As  the  rise  ac  zbi&  winz  wss  ooe  of  zbn-  moec  important  of  alL  a  sum^rlil 


fine  was  dimwn  thr?}izg!i  zbt^  nam  hers  occamtfii  fircoi  tbie  pairs  of  obeerracioois 
side  oi  hy  the  iiaaulLkjg  yraisat  bm^  "^X^M^r.     As&iania^  this  to  be  tlh»  rw! 


stirrii^  ooIt  (at  race  30L  we  grt  radati?cL  coetfseafiii*  ^>y)=^y  —  "tKHMSrl  (l^-^tJO— ^\ 
where  y  is  rise  fgamV  per  seeixid  doe  to  aQ  njOBrelectrKal  sixxrci^e^ 

The  mean  tempsatoce  of  the  lir^  ifbor  oleerratioos  b  I4'^^4r5  C.  azfed  the  mean 
▼alue  rf  y  =  -853  X  10"^,  hence 

p  =  -0*X74A 

The  atraxghtnesB  of  this  ^  noiiHelectrKal  sopphr  line  *^  b  a  matter  of  extr»DM^ 
unportaooe,  aa  if  there  veie  anr  mazfaed  cunratiire  it  would  aeriooBlT  afiect  oar  wn- 
dusioiia  as  to  the  specifie  heat  of  water.  In  the  hat  cohimns  of  the  aboTe  Table  wa 
giTe  the  numben  obtained  by  direct  calcolatioQ.  aasoming  p  =z  ^000744  and 
a  =s  "000497,  abo  the  diffoenoe  between  the  calcolated  and  experimental  malta. 
The  irregularities  are  obTioiislT  experimental  ones,  and  are  to  be  expected  when  it  is 
remembered  that  an  error  of  (T-OOl  C.  in  the  *^  range  *^  would  account  tar  nearly  aU  of 
them.  Again,  we  are  here  dealing  with  oor  smallest  mass  of  water,  and  the  indi- 
vidual experiments  aie  in  better  agreement  when  the  depth  of  wator  is  greater.  The 
even  distribntioo  of  the  nomb»B  about  a  straight  line  is  rendered  more  evident  to 
the  eye  when  pk4ted  on  a  large  scale  than  when  presented  in  rows  of  figures.  The 
TaUe  also  illustrates  the  accuracy  of  the  oorrection  for  differences  in  rate  of  stirring.* 

Assuming  the  value  of  the  water  equivalent  of  the  calorimeter  as  85'70,  the  value 
of  M  (mass  of  water  -|-  water  equivalent)  =  103*01  +  8570  =  18871»  we  get  '0140 
as  the  number  of  thermal  grammes  lost  or  gained  by  radiation,  &c.,  per  second  for  a 
difference  in  temperature  of  1^  C. 

In  order  to  test  to  what  extent  any  change  in  the  viscosity  of  the  water  caused  a 
change  in  the  stirring  heat,  we  performed  a  few  experiments  with  different  external 
temperatures. 


*  This  '*  noD-dectricml  rappljr  cnrre  *'  being  a  straight  line,  we  are  enabled  to  dedaoo  the  yaltics  of 
both  /»  and  e  hj  two  experiments  onlj,  oondacted  at  any  two  different  tmnporatares. 
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Tablb  xxn. 


Date. 

Exp. 

Range  E,. 

Range 
0. 

Mean 
tempe- 
rature 

and 
tempe- 
rature of 
outer 
bath. 

Time. 

Rate. 

'^'**^  -^  10* 

(Rate 
correc- 
tion) 
Xl0«. 

(Rise  per 

flenond  at 

rate  30) 

X  10«. 

Time  ^  ^^• 

Aug.  12, 1892 

» 
» 

LV. 
LVI. 
LVII. 

87-5-108-5 
394-5-409-5 
494-6-503-6 

•509 
•389 
•241 

U-251 
21-873 
24-433 

1009-2 

.  8027 

470-9 

1>999 
29  80 
3021 

504 
485 
512 

+  1 
+  10 
-11 

505 
495 
501 

As  we  regarded  these  experiments  only  as  preliminary,  they  were  somewhat 
hurriedly  performed,  and  we  proposed  investigating  this  point  more  fully  later  on. 
It  has  been  previously  pointed  out  (p.  440)  that,  in  any  case,'the  conclusions  arrived 
at  would  not  affect  oxur  results,  and  we  only  give  them  to  show  that  no  marked 
change  is  indicated.  Some  similar  experiments  performed  in  1891  had  led  to  the 
same  conclusion. 

During  this  year's  (1892)  experiments  we  were  not  troubled  by  any  air,  or  water, 
leakages  into  the  annular  space  between  the  calorimeter  and  the  steel  chamber.  A 
great  portion  of  our  time  and  attention  in  pi*evious  years  having  been  devoted  to 
leak-hunting,  we  had  considerable  (unwished  for)  opportunities  of  investigating  the 
effects  of  changes  of  pressure,  or  alterations  in  the  dryness  of  the  surrounding 
medium. 

The  smallest  trace  of  moisture  has  a  most  astonishing  effect  on  the  radiation 
coefficient.  The  change  in  the  rate  of  rise  is  most  marked,  and  if  the  moisture 
present  is  sufficient  to  saturate  the  space  when  the  calorimeter  is  cooled  down,  all 
attempts  to  obtain  a  radiation  coefficient  are  hopeless.  Any  trace  of  aqueous  vapour 
could  immediately  be  detected  by  its  effect  on  the  rate  of  rise,  and  on  one  or  two 
occasions  was  sufficient  to  prevent  any  rise  whatever. 

Considerable  effect  was  also  caused  by  changes  in  pressure,  and  when  comparing 
the  results  obtained  from  different  masses  it  must  be  remembered  that  the  pressure 
was  frequently  changed.  Although  we  were  then  not  conscious  of  the  fiiU  import- 
ance of  this  point,  we  endeavoured  to  maintain  the  pressure  unaltered  from  the  time 
that  any  set  of  stirring  determinations  were  made  until  the  corresponding  J  experi- 
ments were  completed. 
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Results  of  Oie  Stirrimj  and  Ittulinlinn  Jiit^/tt^rlmt^nlt 

Throughout  the  remainder  of  thiA  Ncciion  Um  /ollowin^  iitii4^lhth  N  n^lhifi^fi 

W  =  weight  of  water  (in  vacuo). 

M  =  W  +  water  equivalent  of  cjilorUnnU^r. 

p  =  pressure  in  annular  Hfiace. 

t  =  time  of  rising  1^  C 

r  =  rate  of  revolution  ofntirrw  (n^voluiioitH  \t^f  \  ^^^fff^ij 
K  =  value  of  ti^. 

a  =  rise  per  1  seoofid  (in  d^gr««j  (y,)  fht^,  t//  H^/ifty^i/^  ^^Ay 

p  =  gain  or  loss  (in  d«:gr'Wi  C;  p^  I  t<^//ry/  4^$^  >//  pnArnhf/ft,  ^^HAn^h^Hif  ^/4 


the  ovQiunsiicL  -:nar  -&^  s^  XL 

J  «£ayrTnHnjH  tw*-!*-  ^mxtu^ru^pri    ":i^  't^^ti/U^^  **».*  -/  -t^  /y^^w^    ^^u^ 

*:  n*  ill  — 


^  J  8  and  9. 
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Experiments  60  and  61  : — 

a-  =  -000358 
p  =  '000478 
Q  =  -0131.     p  =  "37  miUim.  ^ 

Experiments  62  to  65  : — 

a-  =  -000360  1 

p  =  -000483  >-  J  10  to  12.      ' 

Q  =  '0132.     p  =  -37  millim.  ^ 

Experiments  66  to  80. — The  cause  of  irregularity  had  not  yet  been  ascertained,  and 

therefore  not  removed.    During  this  series  we  made  several  changes  in  the  connections 

between  the  stirring  rod  and  the  revolving  shaft  above  it,  and  also  in  the  pressure 

around  the  calorimeter. 

W  =  277-971  throughout  this  series. 

Experiments  66  to  71 : — 

<r  =  '000276 
p  =  -000361 


Q  =  -0131.     p  =  -37  millim 


illim.  J 


J  13  and  14. 


Experiments  72  and  73. — ^The  position  of  the  revolving  shaft  and  coimter  was 
sUghtly  altered,  and  the  whole  of  this  portion  of  the  apparatus  re  adjusted. 

a  =  -000272 

p  =  -000374  I  J  15  and  16. 

Q  =  -0136.     p= -38  millim.?*^ 

Experiments  74  to  78. — The  double  Hoore's  joint  was  now  removed  and  replaced 
by  a  single  one  in  the  hope  of  diminishing  the  vibration  of  the  stirring  rod,  the 
pressure  was  at  the  same  time  somewhat  reduced. 

The  value  of  a  showed  considerable  alteration. 


a  =  -000267 
p  =  -000363 
Q  =  -0132.     p  =  -37  millim.^ 


^  J  17  and  18. 


•  There  is  probably  some  error  here.  We  have  only  a  single  note  of  the  pressure  dnring  this  day 
(August  28),  and  we  have  no  means  of  checking  it  since  Experiment  74  was  not  performed  until 
August  30.  Now  (as  we  find  recorded  in  our  notes),  we  gave  twenty-three  strokes  to  the  mercuiy 
pumps  on  August  29,  the  resulting  pressure  on  August  30  being  '37  millim. ;  it  appears  almost 
certain,  therefore,  that  the  pressure  on  August  28  must  have  exceeded  '38  millim. 
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Experiments  79  and  80. — The  simple  Hooke's  joint  was  now  replaced  by  a  light 
ig  of  wire,  which  passed  through  holes  in  the  stirring  rod  and  the  revolving  shaft. 


<r  =  -000272 
p  =  -000374 
Q  =  '0136.     p  =  -44  millim. 


V  J  19. 


It  thus  appeared  that  both  a-  and  p  had  resiuned  their  former  values. 

Experiments  81  and  82. — These  two  experiments  were  intended  to  be  the  first 
pair  of  a  series.  On  commencing  J  20,  the  same  evening  (September  4),  it  was 
discovered  that  the  coil  in  the  calorimeter  had  become  loose.  The  calorimeter  had, 
in  consequence,  to  be  taken  to  pieces,  and  a  week  elapsed  before  we  were  able  to 
resume  our  J  determination.  These  two  experiments  are  consequently  of  no  use,  but 
they  are  interesting  as  showing  the  kind  of  accuracy  obtainable. 

W  =  140-270. 
a  =  -000439. 
p  =  -000578. 
Q  =  -0130.         p  =  -36  millim. 

Experiments  83  to  93. — After  Experiment  82  a  marked  difference  is  observable  in 
the  value  of  cr.  Between  September  4  and  10  the  calorimeter  had  been  thoroughly 
cleaned,  and  all  gutta-percha  siu'faces  removed  fi:om  its  interior.  The  "  throw "  of 
the  stirrer  was  evidently  improved,  and  as  a  consequence  the  value  of  a  was  raised. 

The  series  of  J  Experiments  (Series  II.,  J  20  to  34),  performed  after  this  change, 
are  so  much  superior  to  their  predecessors  that  we  base  our  conclusions  almost 
entirely  upon  them.  We  feel  it  right,  therefore,  to  give  more  particulars  concerning 
their  "  non-electrical  supply  "  determinations  than  we  have  considered  necessary  in  the 
case  of  Series  I.  (J  1  to  19).  The  following  table  is  a  summary  of  the  "  stirring 
experiments  "  used  in  the  reduction  of  J  20  to  25. 


Table  XXTII.-^W  : 

• 

= 

139776 

. 

Date. 

Range  E.. 

Range  C. 

Time. 

Rate. 

Range 
Time* 

Rate 

correction 

X  10«. 

Rise  at 
rate  30. 

Mean 
tem- 
perature 
C. 

Sept.  10    . 
»      10    . 
„     10    . 
„     11     . 
„     11     . 

„     11     . 
„     13    . 

„     13    . 

„     13    . 

292-5-307-5 
87-5-127-5 
292-5-307-5 
292-5-307-5 
292-5-307-5 
442-5-452-5 
292-5-307-5 
87-5-127-5 
442-5-452-5 

-384 
-973 
•384 
•384 
•384 
•263 
•384 
•973 
•263 

75205 
1173-43 
746-75 
733-6 
753-22 
899-23 
723-05 
1168-85 
890-65 

29-93 
30-35 
30-07 
3018 
29-96 
30-31 
30-20 
30-39 
30-30 

000510 
•000829 
000514 
•000523 
•000510 
•000293 
000522 
•000832 
•000296 

-h    3 
-18 

-  4 

-  9 
+    2 
-13 
-10 
-20 
-15 

•000513 
•000811 
-000510 
•000514 
•000512 
•000280 
•000512 
•000812 
•000281 

19-260 
14-476 
19-260 
19-260 
19-260 
23064 
19260 
14-476 
23-064 

3  M  2 
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Hence 


■o-  = 


•000512,  therefore  ti^  —  5273  X  10* " 
•000620 


P  = 

Q  =  •0140.         p=  1-15  millims. 


J 


J  20  to  25, 


Experiments  94  to  102. 


Table  XXIV.— W  =  199-674. 


Date. 


Sept.  14 
14 
14 
14 
15 
15 
16 


Range  £.. 


292-5-307-5 
442-5-452-5 
442-5-452-5 

87-5-127-5 
292-5-307-5 

87-5-127-5 
292-5-307-5 


Ran^  C. 


•384 
•263 
•263 
•973 
•384 
•973 
•384 


Time. 

Rate. 

898-68 

30-10 

1161-05 

29-81 

1110-62 

3004 

1481-7 

30-16 

856-65 

30-52 

1619-8 

29-77 

880-98 

30-25 

Range 
Time' 


-000428 
-000227 
-000237 
•000657 
-000448 
-000640 
-000437 


Rate 

correction 

X  10«. 


-  4 
+    8 

-  2 

-  7 
-22 
+  10 
-11 


Rise  at 
rate  80. 


-000424 
•000236 
•000235 
•000650 
•000426 
•000650 
-000426 


Mean 
tem- 
perature 
C. 


19-260 
23064 
23-064 
14-476 
19-260 
14-476 
19-260 


Hence 


a-  =  -000426,  therefore  tr^  =  6353  X  10* 

p  =  -000485 

Q  =  -0138.         p  =  -48  millim. 


►  J  26  to  29. 


Experiments  103  to  110. 


Table  XXV.— W  =  259-500. 


Date. 

Range  E«. 

Range  C. 

Time. 

Rate. 

Range 
Time 

Rate 
correction 
X  10«.          ^ 

Rise  at 
rate  30. 

Mean 
tem- 
perature 
0. 

Sept.  16 

292-5-307-5 

•384 

1081-6 

3003 

•000355 

-    1 

•000354 

19-260 

„     17      . 

292-5-307-5 

-384 

1025-7 

3050 

•000374 

-18 

•000366 

19-260 

,.     17     . 

87-6-127-6 

•973 

1816-6 

29-78 

•000536 

+    8 

•000544 

14-476 

„     18     . 

87-5-127-5 

-973 

1784-2 

3005 

000545 

-    2 

000543 

14-476 

„     18     . 

292-6-307-6 

•384 

1081-8 

3003 

000355 

-    1 

•000354 

19-260 

„     18     . 

292-5-307-6 

•384 

1078-7 

3003 

000366 

-    1 

000355 

19-260 

„     18     . 

442-5-452-6 

•263 

1335-7 

29^88 

000197 

+    4 

000201 

23064 

\,     18     . 

442-6-452-6 

-263 

12841 

30^10 

000205 

-    4 

000201 

23064 

„     18     . 

452-5-462-5 

•265 

12786 

29-78 

000207 

-14 

000193 

23-327 

*  The  values  of  a  and  p  given  at  tlie  end  of  the  Tables  are  derived  from  large  scale  carves,  and  tlius 
give  the  mean  of  all  the  observations. 
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Hence 


o-  =  -000355 
p  =  -000399 
Q=  -0138 


tr^  =  7606  X  10* 


p  =  '48  millims. 


The  reduction  of  our  observations  involved  so  much  arithmetic  that  the  whole 
series  of  experiments  was  concluded  before  we  were  able  to  get  the  results  in  the 
form  now  given. 

Although  we  were  prepared  to  find  a  rapid  reduction  in  the  value  of  Q  as  the 
pressure  diminished,  we  had  not  realized  the  importance  of  small  changes  in  the 
pressure.  This  was  unfortimate,  for,  as  the  figures  show,  our  average  pressure  v/as 
just  that  at  which  small  alterations  produced  the  greatest  effect.  We  usually  con- 
sidered it  sufficient  to  record  the  pressure  each  day,  whereas  it  appears  that  a  careful 
observation  of  the  pressure  during  each  stirring  experiment  ought  to  have  been  made. 
It  is  evident  that  we  should  have  done  better  to  select  pressures  of  not  less  than 
1  miUim.,  and  thus  small  variations  would  have  had  but  little  effect. 

At  the  time  of  the  observations  we  did  not  know  the  real  value  of  the  water 
equivalent.  It  was  thus  impossible  for  us  to  obtain  Q  with  any  accuracy,  and  it  is 
only  by  the  changes  in  the  value  of  Q  that  the  effects  of  changes  in  pressure  are 
rendered  evident. 

The  results  compare  very  favourably  with  the  conclusions  arrived  at  by  Bottomley.* 

Collecting  the  numbers  given  in  this  section  (with  the  exception  of  Experiments  72 
and  73,  see  note,  p.  450),  we  get 

Table  XXVI. 


Date. 


Sept. 
Aug. 

Sept. 

Aug. 

»» 
Sept. 


10-13 

8-10 

11     . 

14r-16 

16-18 
26  . 
14-26 
24,25 
30,  31 
26,27 
17,18 
4     . 


Experiment. 


83-  93 
41-  50 
51-  54 
94-102 
103-110 
79-  80 
58-  59 
62-  65 
74-  78 
66-  71 
60-  61 
81-  82 


Mass  of  water. 

Pressure  in 
millims. 

139-78 

1-15 

103-01 

115 

10301 

•98 

199-67 

-48 

259-60 

•48 

277-93 

•44 

18807 

-40 

188-07 

•37 

277-93 

•37 

277-93 

-37 

188-07 

-37 

140-27 

•36 

Thermal  grms. 
per  second. 


•0140 
•0140 
•0140 
•0138 
•0138 
•0136 
•0134 
•0132 
•0132 
•0131 
•0131 
•0130 


These  numbers  are  plotted  in  fig.  8  the  abscissae  denoting  pressures  and  the  ordinates 
the  number  of  the  thermal  grms.  gained  per  second.  When  it  is  remembered  that 
adjacent  points  are  obtained  from  very  different  masses  of  water,  the  close  agreement 
is  a  proof  of  the  accuracy  of  the  observations.     The  sudden  change  in  the  value  of  Q 

•  *  Phil.  Trans.,'  1887,  A. 
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when  the  pressure  falls  below  '50  millim.  is  remarkable;  but  a  reference  to  Bottohlet's 
paper  will  show  that  the  curve  given  by  him  is  of  a  similar  type,  ^though  the 
critical  point  is  at  a  higher  pressure  and  the  bend  in  the  curve  is  less  sharp. 


Fig.  8. 


Although  all  the  observations  on  the  "  non-electrical  supply"  have  been  brought 
together  in  this  section  for  the  purposes  of  comparison,  they  were  not  taken  con- 
tinuously but  in  groups.  Each  group  of  observations  was  used  for  the  reduction  of 
J  experiments  performed  at  the  same  time  and  on  the  same  weight.  The  stirring 
experiments  were  usually  performed  during  the  daytime,  the  corresponding  J  experi- 
ments in  the  evening,  and  it  was  rarely  that  two  sets  of  J  observations  were  taken 
on  the  same  day.  Throughout  the  whole  of  the  experiments  J  1  to  34,  as  also  their 
corresponding  stirring  experiments,  the  surrounding  temperature  was  maintained  at 
800  E=  19-260  C* 

If  tfj  =  temperature  of  calorimeter,  then  {6^  —  19*260)  p  gives  the  rise  or  fall  in 
temperature  per  second  due  to  radiation,  &c.,  heuce  tr  -\-  (6i  —  19*260)  p,  gives  the 
rise  in  temperature  per  second  due  to  the  whole  "non-electrical"  supply.  As 
previously  pointed  out  (see  note,  p.  41 1)  we  proposed  to  reduce  the  numbers  obtained 
from  our  J  experiments  at  certain  fixed  temperatinres  and  the  following  Table  gives 
the  changes  in  temperature  per  1  second,  due  to  the  "  non-electrical "  supply  at  these 
points.  The  numbers  were  obtained  from  lai^;e-8cale  curves,  but  can  be  calculated 
from  the  values  of  <r  and  p  given  in  this  section. 

*  In  prerioDB  years  we  hftd  performed  several  pairs  of  ezpcriments  in  which  the  outside  temperature 
was,  ia  one  case  at  the  bottom,  and  in  the  other  at  the  top,  of  onr  range.  By  "  meaning  "  the  reciprocal! 
of  the  times  of  rising  1^  the  eSect  of  radiation,  Ac.,  ooald  be  eliminated.  We  hoped  to  repeat  these 
experiments  this  year,  but  want  of  time  prevented  onr  doing  so. 
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The  above  Table  is  deduced  from  **stiiTing"  experiments  Nos.  41  to  110.  Th 
values  of  p  and  cr,  obtained  by  repeating  an  experiment  under  the  same  conditions, 
rarely  show  any  diflPerence  as  great  as  '000004,  and  thus  a  diflPerence  from  the  mean 
value  of  '000002  may  be  regarded  as  our  limit  of  experimental  error.  Now  a  change 
of  two  in  the  last  digit  would,  when  5  Clark  cells  were  used,  cause  a  difference  of  less 
than  1  in  4000  in  the  resulting  value  of  J  ;  but  as  the  nimibers  in  each  column  are 
obtained  from  independent  experiments,  and  as  all  the  columns  are  used  in  the  final 
determination  of  J,  it  is  probable  that  the  mean  resulting  error  is  of  very  small 
dimensions. 

[Note  by  E.  H.  G.     Added  April,  1893.     The  statement  that  the  loss  or  gain  by 
radiation,  convection,  and  conduction  is,  in  our  apparatus,  a  linear  function  of  the 
difference  in  temperature  may  at  first  sight  appear  to  differ  from  the  conclusions 
arrived  at  by  Dulong  and  Petii,  Macfarlane,  and  other  observers,  but  I  think 
that  the  contradiction  is  more   apparent  than  real.     The  curve  which  shows  the 
absolute  loss  or  gain  (fig.  8,  p.  454)  indicates  that,  if  we  had  reduced  the  pressure 
to  something  under  one-thousandth  of  a  millimetre,  the  loss  or  gain  by  radiation, 
convection,  and  conduction  might  almost  have  been  disregarded  over  our  range,  and 
hence  it  is  evident  that  convection  plays  by  far  the  greatest  part  at  such  pressures 
as  those  with  which  we  were  working ;  and  the  wonderful  experiments  of  Professor 
Dewab  (the  account  of  which  had  not  been  published  when  the  preceding  section 
was  written)  appear  to  place  this  conclusion  on  a  firm  foundation.     Now  Dulong  and 
Petit  make  the  loss  or  gain  by  convection  vary  directly  as  the  difference  in  tempera- 
ture when  the  density  of  the  gas  remains  constant.     In  our  apparatus  the  density 
of  the  air  surrounding  the  calorimeter  must  have  remained  nearly  constant  through- 
out each  experiment,  and  therefore  our  observations  appear  to  corroborate,  rather 
than  to  contradict,  the  conclusions  arrived  at  by  Dulong  and  Petit.] 

Section  XIII. — The  Method  of  Performing  a  J  Experiment. 

The  general  method  of  procedure  was  as  follows. 

Freshly  distilled  ether  having  been  placed  in  the  cooling  tube,  the  temperature  of 
the  calorimeter  was  lowered  until  the  resistance  of  the  coil  indicated  a  temperature 
of  10°  C,  any  remaining  ether  was  then  withdrawn  and  dried  air  passed  through  the 
cooling  apparatus  for  about  ten  minutes.  The  aspirating  portion  of  the  apparatus 
was  removed  and  the  cooling  tube  cleaned  by  a  small  mop  of  absorbent  cotton  wooL 
The  open  end  was  closed  by  a  long  cork,  and  a  metal  tube  placed  over  the  whole  of 
the  projecting  portion,  the  lower  end  of  this  tube  being  washed  by  the  tank  water. 

The  storage  circuit  was  then  completed  and  the  rheostat  adjusted  until  the 
balance  with  the  Clark  cells  was  obtained.  About  twenty  minutes  elapsed  before  the 
temperature  rose  to  86  E^ — the  point  at  which  we  commenced  our  observations. 
During  this  interval  the  chronograph  circuit  was  tested,  and  any  final  adjustment  of 
the  motor  and  external  circuit  completed. 
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The  task  of  one  observer  was  iuvaiiably  that  of  maintaining  the  potential  balance 
by  means  of  the  rheostat,  and  also  mverting  the  currents  at  regular  intervals.  The 
attention  of  the  second  observer  was  directed  to  recording  the  group  of  transits  about 
each  fixed  point,  the  chronograph  key  being  placed  at  the  base  of  the  telescope  stand. 
In  the  intervals  he  recorded  the  times  of  the  revolutions  of  the  stirrer,  which  were 
distinguished  on  the  tapes  fix)m  the  temperature  recoixls  by  double  marks.  He  also 
occasionally  recorded  the  readings  of  thermometer  A  (the  external  temperature),  but 
these  were  as  a  rule  so  regular  as  to  render  this  observation  a  matter  of  form. 

Thus,  during  the  progress  of  an  experiment,  no  notes  had  to  be  taken  unless  some 
exceptional  incident  occurred.  We  believe  this  to  be  an  important  matter  during 
observations  of  this  description,  for  the  mechanical  operation  of  note-taking  greatly 
distracts  the  attention. 

The  chronograph  required  rewinding  about  every  twenty  minutes,  and  in  the  px-ess 
of  the  other  observations  this  was  sometimes  forgotten.  Some  of  the  omissions  in 
the  tables  are  due  to  this  cause.  The  duration  of  a  whole  experiment  varied  from 
40  to  80  minutes,  according  to  the  weight  of  water  present  and  the  E.M.F.  used. 

At  the  end  of  an  experiment,  the  chronograph  tape  was  counted  and  the  results 
tabulated  in  the  form  shown  in  Tables  XXVIII.  to  XXXIII.  These  six  experiments 
are  typical  of  the  rest,  and  have  not  been  in  anyway  selected,  except  that  they  are 
the  first  performed  on  each  weight,  in  Series  II.,  with  different  E.M.F.  s. 
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Table  XX VIIL— Series  11.     J  20.     September  II,  1892. 

Weight  of  water  (in  vacuo)  =  139776  grms. 
Clark  Cells.*    n  ==  4.     Nos.  (37,  38,  39),  (40,  41,  42),  (43,  44,  45),  (46,  47,  48). 

Temperature  =  15°'05  C. 
External  temperature  throughout  experiment  =  241*2  A  =  300  E  =  19°'260  C. 

Pressure  =  '97  miUim. 
Calorimeter  cooled  to  lO^'OO  C.  before  commencing  experiment.     Connections 

reversed  at  t. 


Reading 

Time. 

Time  over 

Revolu- 

Time of 

Rate. 

Em- 

interval. 

tions. 

revolutions. 

seconds. 

thousands. 

seconds. 

86 

7 

•  • 

4 

4 

87 

11-8 

88 

16-8 

89 

Mean 
126 

21  «8 

t  • 

*0 

0 

10 

36-8 
200-2 

206 

199 

127 

211 

199-2 

128 

216 

199-2 

129 

Mean 
176 

221-2 

199-4 

11 

•  • 
17 

233-2 

. . 
431 

•  • 

199-2 

30-54 

464-2 

258-2 

177 

469-2 

258-4 

178 

474-7 

258-7 

179 

fMean 

216 

479-8 

258-5 

19 

•  a 

496-6 

•  • 

•  • 

258-45 

3037 

673-8 

209-6 

217 

679-1 

209-7 

218 

684-5 

209-8 

219 

Mean 
256 

689-9 

210-1 

25 

. . 
30 

693-5 

•  • 

857-5 

•  • 

2^9-8 

30-47 

888-3 

214-5 

257 

893-8 

214  7 

258 

899-2 

214-7 

259 
Mean 

904-8 

214-9 

32 

•  • 

922-8 

•  • 

214-7 

30-53 

*  The  cells  in  brackets  were  placed  in  parallel  arc. 
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Tarlk  XXVllL— (wM^tinmnO. 


Bemding 


296 
297 

298 
299 


Me&Ti 


346 
347 
348 
349 


Mean 


396 

397 
398 
399 


fMean 


446 
447 
448 
449 


Mean 


506 
507 
508 
509 


Mean 


Time, 


Time  oTer 
i«tt*rv«K 


I  _ 


seconds, 

11113 

1116-9 

1122-7 

112S-3 


22:M 
22:V5 
223-5 


»7 


I 

'      Tinu*  of 


I 


1398 
1403-9 
1409-6 
1415-4 


1691-5 
1697-4 
1703-4 
1709-5 


19974 
2003-7 
20100 
2016-2 


2380-8 
2:387-5 
2:394-2 
2400-8 


•  * 


223-:^^ 


2867 
287 
286-9 
2871 


286  93 


293-5 
293-5 
203-8 
294-1 


29;V75 


:J0.V9 

:u)0'3 

306-6 
:U)67 


:i06'38 


3H:r4 

:3842 

;38i'6 


;i84 


536 

2579-8 

J  99 

537 

25^-8 

}irj''4 

536 

259:3'5 

y^r4 

539 

2f//y4 

li^^r, 

yy^iik 


46 


•  • 


56 


m 


•  • 


76 


78 


W 


i 


•   • 


1383  A 


•  f 


1712  4 


f  ( 


mvjti 


» » 


2?m'7 


'UHl  5 


2rMi»H 


Hi       !      */M»'7 


lUtit, 


MO  l^ 


nojift 


;f0  4i 


H/rM 


mu 


» 0 


/  / 


y/4% 


•i  a'l 
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Table  XXIX.— Series  II.    J  23.     September  12,  1892. 

Weight  of  water  {in  vactio)  =  139776  grms. 

Qark  cells.     n  =  3.     Nos.  (37, 38, 39).  (40, 41, 42),  (43, 44, 45).     Temperature  15°*21  C. 

Externalr  temperature.     241 '2  A  =  300  E  =  19°-260  C.     Pressure  =  78  miUim. 

Calorimeter  cooled  to  10^*10  C.  before  commencing  experiment.     Connections 

reversed  at  t. 


Beading 

Time. 

Time  over 

BeYolu- 

Time  of 

Rate. 

E». 

interval. 

tioiiB. 

revolntion. 

seconds. 

thousands. 

seconds. 

86 

-9-5P 

87 

-1-7 

88 

6 

89 

Mean 
126 

14 

•  • 

7 

21 

305-2 

3U-7  ? 

127 

313-2 

314-9 

128 

321 

315 

129 

Moan 
176 

829-5 

315-5 

17 

•  • 

354-2 

•  • 

•  • 

31503 

3001 

714-2 

409 

177 

723-6 

409-4 

178 

731 

410 

179 

fMean 

216 

739-2 

409-7 

29 

•  • 

753-4 

•  • 

•  • 

409-52 

3006 

1050-3 

336-1 

217 

1058-7 

336-1 

218 

1067-3 

336-3 

219 

Mean 
256 

1076 

336-8 

40 

•  • 

1120 

•  • 

•  • 

336-33 

30-01 

1397-2 

346-9 

257 

1406 

.347-3 

258 

1415 

347-7 

259 
Mean 

1423-9 

347-9 

50 

•  • 

1453 

•  • 

. 

•  • 

347-45 

1 

3002 
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Table  XXIX. — (continued). 


Reading 
E«. 

Time. 

Time  over 
interval. 

Revolu- 
tions. 

Time  of 
revolution. 

Rate. 

seconds. 

thousands. 

seconds. 

296 

1760-9 

3<;3-7 

59 

1753-6 

297 

1770-2 

364-2 

298 

1779-7 

3f>4-7 

299 

Mean 
346 

1789 

365-1 

61 

•  • 
73 

1820-3 

•  • 
2219-9 

•  • 

364-43 

29-95 

2231-5 

470-G 

347 

2240-9 

470-7 

348 

2250-5 

470-8 

349 

Mean 
396 

2260 

471 

75 

•  • 

87 

2286-7 

•  • 

2686-6 

•  • 

470-78 

3002 

2719 

487-5 

397 

2729 

488-1 

398 

2739 

488-5 

399 

fMean 

446 

2749-3 

489-3 

89 

•  • 

103 

2763 

•  • 

3219-3 

•  • 

488-35 

3002 

3233-9 

514-9 

447 

3244-8 

515-8 

448 

3254-9 

515-9 

449 
Mean 

3265-8 

616-5 

105 

•  • 

3286 

•  • 

■  • 

515-78 

3002 

Owing  to  the  breakage  of  a  wire  in  the  clock  and  chronograph  circuit,  the  records  of  the  times 
from  449  to  539  are  so  uncertain  that  we  have  decided  to  omit  them. 
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Table  XXX,— Series  II.     J  26.     September  14,  1892. 

Weight  of  water  (m  vacuo)  =  199 '674  grms. 

aark  ceUs.     n  =  4.     (37,  38,  39),  (40,  41,  42),  (43,  44,  45),  (46,  47,  48). 

Temperature  15°'12  C. 

External  Tempereture  241*2  A  =  300  E  =  19*260°  C.     Pressure  =  -48  millim. 

Calorimeter  cooled  to  10°'00  C.     Connections  reversed  at  +. 


Beading 

Time. 

Time  over 
intervaL 

Revolu- 
tions. 

Time  of 
revolutions. 

Rate. 

86 

87 
88 
89 

126 
127 
128 
129 

Mean 

176 
177 

178 
179 

t  Mean 

216 
217 
218 
219 

Mean 

256 
257 
258 
259 

Mean 

Beconds. 
45-2 
51-7 
57-9 
641 

•  • 

thousands. 
0 

2 

8 

•  • 

18 
19 

•  • 

26 
27 

«  • 

seconds. 
19-6 

86-1 

285-3 

•  • 

617-6 
650-8 

•  • 

88;3-2 
916-4 

•  • 

1148-8 

•  • 

297-7 
304 
310 
316-8 

252-5 
252-3 
252-1 
252-7 

•  • 

252-4 

3010 

623-8 
630 
636-7 
643 

326-1 
326 
326-7 
326-2 

. . 

326-25 

3012 

888-6 
895-2 
902 
908-9 

264-8 
265-2 
265-3 
265-9 

. . 

265-3 

30-12 

1160-7 
11671 
1174 
1181 

2721 
271-9 
272 
2721 

.  . 

272-03 

30-10 
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Table  XXX. — (continued). 


Reading 

E»,. 

Time. 

Time  over 
interval. 

Revoln- 
tions. 

Time  of 
revolutions. 

Rate. 

296 
297 
298 
299 

Mean 

346 
347 
348 
349^ 

Mean 

396 
397 
398 
399 

t  Mean 

446 
447 
448 
449 

Mean 

606 
507 
508 
509 

Mean 

536 
537 
638 
539 

Mean 

seconds. 

14421 

1449-4 

1456-5 

1463-8 

281-4 
282-3 
282-5 

282-8 

ibousands. 
42 

44 
•  • 
63 
55 

•  • 

64 
66 

•  • 

76 
78 

•  • 

90 
92 

•  • 

97 
98 

•  • 

seconds. 
1414-6 

1481 

•  • 

1780-3 
1847-3 

•  • 

2147 
2213-7 

•  • 

2546-4 
2613 

•  • 

3012 
■60765 

•  • 

3244-7 
3278 

•  • 

•  • 

282-25 

30-12 

1804-3 
1811-7 
1818-9 
1826-5 

362-2 
362-3 
362-4 
362-7 

•  • 

362-4 

30-02 

2175 
2182-9 
2190-5 
2198 

370-7 
371-2 
371-6 
371-6 

•  • 

371-25 

30-02 

2562 
2569-9 
2577-7 
2585-6 

387 
387 
387-2 
387-6 

•  • 

387-20 

3005 

3046 
3054-3 
3062-8 
3071-2 

484 
484-4 
4851 
485-6 

•  • 

484-78 

30-08 

3297-4 
3305-9 
3314 
3322-6 

251-4 
251-6 
251-2 
251-4 

•  • 

251-4 

3007 
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Table  XXXI.  —Series  11.    J  27.     September  15,  1892. 

Weight  of  water  {in  vacuo)  =  199*674  grms. 

aark  cells,     n  =  5.     Nos.  (37, 38, 39),  (40, 41, 42),  (43, 44, 46),  (46, 47, 48),  (52,  53, 64), 

Temperatiire  15°  C. 
External  Temperature  241*1  A  =  299*8  E  =  19''*258  C.     Pressure  =  -48  millim. 

Calorimeter  cooled  to  10°*01  C.     Comiections  reversed  at  t. 


Beading 

Time. 

Time  over 
interval. 

Revoln- 
tions. 

Time  of 
revolations. 

Bate. 

86 
87 
88 
89 

Mean 

126 
127 
128 
129 

Mean 

176 
177 

178 
179 

Mean 

t216 
217 
218 
219 

Mean 

256 
257 
258 
259 

Mean 

seconds. 
76-7 
80-9 
85-2 
89-4 

. . 

thonsands. 
7 

13 
15 

.  • 

20 

21 

•  • 

25 
27 

• 

•     • 

31 
32 

.  • 

seconds. 
22-9 

• 

223-7 
290-7 

•  • 

457-5 
490-5 

•  • 

623-2 
089-5 

•  • 

822-4 
855-6 

•     • 

0 

• 

249-7 
254 
258-4 
262-6 

173 
1731 
173-2 
173-2 

•     • 

173-13 

29-88 

471-8 
476 
480-6 
485 

2221 
222 
222-2 
222-4 

•     • 

222-18 

3013 

651-6 
656 
660-5 
665 

1798 
180 
179-9 
180 

.  • 

179-95 

3015 

• 

834-7 
839-5 
844 
848-8 

183-1 
183-5 
183-5 
183-8 

•  • 

183-48 

30-22 
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Table  XXXI. — (continued). 


Reading 
E«. 

Time. 

Time  over 
interval. 

Bevolu- 
tions. 

Time  of 
revolntions. 

Bate. 

296 
297 
298 
299 

Mean 

346 
347 
348 
349 

Mean 

396 

397 

398 

t399 

Mean 

446 
447 
448 
449 

Mean 

506 
507 
608 
509 

Mean 

636  , 
637 
638 
539 

Mean 

seconds. 

1024-4 

1029 

1034 

1038-6 

189-7 
189-5 
190 
189-8 

thonsands. 
37 

38 

•  • 
44 
45 

. . 

63 

. . 
69 

68 
70 

•  • 
73 

•  • 

seconds. 
1021-6 

1054-8 

•  • 
1254-4 
12875 

•  a 

1553-2 

. . 
1762-6 

• . 

2051-1 
2117-3 

•  • 

2216-6 

•  • 

. . 

189-75 

80-12 

1267-2 
1271-8 
1276-7 
1281-6 

242-8 
242-8 
242-7 
243 

• 

•  . 

242-83 

30-08 

1513-6 
1518-6 
1523-6 
1528-8 

246-4 
246-8 
246-9 
247-2 

• . 

246-83 

3011 

1769-3 
1774-7 
1779-9 
1785 

266-7 
266-1 
266-3 
266-2 

.  • 

256-08 

3010 

2087-5 
2092-8 
2098-4 
21037 

•  • 

2261 
2266-8 
2262-2 
2267-9 

.  ■ 

318-2 
3181 
318-6 
318-7 

318-38- 

3016 

163-5 
164 
163-8 
164-2 

163-88 

30-22 

MDCCCXCIII. — A. 
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Table  XXXII.— Series  11.     J  33.     September  18,  1892. 

Weight  of  water  {in  vctcuo)  =  259*500  grms. 

Clark  cells,     n  =  5.     (37,  38,  39),  (40,  41,  42),  (43,  44,  45),  (46,  47,  48),  (52,  53,  54), 

Temperature  IS'^'OG  C. 

External  temperature  241-2  A  =  300  E  =  19''-260  C.     Pressure  =  '44millim. 

Calorimeter  cooled  to  10°*  10  C.     Connections  reversed  at  t. 


Reading 
Em. 

Time. 

1 
Time  over 
interval. 

Re  vol  a- 
tions. 

Time  of 
revolutions. 

Rate. 

seconds. 

tbousandh. 

seconds. 

86 

42-9 

•  • 

8 

18 

87 

48 

1 

88 

531 

89 

Mean  . 
126 

58-5 

•  • 

10 

•  • 

84-6 

1 

1 

1 

•  • 

•  • 

2517 

208-8 

I 

127 

257 

209 

128 

262-2 

209-1 

129 

Mean 
176 

267-7 

209-2 

16 

•  • 

2a3-8 

a   • 

t  • 

209-03 

30-10 

520-4 

268-7 

177 

525-7 

268-7 

178 

531-2 

269 

179 
Mean 
t216 

536-5 

268-8 

24 

549-2 

a    • 

•  • 

737-7 

268-75      ', 

3016 

! 

217-3 

217 

743 

217-3        ' 

218 

748-5 

217-3 

219 

Mean 
256 

754-1 

217-6 

31 

•  . 

36 

781-6 

•     • 

947-4 

.  • 

217-38 

1 
1 

3012 

959-3 

221-6 

* 

257 

965 

222 

• 

258 

970-6 

2221 

259 
Mean 

996-5 

222-4 

37 

•  • 

980-7 

•  • 

I 

•  • 

2-22-03 

30  U        i 

1 
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Table  XXXII — (continued). 


Beading 

Time. 

Time  over 
interval. 

1 

Revolu- 
tions. 

Time  of 
revoluvions. 

Kate. 

296 
297 
298 
299 

Mean 

346 
347 
348 
349 

Mean 

396 
397 
398 
399 

Mean 

t446 
447 
448 
449 

Mean 

606 
607 
608 
609 

Mean 

636 
637 
638 
639 

Mean 

seconds. 

1188-9 

1194-7 

1200-4 

1206-2 

• 

229-6 
229-7 
229-8 
229-7 

thousands. 
43 

44 

•  • 

62 
63 

•  • 

1 

1 . 

1 

62 

•  • 

70 

71 

•  • 

81 
83 

•  • 

87 

•  • 

seconds. 
1180-3 

1213-6 

•  • 
1479-7 
1612-9 

1812 

•  • 

2077-7 
2110-9 

•  • 

2441-7 
2507-6 

•  • 

2639-8 

•  • 

•  • 

229-7 

30-06 

1482 
1487-8 
1493-6 
1499-2 

293-1 
2931 
293-2 
293 

•     • 

293-1 

30-07 

1780 
1786-2 
1792-3 
1798-4 

•  • 

298 
298-4 
298-7 
299-2 

298-68 

30-10 

2088-8 
2096 
2101-2 
2107-7 

308-8 
308-8 
308  9 
309-3 

1 

•  • 

308-96 

30-11 

2472 
2478-6 
2486-2 
24^1-7 

383-2 
383-6 
384 
384 

•  • 

383-7 

30-25 

2669-7 
2676-4 
2682-9 
2689-9 

197-7 
197-8 
197-7 
198-2 

• 

•  • 

197-85 

3026 

3  o  2 
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Table  XXXIIL— Series  11.    J  34.     September  18,  1892.      - 

Weight  of  water  (tn  vacuo)  ^  259*500  grms. 

Clark  cells,     n  =  6.     Nos.  (37,  38,  39),  (40,  41,  42),  (43,  44,  45),  (46,  47,  48), 

(49,  50,  51),  (58,  53,  54).    Temperature  15°  C. 

External  temperature  241*2  A  =  300  E  =  19°-260  C.     Pressure  =  "48  millim. 

Calorimeter  cooled  to  10° "01  C.    Connections  reversed  at  t. 


Reading 

En. 

Tiaie. 

Time  over 
interval. 

Revolu- 
tions. 

Time  of 
revolutions. 

Rate. 

86 
87 
88 
89 

1 

126 
127 
128 
129 

Mean 

'       176 
177 
178 
179 

fMean 

216 
217 
218 
219 

Mean 

256 
257 
258 
259 

Mean 

1 

seconds. 
65-9 
69-6 
73-7 
77-3 

•  • 

•  • 

ihoosands. 
0 

2 

5 
7 

•  • 

11 

13 

•  • 

16 
18 

•  • 

21 
22 

•     • 

seconds. 
18-5 

85-5 

184< 
250 

•  • 

382o 

448-5 

•  • 

547-5 
613-5 

•  • 

712-4 
745-4 

•  • 

.1 

217-4 
221-4 
225-2 
228-9 

151-5 
151-8 
151-5 
151-6 

•  • 

151-6 

30*23 

411-5 
415-4 
419-3 
423-2 

1941 
194 
1941 
194-3 

• 

•  • 

194-13 

30-25 

568 
572 
576 
580 

156-5 
156-6 
156-7 
156-8 

•  • 

156-65 

30-30 

727-5 
731-5 
735-5 
739-6 

159-5 
159-5 
159-5 
159-6 

•  • 

159-53 

.30-23 
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Table  XXXIII. — (continued). 


Beading 
E». 

Time. 

Time  over 
interval. 

Be  volu- 
tions. 

Time  of 
revolutions. 

Bate. 

296 
297 
298 
299 

Mean 

346 
347 
348 
349 

Mean 

396 
397 
398 
399 

Mean 

t446 
447 
448 
449 

Moan 

506 
507 
508 
509 

Mean 

536 
537 
538 
539 

Mean 

seconds. 
8917 
895-8 
900 
904-2 

164-2 
164-3 
1645 
164-6 

thousands. 
26 

27 

•  • 

34 

•  • 

39 

40 

•  • 

47 

.  . 

54 
55 

•  • 
58 

•  • 

seconds. 

877 

910 

•  • 

1140-3 

.  • 

1304-7 
1337-7 

•  • 

15G7-7 

•  • 

1797-8 
18306 

•  • 

19-29-8 

•  • 

•  • 

164-4 

30-28 

1100-8 
1104-8 
1109 
1113 

209-1 
209 
209 
208-8 

•  • 

208-98 

30-40 

1312-5 
1317 
1321 
1325-4 

211-7 
212-2 
212 
212-4 

•  • 

212-08 

30-40 

1631-2 
1635-7 
1640 
1644-6 

218-7 
218-7 
219 
219-2 

•  • . 

218-9 

30-43 

1802-7 
1807-2 
1811-9 
1816-5 

271-5 
271-5 
271-9 
271-9 

•  • 

271-7 

30-43 

1942-3 
1947 
1951-7 
1956-3 

139-6 
139-8 
139-8 
139-8 

• . 

13975 

30-33 
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For  convenience  of  reference  in  the  succeeding  Tables,  we  repeat  here  the  Table 
showing  the  values  we  have  assigned  to  each  range  on  the  rising  thermometer. 


Table  XXXIV, 


No.  of 

E.. 

C. 

Mean. 

do. 

range. 

• 

1 

87-5-127-5 

13-990-14-963 

14-477 

•973 

2 

127-5-1775 

14-963-16198 

15-581 

1-235 

3 

177-5-217-5 

16198-17185 

16-682 

-987 

4 

217-5-257-5 

17-185-18180 

17-683 

•995 

5 

257-5-297-5 

18180-19196 

18-688 

1-016 

6 

297-6-347-5 

19- 196-20-474 

19-835 

1-278 

7 

347-5-397-5 

20-474r-21756 

21115 

1-282 

8 

397-5-447-5 

21-756-23063 

22*409 

1-307 

9 

447-5-507-5 

23063-24-061 

23-862 

1598 

10 

507-5-537-5 

24-661-25-471 

25-006 

•811 

We  consider  it  unnecessary  to  give  more  of  our  original  observations  in  full, 
but  have  collected  in  Tables  XXXV.  and  XXXVI.  the  unreduced  experimental 
results  of  all  the  J  experiments,  with  the  exception  of  J  I  to  4.     (See  p.  475.) 
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Observations  on  Tables  XXXV.  and  XXXVI. 
Experiments  1  to  4. 

These  have  been  rejected  and  the  observations  are  not  included  in  the  Tables. 
The  discrepancies  over  the  shorter  ranges  are  absurdly  great,  and  the  mean  times 
far  too  large.  During  these  experiments  we  had  great  difficulty  in  maintaining  the 
potential-balance ;  this  ought  to  have  been  sufficient  to  indicate  the  source  of  error, 
but,  at  the  time,  we  attributed  it  to  want  of  practice  in  the  observers. 

It  must  be  borne  in  mind  that  it  was  not  until  many  weeks  after  the  close  of  our 
observations  that  the  reductions  were  completed,  so  that,  at  the  time  of  experimenting, 
we  were  wholly  in  the  dark  as  to  the  actual  value  of  our  results.  Our  only  means  of 
obtaining  any  glimpse  of  the  value  of  a  particular  experiment  was  its  resemblance  to 
some  other  one  taken  under  similar  conditions,  but,  as  all  the  conditions  were  never 
precisely  the  same,  we  could  thus  obtain  little  information. 

We  have  now  no  hesitation  in  assigning  the  following  cause  to  the  failure  of  these 
four  experiments.  With  this  weight  of  water,  the  depth  in  the  calorimeter,  when 
the  stirrer  was  at  rest,  was  only  2  centims.,  and  as,  when  rapid  stirring  took  place,  a 
great  portion  of  the  contents  must  have  been  within  the  cylinder  and  in  the  upper 
portion  of  the  calorimeter,  it  is  evident  that  the  higher  parts  of  the  coil  must  have 
been  at  times  uncovered,  since  it  required  1  '5  centims.  for  complete  immersion.  This 
would  account  (l)  for  the  irregular  behaviour  of  the  potential-balance,  and  (2)  for  the 
gi-eat  lengthening  of  the  times  shovm  in  these  experiments.  We  at  no  time  antici- 
pated success  with  so  small  a  mass  of  water,  but  the  excellent  results  obtained  from 
our  stirring  experiments  on  this  weight  (see  Table  XXI.)  justified  the  attempt, 

JBxperiments  5  to  12.     {Group  B.) 

These  experiments  are  only  slightly  more  satisfactory  than  those  we  have  rejected. 
The  cause  is  partly  that  so  frequently  alluded  to  in  Section  XII.,  viz.,  obstructions  in 
the  openings  at  the  base  of  the  internal  cylinder,  the  resulting  irregularities  in  the 
throw  of  the  stirrer  affecting  not  only  the  non-electrical  supply,  but  also  changing  the 
coefficient  of  increase  in  the  resistance  of  the  wire.  That  this  is  the  case  is  indicated 
by  the  results  of  Experiment  9,  where  the  E.M.F,  was  so  reduced  that  the  current 
was  only  •!  ampere,  and  the  changes  in  the  temperature  of  the  wire  were  less  marked. 
This  experiment  was  performed  in  order  to  test  the  accuracy  of  our  various  corrections, 
rather  than  as  a  serious  effort  to  determine  the  value  of  J.  The  observations  in  this 
experiment  only  extended  over  f  of  our  total  range,  for,  had  we  endeavoured  to  carry 
it  out  through  the  upper  ranges,  its  duration  would  have  extended  over  some  hours. 

In  eveiy  case  (excepting  as  above  stated.  Experiments  1  to  4)  we  have  given  all 
the  numbers  recorded,  because,  however  bad  individual  observations  may  appear,  we 
have  no  sufficient  grounds  for  their  rejection.  The  omissions  in  the  table  represent 
experimental  mistakes ;  in  No.  5,  Kange  7,  the  storage  circuit  was  broken  foi  a  second 

3p2 
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or  two  by  an  accident  with  the  reversing  key ;  in  No.  6,  the  chronograph  refiised  to 
work  throughout  the  first  two  ranges ;  in  No.  10,  some  contact  must  have  taken  place 
between  the  wires  of  the  coil,  as  the  potential-balance  was  entirely  destroyed  after 
the  7th  range.  No.  1 1  was  an  exceptionally  bad  experiment,  especially  in  the  latter 
half;  the  changes  in  water  pressure  were  so  rapid  and  violent  as  to  pass  beyond  the 
control  of  the  motor-regulator,  the  rate  changing  from  29*43  to  30'36  in  two  consecu- 
tive observations.  Had  it  not  been  for  our  desire  to  present  our  results  in  full,  we 
would  certainly  have  rejected  this  experiment. 

Experiments  13  to  19.     {Group  E.) 

In  this  group,  our  heaviest  weight,  the  observations  although  still  somewhat 
irregular  are  in  better  agreement.  As  might  be  anticipated  the  throw  of  the  stirrer 
was  less  affected  by  the  obstructions  at  the  base  when  the  depth  of  water  was 
greater.  The  alterations  made  in  the  connections  of  the  stirring  rod  have  been 
already  alluded  to. 

Our  conclusions  as  to  the  value  of  J  and  the  changes  in  the  specific  heat  of  water 
are  based  almost  entirely  on  the  results  of  Series  II.  Although  the  results  deduced 
£rom  Nos.  13  to  19  are  in  almost  perfect  harmony  with  those  iroxn  Series  II.,  the 
agreement,  for  the  reasons  given  above,  must  be  in  part  fortuitous.  The  mean  value 
of  J  deduced  from  Nos.  5  to  12  agrees  with  the  most  probable  value,  but  the  change 
in  the  specific  heat  of  water  alters  from  positive  to  negative  according  as  the  group  is 
compared  with  the  results  obtained  from  a  lighter  or  a  heavier  weight. 

Series  11. 

This  series  contains  but  fifteen  experiments,  which  may  appear  a  small  number  on 
which  to  base  our  conclusions.  We  would,  however,  point  out  that  these  are  only 
the  concluding  series  of  many  hundred  J  experiments  conducted  by  the  same 
observers,  who  are  therefore  in  the  best  position  to  judge  of  their  value.  Further- 
more, these  fifteen  experiments  are  conducted  on  very  different  weights  of  water  and 
with  very  different  currents,  and  our  conclusions  would  be  but  little  altered  if  they 
were  based  o<^  any  two  individual  experiments  rather  than  on  the  mean  results  of  all. 
Want  of  time  alone  prevented  our  increasing  their  number,  but  we  believe  that  such 
increase  wouI^*^:bftve  given  them  small  additional  weight.  The  results  of  Series  I.  are 
quite  sufficient  to  corroborate  the  value  of  J,  although  the  least  trustworthy  group 
of  that  series  gives  contradictory  values  for  the  change  in  specific  heat  of  water. 

Such  irregularities  as  are  observable  in  the  members  of  .these  series,  are  we  believe 
inseparable  from  the  use  of  mercury  thermometers.  Although  many  irregularities 
which  would  otherwise  be  apparent  have  been  eliminated  by  the  method  of 
calibration  adopted  (Section  X.),  there  yet  remain  residual  ones,  not  strictly  recurrent, 
whose  effect  can  only  be  eliminated  by  taking  the  mean  path  of  a  series  of  obser- 
vations  over  consecutive   ranges.      The   magnitude   of  such   irregularities  can    be 
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estimated  by  a  comparison  of  the  columns  headed  "mean"  and  "from  curve*'  in 
Table  XL. 

None  of  these  experiments  call  for  special  comment,  with  the  exception  of  No.  34. 
This  was  performed  with  the  object  of  testing  the  accuracy  of  the  correction  given  by 
the  formula  8R  =  aC^  (Section  VII.,  Table  IX.),  and  we  did  not  anticipate  from  it 
results  of  much  value.  The  irregularities  in  ranges  8,  9,  10,  of  Group  D,  Column  21, 
Table  XL.,  are  clearly  an  example  of  the  eccentric  behaviour  of  the  thermometer 
when  rising  at  this  rapid  rate ;  their  mean  however  is  excellent. 

Section  XIV. — The  Calculation  of  the  Eesults.* 

The  method  which  we  have  adopted  in  our  calculations  can  be  put  into  a  general 
form,  thus : — 

Suppose  a  to  be  the  rate  of  production  of  heat  in  the  calorimeter  at  some  standard 
temperature  9y  whilst  a'  denotes  the  value  of  a  at  any  other  temperature  $1 ; 

p  the  change  in  temperature  per  one  second  due  to  radiation,  &c.,  when  the  differ- 
ence between  the  external  and  internal  temperature  is  1^  C  ; 

M  the  capacity  for  heat  of  the  calorimeter  and  its  contents  at  the  standard 
temperature  0,  M'  its  value  at  0^ ; 

Then  if  0^  is  the  temperature  of  the  calorimeter  at  any  time  t,  the  rate  (a')  of 
production  of  heat  is 

M'  ^  +  M>  {d,  ~  ^o), 

where  0q  is  the  temperature  of  the  surrounding  envelope. 
Thus  the  equation  of  condition  is 

M'f  =  a'~M>(^,~^o) (1). 

Now,  by  Joule's  law, 

JM^  =  C«E (2), 

therefore 

where  a,  is  the  rate  of  production  of  heat  due  to  the  electrical  supply,  and  E  is 
the  E.M.F.  of  a  Clark  cell,  and  n  is  the  number  of  cells  used. 

But  since  the  rate  of  production  of  heat  is  dependent  on  the  resistance  of  a  platinum 
wire,  and  E  is  kept  constant,  this  rate  will  diminish  as  the  temperature  rises,  or, 

a\  =  a.{l-'k0,'-0  +  fi]       (4), 

*  We  have  changed  the  notation  adopted  in  Section  I.  to  one  moi*e  suited  for  arithmetical  operations. 
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where  h  is  the  resistance  temperature-coeflBcient  of  the  wire,  and  fi  is  the  number  of 
degrees  that  the  wire  is  hotter  than  the  water  in  contact  with  it. 
Similarly 

where  I  is  the  mean  coefficient  of  increase  of  specific  heat  of  the  water  and  calorimeter. 

For  the  non-electrical  supply,  we  have  shown  that  tr^  =  K  (p.  438),  where  t  is  the 

time  of  rising  1°  C.  and  r  is  the  rate  of  revolution  of  the  stirrer,  and  therefore  the 

rise  per  second  is  given  by 

o-=r»/K (5). 

and 

8cr=f  8r (6). 

By  (6)  we  can  reduce  all  observations  to  the  standard  rate  r. 
Equation  (1)  after  introducing  terms  due  to  stirring  becomes 

M'  ^  =  «'•"•'•  +  ('^  -  P  ^T^^o)  M', 
that  is, 

or 


If  we  write 


for  the  electrical  and  non-electrical  terms  in  this  expression, 

^=(f).+(m <»)• 

♦  Equation  (8)  may  be  expressed  in  the  following  form — 

de^ldt  =  A  4-  X^i, 

where  A  is  the  sum  of  quantities  independent  of  9^^  and  X  is  the  sum  of  a  number  of  small  quantities. 

The  range  d$^  is  reckoned  from  slightly  below  9^^  say  from  9\  to  slightly  above  9^^  say  &' ;  hence  if  t* 
and  t"  are  the  times  at  9'  and  9'\  we  may  assign  to  dO^ldt  the  value  {&'  —  ff)  I  (^".—  ^'). 

Strictly  speaking,  the  equations  ought  to  be  integrated  from  ^  =  t',  when  ^^  sr^  ^,  to  ^  =  i\  when 
^x  =  ^',  but  the  error  introduced  by  the  above  method  may,  provided  the  ranges  are  sufficiently  small, 
be  neglected. 

We  have  adopted  throughout  our  experiments  ranges  of  from  1°  to  1**5  C.  It  does  not  appear  prob- 
able that  increased  accuracy  would  have  resulted  from  the  adoption  of  smaller  ranges,  for  the  effect  of 
erroi*s  in  the  thermometry  is  increased  as  the  size  of  the  ranges  is  diminished. 
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The  experiments  on  the  heat  developed  by  the  stirrer  give  us  the  values  of 

(See  Table  XXVII.) 

1 .  The  first  step  in  the  calculation  of  our  observations  has  been  to  correct,  whei'e 
necessary,  all  times  for  the  clock  error,  which  was  +  '0004125,  up  to  J  9  inclusive. 
This  correction  has  been  applied  in  Table  XXXVIII. 

2.  We  found  the  value  oi  ddjdt^  i.e.,  the  rise  per  second  produced  by  the  combined 
effect  of  all  sources  of  gain  or  loss  (Table  XXXVII.,  col.  4). 

3.  Since  the  rate  of  revolution  throughout  an  experiment  was  always  nearly  30  per 
second,  we  eliminated  irregularities  in  the  rate  by  reducing  to  rate  30  by  means  of 
the  formula  given  in  (6).  Thus  we  obtained  the  value  ddjdt  would  have  had,  had 
the  rate  been  uniformly  30  per  Second.  This  reduction  is  shown  in  Table  XXXVII., 
cols.  5  and  6. 

4.  In  order  to  be  able  to  more  readily  compare  experiments  performed  imder 
almost  identical  circumstances,  the  next  correction  applied  was  that  for  the  tem- 
perature of  the  Clark  cells.     Lord  Rayleigh  gives  the  formula 

Ei6  =  E^{l  + -00077  (<-  15)} 

hence 

E^5  =  E^,  (1  + -00154  («- 15)} (11), 

where  t  is  the  temperature  of  the  Clark  cella 

This  correction  cannot  be  applied  to  dOJdt  as  a  whole  (equation  9)  but  only  to  the 
portion  {ddjdt\  the  electrical  supply.  As  the  correction  was  always  very  small,  it 
was  sufl&cient  to  find  the  approximate  value  of  (ddJdt),  by  subtracting,  at  any 
temperature,  the  value  of  {ddi/dt)^  as  given  in  Table  XXVII.,  and  then  find  the 
correction  on  the  value  of  {d0/dt\  so  obtained  by  formula  (ll).  The  result  of  this 
correction  gives  col.  7,  Table  XXXVII. 

The  correction  was  applied  in  this  order  as  we  could  thus  compare  all  th'e  experi- 
ments performed  with  the  same  E.M.F.'s  so  long  as  the  values  of  a  and  p  were  the 
same.  The  results  at  this  stage  of  their  reduction  are  given  in  Tables  XXXVIII. 
and  XXXIX. 

5.  Table  XXXVII.,  col.  8,  gives  the  value  of  {dejdt)^  taken  from  Table  XXVII. 
This  subtracted  from  col.  7  gives  the  value  of  {ddjdt\^  i.e.,  the  rise  per  second  due 
to  the  current  only,  the  difference  of  potential  at  the  ends  of  the  coil  being  n  Clark 
cells  (col.  9). 

Hence  equation  (8)  is  reduced  to 
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(WA         w»E»{l  -ke^-d  +  fi} 


\dt),  ~ 


JIIM(1  +101-6) 


6.  In  the  section  on  resistance  in  Table  XVI.  we  have  collected  the  values  of 

R 

A—iffti  —  ff — ffi  ***  *^®  mean  temperature  of  each  range.     The  value  of  n,  the 

number  of  Clark  cells  used,  is  given  with  each  experiment.     Substituting  their  values 
we  obtain  the  time  of  rising  1°  C.  with  unit  resistance  and  one  Clark  cell,  or 

|M(l  +  ZV=r^)=   T (12). 

This  gives  column  10  of  Table  XXXVII. 

7.  The  results  of  all  the  experiments  were  then  meaned  and  plotted,  the  columns 
headed  "Mean"  and  "From  curve"  in  Tables  XL.  and  XLL  giving  the  results. 
From  these  smoothed  curves  the  values  of  the  required  constants  were  calculated 
thus : — 

8.  If  W;p  is  the  water-equivalent  of  the  calorimeter,  and  /  and  g  are  the  tem- 
perature coeflScients  of  the  specific  heat  of  water  and  of  the  calorimeter  respectively, 
and  suffixes  written  to  W,  I,  T,  denote  the  values  of  these  quantities  for  different 
weights  of  water,  then  from  (12)  we  obtain 


E2 
and 


|i(Wi  +  W.)(l  +  ZA-^)  =  T, 


where 


^(W,  +  W,)(l+ZA~^)  =  T8 


(13). 


Hence,  subtracting  equations  (l-^),  we  get 


or 


4(W,-W,)(l+/^x-^)  =  Ts-Ti 


|,  (Wa  -  WO  (1  +fdo  -6)  =  T,.o  -  T,.o  ] 
and  }"      ....     (15), 

|i(W,~W0(l+/^.'^^^)  =  T^2-T,.,J 
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where  the  observations  are  taken  at  two  temperatures  0^)  and  0^,  the  second  suffix  of 
the  T's  referring  to  these  temperatures. 

Hence,  by  division,  we  obtain  the  value  of  y,  the  temperature-coefficient  of  the 
specific  heat  of  water. 

And.  if  Oq  is  our  standard  temperature,  the  value  of  J  is  found  without  any  know- 
ledge of  the  water-equivalent  of  the  calorimeter. 

Now  Wj  (Tg^o  —  Ti.oViWj  —  Wj)  is  the  time  that  W^  grms.  of  water  at  tempera- 
ture Oq  would  take  to  rise  1^  C.  Subtracting  this  from  1^^  and  dividing  by 
(Tg^o  "■  Ti,o)/(W2  —  Wi)  we  obtain  the  number  of  grms.  of  water  at  0q,  to  which 

the  calorimeter  alfio  at  ^0  is  ^^^v^l®^*       (16). 

Similarly  the  expression 

Ti.«-W,(T,,,-T,,)/(W,-W,) 

(T,.o  -  T,.o)/(W3  -  VV,)  ^''f 

gives  the  number  of  grammes  of  water  at  0q  to  which  the  calorimeter  at  0.2  is  equiva- 
lent.     Thus  we  obtain  both  the  water-equivalent  of  the   calorimeter  and  also  its 
temperature-coefficient  g. 
Finally  J  is  calculated  from 

E^.T 
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Remarks  on  Table  XL. 

The  column  headed  **Mean"  was  obtained  by  multiplying  the  numbers  in  the 
preceding  columns  of  each  section  by  the  number  of  experiments  from  which  they 
were  deduced,  and  dividing  the  sum  of  the  products  by  the  total  number  of  experi- 
ments. The  "  means  "  were  plotted  on  a  scale  such  that  -j^  inch  of  ordinate  repre- 
sented a  difference  of  '1  second  in  T,  and  the  smooth  curve  in  each  case  so  drawn  that 
the  sum  of  the  positive  and  negative  areas  included  between  it  and  the  experimental 
curve  was  zero.  The  curvature  is  so  slight  over  our  range  that  by  assuming  T  to  be 
a  linear  function  of  d^y  our  "curve  numbers"  are  not  affected  when  written  to  four 
figures. 

It  will  be  found  that  our  results  (obtained  from  the  "  smooth  curve  "  values  of  T) 
are  in  much  closer  agreement  than  might  be  expected  from  a  study  of  Table  XL. 
This  indicates  that  the  irregularities  are  due  to  some  (or  all)  of  the  following  causes. 

(1.)  Errors  in  the  comparative  values  of  the  ranges.  The  effect  of  such  errors 
would  be  common  to  all  the  experiments,  and  there  is  evidence  that  the  sixth  range 
is  too  small,  the  value  of  T  over  that  range  being  nearly  always  too  large ;  the  error, 
however,  does  not  amount  to  O^'OOl.  Again,  the  ninth  range  is  evidently  too  great. 
These  errors  do  not  affect  the  result  when  the  values  of  T  over  two  or  three  consecu- 
tive ranges  are  meaned  (as  is  done  by  the  smooth  curve),  the  excess  in  one  case  is 
then  compensated  by  the  deficiency  in  another. 

(2.)  The  irregular  (as  apart  from  the  strictly  recurrent)  *'stickings"  of  the  ther- 
mometer ;  these,  as  previously  mentioned,  must  mean  out  when  sufficient  observations 
are  taken  over  the  same  range. 

(3.)  Irregularities  in  the  temperature  of  the  water  ejected  through  the  opening  in 
the  cylinder  on  to  the  thermometer  bulb,  water  from  cooler  parts  of  the  calorimeter 
being  followed  by  a  gush  of  warmer  water  brought  direct  from  the  hot  wire.  This, 
no  doubt,  is  a  fruitful  cause  of  alternate  lag  and  acceleration,  but  again,  it  is  evidently 
an  irregularity  which  would  but  slightly  affect  the  results  of  many  experiments  con- 
tinued through  a  sufficient  number  of  intervals  of  time.  We  have  previously  pointed 
out  that  the  "  throw "  was  irregular  throughout  Groups  B  and  E,  and  the  effect  on 
the  individual  experiments  is  very  marked ;  nevertheless  the  values  of  T  derived  from 
the  fifleen  experiments  in  those  groups  are  in  practical  agreement  with  the  values 
deduced  from  the  experiments  in  Series  II. 

(4.)  Personal  errors  of  observation  which,  from  their  very  nature,  are  unlikely  to 
recur  at  regular  intervals  or  over  identical  ranges.  These,  no  doubt,  are  the  origin  of 
many  discrepancies,  the  strain  on  the  observer  during  these  experiments  being  great. 

The  cumulative  effect  of  all  the  above  causes  of  irregularity  may  at  times  be  large. 
In  Series  I.  differences  of  1  in  500  occasionally  present  themselves,  although,  in 
Series  II.,  there  is  only  one  case  in  which  the  difference  between  the  mean  and  the 
curve-numbers  exceeds  1  in  1000,  and  only  two  others  in  which  it  exceeds  1  in  2000. 

MDOCCXCHL — A.  3   R 
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The  values  of  J  deduced  from  the  different  groups  (using  the  niunbers  given  by  the 
respective  smooth  ciurves)  are,  however,  in  much  closer  agreement,  the  extreme 
divergence  being  less  than  1  in  4000  (see  Table  XLIII.). 

It  is  worth  mentioning  that  in  previous  years  we  found  the  agreement  between 
individual  experiments  in  the  same  group  (having  the  same  E.M.F.)  was  closer  than 
that  shown  in  the  above  Table ;  but,  on  the  other  hand,  the  values  of  J  and  of  the 
water  equivalent  given  by  different  groups  (or  by  members  of  the  same  group  when 
the  number  of  cells  was  changed),  differed  hopelessly,  in  some  cases  by  more  than 
1  per  cent.,  showing  that  constant  causes  of  error  had  not  been  eliminated.  We 
attribute  the  improvement  (1)  to  the  alteration  in  the  form  of  stirrer,  for  the 
mechanical  work  done  in  previous  years  varied  capriciously,  although  no  doubt  the 
thermometer  bulb  was  more  thoroughly  **  washed  "  than  before  the  alteration ;  (2)  to 
the  correction  (now  intixxluced  for  the  first  time)  for  the  difference  between  the 
temperature  of  the  wire  and  that  indicated  by  the  thermometer. 

As  it  is  more  convenient  to  examine  the  values  of  T  for  integral  values  of  the 
temperature,  we  have  read  off  from  the  smooth  curves  the  values  of  T  for  every  two 
degrees  covered  by  our  range,  and  also  the  values  at  15^  C.  and  25^  C.  These  are 
given  in  the  following  table. 


Table  XLI. — Values  of  T  from  Smoothed  Curve. 


Temperature. 

Series  I. 

Series  II. 

Group  B. 

Group  E. 

Group  A. 

Group  0. 

Group  D. 

W  =  188065. 

W  =  277-931. 

W  =  139-776. 

W  =  199-674. 

W  =  259-500. 

14000 

567-04 

740-44 

468-77 

580-90 

702-88 

15 

55714 

740-46 

458-87 

580-95 

702-91 

16 

657-24 

740-48 

458-97 

681-01 

702-95 

18 

567-43 

740-55 

459-16 

581-13 

70300 

20 

557C2 

740-60 

459-35 

581-25 

70305 

22 

557-80 

740-66 

459-53 

581-37 

703-11 

24 

557-99 

740-72 

459-72 

581-49 

703-17 

25 

55809 

740-75 

459-81 

581-55 

703-20 

26 

55818 

740-77 

469-92 

58161 

703  22 

1 

2 

3 

4 

5 

6 

Taking  the  data  given  in  Columns  4  and  6  of  the  above  table,  we  give  an  example 
of  the  final  calculation  of  our  results. 

Using  the  notation  of  pp.  478-481,  we  have  the  following  values 
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Wi  =  139-776        Wj  =  259-500        0^  =  15°  C. 
Tj.o  =  458-87  Tg,o  =  702-91  di  =  25°  C. 

T,,j  =  459-81  T2,8  =  703-20  E  =  1-4344*  volts. 

Substituting  these  values  in  equation  (15)  and  dividing,  we  obtain 

1  +  15/ _  243:39  _ 

1  +  25/ ~  24404  ~   ^^^"^^^ 

As  the  difference  in  weight  of  water  here  amounts  to  nearly  120  grms.,  it  is 

probable  that  the  value  obtained  in  this  case  is  the  most  reliable. 

In  the  same  manner  using  the  values  of  W  and  T  given  in  Colimms  4  and  5, 

we  get 

l±i5/_121:74__ 

1  +  25/~  122-08  ~   ''''^^^' 

And  again  from  Columns  5  and  6, 

1  +  15/       121-65        ^^^,^ 

— ■ = =  '99746 

1  +  25/       121-96         ^^^^^* 

Hence  mean  value  of-; rr~  deduced  from  Series  11.  =  •99734.t 

1  +  ZOj 

Hence,  adopting  1 5°  C.  as  the  standard  temperature,  the 

Specific  Heat  of  Water  =  1  —  '000266  {^i  —  15).J 

Also  by  means  of  equation  (15)  we  get  the  following  values  of  J, 

Columns  4  and  6     ....     J  =  4-1939  X  10^ 

„        4    „    5     .     .     .     .     J  =  4-1940  X  107 

5    „     6     ....     J  =  4-1940  X  107 

Mean    ....  4'1940  X  10^. 

This  value  of  J,  as  pointed  out  on  p.  481,  is  entirely  independent  of  the  value 
assigned  to  the  water  equivalent  of  the  calorimeter. 

Performing  the  operations  of  equation  16,  we  find  that  the  water  equivalent  at 

•  See  p.  388,  supra, 

t  If  we  mean  the  results  from  Colnmns  4  and  5  and  5  and  6,  we  must  of  coarse  obtain  the  same  result 
as  that  giyen  by  Columns  4  and  6.  We  have  however  given  the  numbers  in  the  above  form  as  thej 
show  the  nature  of  the  agreement  between  the  different  groups. 

J  Over  the  range  14°  to  26**  0. 
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15°  C.  in  terms  of  water  at  15°  C.  =  8 5 '340  grms. ;  and  from  the  operations  indi- 
cated in  equation  (17),  we  get  water  equivalent  at  25°  0.  in  terms  of  water  at 
15°  C.  =  86-174  grms.     Hence 

Water  equivalent  =  85-340  {1  +  -000977  {0i  -  15)].* 


We  are  now  in  a  position  to  find  the  value  of  M  (1  +  Z  ^^  —  ^)  for  any  weight  of 
water  at  any  temperature,  and  the  value  of  J  can  then  be  found  by  equation  (18). 

The  following  Table  gives  the  value  of  M  (1  +  I0i  —  ^)  for  each  weight  of  water  at 
temperatures  1 5°,  20°,  and  25°  C. 


Table  XLII.    Value  of  M  (1  +  Z  ^i      ^)  at  15*,  20°, 

and  25". 

Group. 

w. 

15°. 

20°. 

• 

26°. 

A 
B 
C 
D 

E 

139-776 
188066 
199-674 
259-500 

277-931 

1 

t 
1 

225-116 
273-405 
285-014i 
!          344-840 
363-271 

1 

226-347 
273-672 
286-166 
344-912 
363-318 

226-678 
273-739 
286-317 
344-984 
363-366 

i 

Substituting  the  values  of  T  (Table  XLL)  and  M  (1  +  Z^^  —  ^)  in  equation  (18), 
we  get  the  following  values  of  J.  The  first  colmnn  shows  the  group  of  experiments 
from  which  each  value  is  derived. 


Table  XLIII. — Values  of  J  given  by  each  Group  at  different  Temperatures. 


Groap. 

15°. 

• 

2o^ 

25°. 

Mean. 

A 
B 
C 
D 

E 

41940  X  l(fl 
41930    „ 
41939    „ 
4-1940    „ 
4-1938    „ 

4-1940  X  107 
4-1941    „ 
4-1938    „ 
41939    „ 
4-1940    „ 

4-1939  X  107 
4-1949    „ 
41937    „ 
4-1940    „ 
41943    „ 

41940 
41940 
4*1938 
4-1940 
4-1940 

1 

1                              1 
4*1940 

1 

We  have  in  the  above  Table  given  the  values  resulting  from  the  calculation  at 
different  temperatures  since  the  limit  of  our  experimental  errors  is  thus  clearly 
indicated ;  for  the  values  of  J  ought  (in  the  absence  of  experimental  errors)  to  be 
identical  at  all  temperatures.  The  close  agreement  between  the  values  from  different 
groups,  and  from  the  same  group  at  different  temperatures,  is  a  satisfetctory  proof  of 

♦  Over  the  range  14°  to  26°  C. 
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the  accuracy  of  our  determination  of  the  water  equivalent  of  the  calorimeter,  and  oi 
the  changes  in  it  and  in  the  capacity  for  heat  of  the  water.  If  we  reject  Group  B 
(and  we  have  already  shown  that  it  has  little  value)  the  results  are  practically 
identical. 

Hence  if  we  assiune — 

(1.)  The  imit  of  resistance  as  defined  in  the  *  B.A.  Keport/  1892. 

(2.)  That  the  E.M.F.  of  the  Cavendish  standard  Clark  cell  at  15°  C.  =  1-4342 
volts.* 

(3.)  That  the  thermal  unit  =  quantity  of  heat  required  to  raise  1  grm.  of  water 
through  1°C.  at  15°  C. 

The  most  probable  value  of 

J  =  41940  X  lOlt 

This,  by  reduction,  gives  the  following : — 

J  =  427'45  kilogrammetres  in  latitude  of  Greenwich  {g  =  981*17). 

J  =  1402*2  ft. -lbs.  per  thermal  imit  C  in  latitude  of  Greenwich  (^r  =  981 '17). 

J  =  778-99  „  „  F 


Section  XV. — Discussion  of  the  Kesults. 

As  stated  in  the  Introduction,  we  proposed  to  determine  the  value  of  J  in  terms  of 
tbe  thermal  unit  there  defined,  viz.,  the  quantity  of  heat  required  to  raise  unit  mass 
of  water  through  1°  C.  at  15°  C.  Kowland  has  preferred  to  tabulate  his  results  by 
giving  the  changes  in  the  numerical  value  of  J  caused  by  changes  in  the  capacity  for 
heat  of  water.  We  can,  however,  deduce  from  his  table  the  expression  for  the  change 
in  the  specific  heat  of  water  over  our  range. 

Expressed  in  the  same  form  as  above,  it  becomes 

1  -  -000400  (^1  -  15). 

The  difference  between  our  results  on  this  point  is  marked,  and  it  is  evident  that 
further  investigation  is  required.  Rowland  finds  that  the  minimum  value  lies 
between  30°  and  35°  C. ;  we  hope  to  carry  the  investigation  beyond  that  temperature, 
and  some  explanation  of  the  difference  in  our  results  may  then  present  itself.  The 
whole  question  is  probably  one  of  thermometiy,  and  possibly  our  revision  of  this  part 
of  the  subject  may  bring  our  results  into  closer  agreement.  Rowland  himself 
(p.  198)  points  out  that  the  whole  matter  depends  on  a  small  difference  which  he 

*  If  we  assume  the  E.M.F.  of  oar  Clark  cells  to  be  the  same  as  that  of  the  Cavendish  standard  (and 
we  are  inclined  to  think  we  have  over-estimated  the  difference),  we  get  J  =  4' 1930  x  10^. 
t  The  value  obtained  by  us  in  1891  =  (4*  192  -}-)  x  107;  ^upro,  p.  365. 
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denotes  by  the  letter  m.  This  quantity  appears  to  be  of  the  same  nature  as  that 
which  we  term  d{=  6  --pt)  in  the  platinum- thermometer  formulae.  This  quantity  m 
had  to  be  determined  from  a  diflference  of  the  order  of  0°'05  C.  between  the  air-  and 
mercury-thermometers.  The  method  adopted  for  finding  the  value  of  the  analogous 
quantity  d  would  appear  much  less  liable  to  error. 

Rowland  himself  was  evidently  anxious  to  throw  more  light  on  this  portion  of  his 
investigation,  for  he  performed,  with  great  care,  a  series  of  experiments  by  the  method 
of  mixtures.  These  are  given  on  pp.  125  to  130  ;  he  has  not,  however,  tabulated  his 
results.  We  give,  with  one  exception  (No.  10),  the  results  of  all  these  experiments 
which  did  not  involve  temperatures  above  30°  C. 


Table  XLIV. — Specific  Heat  of  Water  by  the  method  of  Mixture  (Rowland). 


1 
2 
3 

4 


6 

7 

8 

9 
10 


Rowland's  result. 


Mean  sp.  heat    0° — 18°  _  1.002  5 

18^-27'' 


}) 


t* 


Above  our  range 

Mean  sp.  heat    0°— 17**      i.,v\o.i 

„     „     ir-29°  =  ^'^^ 

Rejected  by  Rowland   .     .     .     . 
Mean  sp.  heat    0"* — 18°      ,  ./v\/5»y 


Rejected  by  Rowland   .... 
Mean  sp.  heat    0°— 16**  _  i-ooiO 

;;    ;;    i6°-24°  ~  ^ 

Moan  ap.  heat    0° — 1 7°  _  ■  .nrum 
„       „       17°-2b''  ~ 

Mean  sp.  heat    0*— 21"      i.nriAK. 
--    '„       2r-28-  =  ^^^ 

Requires  explanation,  as  it  gives  an  in- 
creasing  specific  heat.  Also  the  difference 
between  the  mean  temperatures  (2**'5  G.) 
is  too  small  to  enable  ns  to  expect  an 
accurate  result.  The  remaining  experi- 
ments are  above  our  range 

Mean     .... 


1 


Mean  coefficient 
of  decrease. 


•000185 


•000165 


•000447 


•000083 


•000216 


•000321 


It  is  thus  apparent  that  the  results  of  Rowland's  investigation  by  this  method  are 
in  closer  agreement  with  our  conclusions  than  they  are  with  his  own.*  We  do  not, 
however,  attach  much  importance  to  this  point,  since — as  he  justly  remarks — the 
method  by  the  mechanical  equivalent  is  of  far  greater  value. 

•  Our  value  '000266. 
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The  values  of  J  deduced  from  the  two  groups  of  Series  L  and  the  middle  group  of 
Series  11.  are  dependent  upon  the  value  of  the  water  equivalent  deduced  from  the 
highest  and  lowest  weights  of  Series  II.  The  agreement  in  the  results  is  a  siifficient 
proof  of  the  accuracy  of  the  value  assigned  to  that  equivalent. 

The  coefficient  of  increase  in  the  specific  heat  of  the  calorimeter  may  appear  large. 
ToMLiNSON  ('Roy.  Soc.  Proc./  1885),  gives  the  following  as  the  specific  heat  of  copper 
and  zinc : — 

Specific  heat  of  copper*  =  '09008  +  '000065  0^, 

zinc        =  '09009  +  '000075  0^, 


i>      » 


and  he  quotes  the  values  given  by  BtDE  as 


Copper  =  0892  +  '000065  ^|, 
Zinc      =  -0859  +  -000084  0i. 

Expressing  the  mean  of  these  results  in  the  same  form  as  that  given  to  the  expres- 
sion for  the  water  equivalent,  we  get 

Specific  heat  of  copper  =  "0896  (1  +  '00071  0i), 

zinc      =  -0876  (1  +  '00091  0^). 


>J  >J 


ToMLiNSON  states  that  when  reducing  his  observations,  he  used  Regnault's  expres- 
sion for  the  capacity  for  heat  of  water,  viz.,  1  +  '00004  0i  +  '0000009  0^^ 

Unfortunately  the  account  of  these  experiments  given  in  the  '  Proceedings '  does  not 
supply  us  with  sufficient  data  to  estimate  the  changes  in  the  coefficient  of  0^  that 
would  be  caused  by  assuming  our  expression  for  the  specific  heat  of  water.  We  are, 
therefore,  unable  to  say  how  far  our  rate  of  increase  in  the  water  equivalent  agrees 
with  the  above  determinationa  We  are,  however,  enabled  to  state  that  the  values  of 
the  specific  heats  at  0®  C,  would  be  reduced  by  about  6  parts  in  1000,  on  the  assump- 
tion that  our  formula  holds  over  so  large  a  range. 

Our  calorimeter  may  be  regarded  as  a  mixture  of  copper,  zinc,  gold,  glass,  and 
mercury,  and  the  coefficient  of  increase  of  such  a  mixture  can  only  be  obtained  by 
direct  expeiiment. 

Rowland,  in  order  to  compare  his  results  with  those  of  Joule,  expressed  both  in 
kilogrammetres  at  Baltimore  (g  =  980*05),  and  gave  the  numerical  value  of  J  in  terms 
of  water  at  differing  temperatures,  assuming  his  own  value  of  the  specific  heat  of  water. 
In  order  to  make  a  similar  comparison  we  give  our  results  in  the  same  form.  The 
following  Table  is  extracted  fi:om  the  Appendix  to  Rowland's  paper,  with  the  excep- 
tion of  the  last  column,  which  we  have  added. 


*  Tomlinson's  paper  (Table  II.,  p.  407)  contains  an  obvious  misprint  in  the  coefficient  of  $1. 
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Table  XLV. — Comparative  values  of  J  given  by  Joule,  Rowland,  and  Griffiths. 


Date. 


1847 
1850 
1850 
1850 
1850 
1850 
1867 
1878 
1878 
1878 
1878 
1878 


Joule's  method. 


Friction  of  water 


» 


»f 


Friction  of  mercury 


}f 


)9 


Friction  of  iron . 


*) 


Electric  heating 
Friction  of  water 


>> 


• « 


Tempera- 
ture of 
water. 


JouLE*s  value 

in  the 
metric  system . 

Reduced  to 
Rowland's  air- 
thermometer. 


Rowland, 
1880. 


o  vy. 

15 
14 

9 

9 

9 

9 

18-6 
14-7 
12-7 
15-5 
14-5 
17-3 


442-8 

426-8 

427-5 

428-7 

429-1 

428-0 

428-0* 

425-8 

4271 

426-0 

422-7 

426-3 


427-4 
427-7 
428-8 
428-8 
428-8 
428-8 
426-7 
427-6 
428-0 
427-3 
427-5 
426-9 


Griffiths, 
1892, 


427-9 
428-1 
428-6 
428-6 
428-6 
428-6 
427-6 
427-9 
428-2 
427-9 
428-0 
427-7 


Rowland  remarks  as  follows  :  "  Joule  rejected  quite  a  number  of  his  results,  but 
I  have  thought  it  best  to  include  them,  giving  them  small  weight  however.  In  this 
way  we  obtain  a  value  of  Joule's  experiments  of  426*75  at  14*^'6  C,  my  value  at 
this  point  being  427*52  ;  the  difference  amounts  to  1  in  550  only." 

Adopting  this  method  of  comparison  we  get  (at  14®'6  C,  and  expressed  in  kilo- 
grammetres  at  Baltimore) : 


JouxE. 
426-75 


Rowland. 
427-52 


Griffiths. 
427-98 


Thus  our  difference  from  Joule  amounts  to  1  in  350,t  and  our  difference  from 
Rowland  amounts  to  1  in  930.J 

The  difference  between  Rowland's  determinations  of  the  changes  in  the  specific 
heat  of  water  and  ours,  would  cause  the  values  of  J  to  be  identical  if  expressed  in 
terms  of  a  thermal  unit  at  ll°-5  C,  and  below  that  temperature  Rowland's  value 
would  be  the  greater. 

[Notes  by  E.  H.  G.,  added  April,  1893. 

1.  No  change  in  the  value  of  the  various  units,  or  constants,  involved  in  our 


*  Value  deduced  by  Rowland  by  assuming  his  own  value  of  the  ohm. 

t  If  we  attach  equal  weight  to  the  different  values  given  by  Joule  (Rowland  in  obtaining  the  above 
numbers  attached  arbitrary  values  to  different  experiments  and  methods)  we  obtain  J  =  428'23  as  the 
mean  value  at  13**-2  C,  i.e.,  J  =  42808  at  14**'6  0.     This  exceeds  our  value  by  1  in  4281. 

X  If  we  assume  the  E.M.F.  of  our  cells  to  be  that  of  the  Cavendish  standard,  our  value  would  be 
427*86  and  these  differences  would  become  1  in  386  and  1  in  1260  respectively. 
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investigation  could  bring  our  results  into  absolute  agreement  with  those  obtained  by 
Rowland,  since,  owing  to  the  difference  in  the  expressions  for  the  temperature  coeffi- 
cients of  the  specific  heat  of  water,  it  is  inevitable  that  our  conclusions  should  agree  at 
some  one  temperature,  but  must  necessarily  differ  when  expressed  in  terms  of  a  thermal 
unit  at  any  other  temperature,  and,  thus,  changes  in  the  values  of  the  units  would  only 
alter  the  temperature  of  agreement.  For  example.  Dr.  Guillaume  has  pointed  out 
to  me  that  the  experiments  of  Commandant  Defforges  lead  to  the  conclusion  that 
the  value  of  gr,  at  Greenwich,  should  be  increased  from  981'17  centims.  to  981*24 
centims.  A  similar  correction  would  slightly  increase  Rowland's  value  of  J,  and 
thus  cause  our  point  of  agreement  to  be  about  12®  C.  instead  of  11°'5  C.  Again,  the 
value  of  gr,  assumed  by  Lord  Rayleigh  (*Phil.  Trans.,'  A.,  1884,  p.  427),  would  have 
to  be  slightly  increased,  and  the  resulting  values  of  the  electro-chemical  equivalent  of 
silver,  and  of  the  absolute  electromotive  force  of  a  Clark  cell,  would  require  modifi- 
cation, but  the  only  result  of  any  such  change  would,  as  before,  be  to  shift  the 
temperature  of  agreement. 

It  is,  therefore,  evident  that  the  difference  is  chiefly  due  to  errors  in  thermometry. 
An  error  of  0°*01  C,  in  the  value  of  the  range  14°  to  25®  C,  would  suffice  to  explain 
the  discrepancy  between  the  results,  and  the  close  agreement  in  the  range  value,  as 
obtained  from  our  standard  and  the  Paris  nitrogen  standard  (see  p.  430,  swpra), 
appears  to  me  to  warrant  a  brief  criticism  of  Rowland's  methods  and  conclusions. 

The  science  of  exact  thermometry  has  made  great  strides  during  the  past  fourteen 
years,  and,  no  doubt,  much  of  this  progress  is  due  to  Rowland's  initiative,  for  his 
work  undoubtedly  marks  a  distinct  advance  in  this  subject.  Great,  however,  as  bis 
services  have  been,  he  would,  I  feel  sure,  be  the  first  to  admit  that  his  investigations 
of  1878-79,  by  no  means  exhaust  the  possibilities  of  further  progress  in  the  science 
of  thermometry.  In  his  paper,  he  constantly  indicates  possible  causes  of  error,  and, 
in  some  cases,  makes  valuable  suggestions  as  to  methods  by  which  they  may  be 
eliminated. 

In  a  previous  paper  (*Phil.  Trans.,'  A.,  1891,  p.  155)  it  was  pointed  out  by 
Mr.  Callendab  and  myself  that ''  the  indications  of  the  air- thermometer  cannot  be 
relied  on  beyond  0°*01  C. . . .  the  limit  of  accuracy  of  a  single  reading  of  the  barometer." 

On  p.  95  of  his  paper,  Rowland  gives  the  data  on  which  the  following  state- 
ments are  based.  A  difference  of  '03  millim.  in  the  reading  of  his  barometer  gave  a 
difference  of  0°'01  C.  in  the  air- temperature,  and  an  error  of  O^'S  C.  in  the  estimation 
of  the  temperature  of  his  barometer-column  would  produce  the  same  effect.  From 
his  remarks,  it  is  evident  that  he  regarded  his  possible  error  from  this  cause  alone 
as  ±  0^-01  C. 

Again,  his  temperatures  depended  on  the  direct  observation  of  the  height  of  a 
mercury  manometer  column  by  means  of  a  cathetometer,  and  everyone  who  has 
worked  with  such  an  instrument  knows  the  difficulty  of  obtaining  measurements 
accurate  to  db  *02  millim.     (It  is  true  that  small  differences  can  be  read  to  a  much 
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closer  degree  of  accuracy  by  means  of  a  microscope  fitted  with  a  micrometer  scale, 
but  this  method  is  not  applicable  when  large  differences  have  to  be  read,  nor  does  it 
appear  to  have  been  adopted  by  Bowland.)  On  p.  94,  Rowland  remarks  that  on 
repeating  the  observations  upon  an  accurate  scale,  they  ''  agreed  with  the  scale  to 
within  two  or  three  hundredths  of  a  millimetre,  which  was  as  near  as  I  could  read'  on 
such  an  object,"  and  0'03  millim.  appears  to  have  been  equivalent  to  O^'Ol  C.  Also, 
the  temperature  of  the  manometer  column  was  only  ascertained  by  means  of  a 
thermometer  placed  alongside  it,  and  the  uncertainty  thus  introduced  might  nearly 
double  the  resulting  error. 

A  study  of  Rowland's  Tables,  XI,  to  XV.,  leads  to  the  conclusion  that  the  dis- 
crepancy between  individual  observations,  due  to  the  above  and  other  causes,  in  some 
cases  amounted  to  as  much  as  0°'03  to  0**'04  C. 

The  following  extract  will,  I  think,  show  that  Rowland  did  not  rely  upon  his 
observations  to  ±  0°*01  C.  In  his  concluding  remarks  he  says :  "  I  now  believe  that, 
with  the  improvement  to  the  air-thermometer  of  an  artificial  atmosphere  of  constant 
pressure,  we  could  be  reasonably  certain  of  obtaining  the  temperature  at  any  point  up 
to  50®  C,  within  0^*01  C.  from  the  mean  of  two  or  three  observations.  I  believe  that 
my  own  thermometers  scarcely  differ  much  more  than  that  from  the  absolute  scale  at 
any  point  up  to  40®  C,  but  they  represent  the  mean  of  eight  observations.  How- 
ever, there  is  an  uncertainty  of  0®'01  C.  at  the  20®  C.  point,  owing  to  uncertainty  in 
the  value  of  m.  But,  taking  m  =  '0001 5, 1  hardly  think  that  the  point  is  uncertain 
to  more  than  that  amount  for  the  thermometers  Nos.  6163,  6165,  and  6166." 

The  causes  of  error  above  enumerated  do  not  affect  the  platinum  thermometer 
determinations  to  the  same  extent.  It  is  true  that  the  values  of  d  (which  corresponds 
to  Rowland's  quantity,  m),  are  dependent  upon  the  boiling-points  of  water  and 
sulphur,  which  are  again  dependent  on  barometer  readings,  but,  on  the  other  hand, 
an  error  of  as  much  as  0®*1  C,  at  those  points,  would  produce  so  little  change  ia  d  as 
to  leave  the  value  of  our  range  imaltered,  although  it  would  slightly  affect  the  actual 
elevation ;  more  especially,  it  should  be  noticed  that  any  small  changes  of  pressure 
which  may  take  place  during  the  comparison  of  the  platinum  thermometer  with  other 
thermometers  do  not  affect  the  results. 

The  above  considerations  appear  to  me  to  justify  the  conclusion  that  the  value  of 
Rowland's  temperature  range,  14®  to  25®  C,  may  be  in  error  by  as  much  as  0®*011  C, 
and,  if  this  is  the  case,  the  values  of  the  C.G.S.  imit  of  heat,  and  of  the  temperature 
coefficients  of  the  specific  heat  of  water,  as  deduced  from  his  experiments,  may  be 
identical  with  oura 

2.  I  have,  since  the  publication  of  an  abstract  of  this  paper,  received  several  com- 
munications criticising  our  statement  (see  p.  496,  supra)^  that  we  differ  &om  the 
results  obtained  by  Joule,  by  "  1  part  in  350,"  and  my  correspondents  have  pointed 
out  that  the  ratio,  772*55  to  77899,  is  very  different  from  that  of  349  to  350.  It 
would,  therefore,  appear  necessary  that  I  should  indicate,  more  fully  than  I  have 
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done,  the  ground  upon  which  we  based  the  above  statement.  Joule  himself,  in 
1879,  made  a  careful  comparison  of  his  thermometer  with  one  which  had  been 
standardized  by  Rowland  (Baudin's  Therm.,  No.  6166).  The  results  were  pub- 
lished as  an  appendix  to  Rowland's  paper  in  the  *  Proceedings  of  the  American 
Academy'  for  March,  1880.  A  considerable  correction  in  the  values  obtained  by 
Joule  was  then  found  to  be  necessary.  Again,  Joule  had  assumed  Regnault's 
expression  for  the  specific  heat  of  water,  and  a  correction  for  the  capacity  for  heat  of 
the  calorimeter  was  also  rendered  necessary  by  the  changes  in  the  thermometry.  As 
the  appendix  above  referred  to  appears  to  be  but  little  known  in  this  country,  I  give 
one  example  (p.  44,  ibid.)  to  indicate  the  nature  of  the  various  corrections. 

Joule's  result  in  1878  (friction  of  water) 774-6 

Correction  for  thermometer +  3*7 

„           „  capacity  for  heat +  '2 

„          „  latitude  (to  Baltimore) +  '9 

„           „  vacuum —  '9 

Corrected  value  (at  12''-7  C.)    .     .     .     778*5 

As  these  corrections  were  published  in  1880,  it  appears  probable  that,  had  they  not 
met  with  Joule's  approval,  he  would  have  signified  his  dissent,  but  I  can  find  no 
record  of  any  such  expression  of  opinion  on  his  part. 

As  previously  stated,  Rowland  attached  what  appear  to  me  to  be  curiously  arbitrary 
values  to  certain  of  Joule's  experiments.  K  we  accept  his  verdict  as  to  their  respec- 
tive merits,  the  mean  of  the  selected  experiments,  as  corrected  by  Rowland  (but 
reduced  by  me  to  temperature  15°,  and  to  latitude  Greenwich),  is  776*75  ft. -lbs. ;  but 
if  we  assign  equal  value  to  all  Joule's  published  residts,  the  corrected  mean  becomes 
779*17  ft.-lbs.,  and  it  was  on  these  numbers  that  our  statement  was  based. 

It  is  extraordinary  that,  although  these  results  (or  rather  the  corrections  by  which 
they  are  deduced)  were  published  as  far  back  as  1880,  we  still  find  that  our  modem 
books  of  reference  continue  to  give  772*55  as  the  number  resulting  from  Joule's  own 
experiments.] 
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Appendix  I. 

Determination  of  the  "  Null  Point "  and  an  alternative  Method  of  calculating  the 

Results. 

As  stated  ia  the  introduction  we  append  a  ftill  analysis'of  the  "  null  point,"  i.e.,  the 
point  at  which  the  radiation  is  self-eliminated. 

Using  a  similar  notation  to  that  on  p.  478,  we  have  as  the  equation  of  condition 

Mf  =  a-^^ (1), 

where  the  temperatures  are  measured  from  that  of  the  surrounding  envelope. 

For  the  sake  of  simplicity  we  can  assume  that  the  values  of  a  and  M  remain 
constant. 

Integrating  and  putting  X  =  p/M,  ft  =  a/M,  and  determining  the  constant  from 
the  fact  that  when  t  =  0^  0  =  —  0^,  we  obtain  the  equation 

e"  =  ^^ (2). 

If  there  had  been  no  radiation,  p  =  0,  and  the  equation  of  condition  would  have 
been  d0/dt  =  ft. 

Integrating,  and  using  the  same  constant  as  before 

0  =  lit-0o (3). 

If  we  find  the  points  of  intersection  of  (2)  and  (3)  one  point  (—  0o,  0)  is  that  at 
which  the  experiment  commenced,  the  other  (6,  T)  is  the  point  on  (2)  at  which  the 
radiation  is  eliminated. 

It  is  more  convenient,  for  experimental  work,  to  obtain  an  expression  involving  T 
rather  than  6 ;  substituting  therefore  the  value  of  0  given  by  (3)  in  (2),  we  obtain 

This  equation  can  be  solved  for  T  when  the  values  of  X,  ft,  0q  are  known. 
In  order  to  obtain  X,  ft,  we  can  take  the  following  observations :  Commence  an 
experiment  at  —  ^q,  note  the  time  t  when  ^  =  0,  and  again  note  the  time  <£,  when 

0  =  +  0O' 

Then  equation  (2)  gives  the  relations 
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and 


gA<i 

_x-  +  *» 

w/ 

X 

e^. 

(5). 


(6); 


From  this  pair  of  equations  we  can  eliminate  ^^OqIijl  and  obtain 


2{e^<'.-'i)-.l}_  {e^'._l}  =0  .     ......     (7), 

which  is  the  equation  from  which  to  determine  X. 

So  far  as  we  are  aware,  the  solution  of  these  equations  cannot  be  expressed  as  an 
algebraical  expansion,  except  on  the  assumption  that  X/^,  X^2>  ^  ^^  small.  Making 
this  assumption,  and  writing  a;  =  ^^  —  2<i,  successive  approximation  leads  to 

T  =  2,.  +  ix-i^  +  2^i (8). 

The  method  which  we  have  found  best  adapted  to  the  numerical  solution  of  such 
equations  amounts  practically  to  tracing  their  graph,  using,  for  instance,  in  equation 
(7),  X  and  /(X)  as  abscissa  and  ordinate.  A  rough  approximation  to  the  value  of  X  is 
soon  obtained,  and  afterwards  by  means  of  a  table  of  logarithms  as  close  an  approxi- 
mation as  is  necessary  can  be  found. 

Since  ft  does  not  occur  as  an  exponential,  its  value  is  at  once  found  from  (5)  or  (6). 

Equation  (4)  can  be  solved  for  T  in  a  similar  manner  to  equation  (7),  using  T  and 
y  (T)  as  abscissa  and  ordinate.  A  rough  approximation  to  the  value  of  T  is  given  by 
equation  (8), 

T  =  2«i  +  i  («,  -  2<i). 

The  forms  given  to  equations  (4)  and  (7)  are  those  which  we  have  found  roost  con- 
venient from  which  to  calculate  the  values  of/(X)  and/(T). 

Besides  being  thus  able  to  eliminate  radiation,  we  can  at  the  same  time  eliminate 
the  change  in  all  those  quantities  whose  rate  of  variation  can  be  expressed  as  a  linear 
function  of  the  temperature.  Thus,  on  p.  477,  we  have  shown  that  when  the 
variations  in  M  and  a  are  considered,  their  fuU  values  are 

*  Equation  (6)  shows  that  0^  is  not  altogether  at  our  disposal,  but  must  be  less  than  /«/X.  For, 
otherwise,  the  calorimeter  would  reach  its  final  state,  where  the  loss  by  radiation  balances  the  supply  of 
heat,  and  could  never  attain  the  temperature  +  0^. 
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W  =  M{1  +  W], 
and,  hence,  equation  (1 )  becomes 

u{i  +  ie)^  =  a{i--k{0  +  fi))-pe. (9).» 

By  neglecting  squares  and  products  of  small  quantities  (9)  can  be  written  in  the 
same  form  as  (l)^  thus, 

M^  =  a(l  -  kfi)  -  {p+a(k  +  l)]0, 
and  the  values  of  X  and  fi  become 

where  a  =  n^E^ JR. 

Let  Xiii  /III  denote  the  values  of  X  and  /x  when  a  weight  of  water  Wj  and  an 
RM.F.  of  Til  Clark  cells  are  used,  the  first  suffix  referring  to  the  weight,  the  second 
to  the  number  of  Clark  cells ;  further,  as  before,  let  W^  be  the  water  equivalent. 

Then 


/^ii 


(fii  is  written  for  ^  as  its  value  is  dependent  on  n). 
Similarly 


Hence,  by  division  of  (11)  and  (12), 

/ill       W,-fW,  . 

Equation  (13)  gives  the  means  of  calculating  the  water  equivalent. 
Writing  M^,  Mg  for  W^  +  W;r  and  Wg  +  W^  respectively,  we  have 

which,  with  (11),  gives 

^,-V    1-AA ^     ^* 


*  This  does  not  introduce  <r,  the  heat  developed  by  the  stirrer,  bat  this  can  be  found  by  preliminary 
experiments  and  due  allowance  made  for  it. 
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If  hj  the  temperature  coefficient  of  the  resistance  of  the  wire,  is  determined  by 
preliminary  observations,  and  we  assume  ^  =  pW  where  j?  is  a  constant  (p.  400),  we 
have  with  (15)  sufficient  data  to  determine  the  values  of  ^j,  ^2-  Equation  (11)  then 
gives 

J  ^  yg  11  -  *g.) (,e). 


Again  equation  (10)  gives 


and 


which  are  two  equations  to  give  p  and  Zp 

Similarly,  by  performing  the  operations  X^^  and  Xgg,  we  could  determine  the  value 
of  l^ ;  and  since  (p.  480) 

we  can  find  both/  and  gr,  the  coefficients  of  increase  in  specific  heat  of  water  and  of 
the  calorimeter. 


Appendix  II. 

The  Regulator  for  Maintaining  the  Laboratory  at  a  Constant  Temperature. 

A  narrow  glass  tube,  several  feet  in  length,  was  fixed  in  a  horizontal  position  on 
one  of  the  walls.*  This  tube  contained  chloride  of  silver,  and  a  stream  of  dry 
ammonia  gas  at  a  low  temperature  was  passed  through  it  until  the  compound 
AgGl,3NH3  was  formed.t  This  compound,  as  pointed  out  by  Isambebt,  dissociates 
at  ordinary  temperatures,  the  pressure  of  the  vapour  at  about  15°  C.  altering  by  more 
than  12  millims.  per  degree.  Care  had  to  be  taken  to  completely  saturate  the 
AgCl,  for  the  pressure  of  the  vapour  AgCl,2NB[5  changes  at  ordinary  tempera- 
tures by  a  much  smaller  amount.  The  horizontal  tube  communicated  with  a  gas 
regulator  of  the  ordinaiy  pattern,  except  that  the  diameter  of  the  regulator  tube 
could  be  made  of  any  size,  since  we  are  dealing  with  the  pressure  of  a  saturated 
vapour,  not  with  that  of  a  gas,  and  thus  the  changes  in  volume  caused  by  a  movement 
of  the  mercury  column  could  be  disregarded,  the  diameter  of  the  smallest  pipe  in  our 

*  The  exterior  of  this  tube  was  blackened. 

t  This  substance  was  suggested  by  Mr.  C.  T.  Hetcock. 
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regulator  exceeding  1  centim.  In  order  to  diminish  the  effect  of  changes  in  the 
atmospheric  pressure,  some  air  was  allowed  to  remain  in  the  horizontal  tube.  As  the 
column  of  mercury  communicating  with  the  regulator  was  about  800  millims.  in 
height,  this  residual  air  was  under  a  pressure  of  two  atmospheres,  and,  its  volume 
being  very  small,  and  the  diameter  of  the  mercury  tube  large,  a  small  movement 
sufficed  to  compensate  changes  in  atmospheric  pressure.  Thus,  an  alteration  of 
20  millims.  in  the  barometer  produced  a  change  of  only  a  fraction  of  a  degree  in  the 
resulting  laboratory  temperature.  The  gas,  after  passing  through  the  regulator, 
communicated  with  a  large  Doulton  ware  stove,  in  which  small  pilot  lights  were 
always  kept  burning  by  means  of  an  independent  supply.  An  entrance  and  an  exit 
tube,  closed  by  glass  taps,  were  so  fixed  in  the  vertical  tube  containing  the  mercury 
that,  by  their  means,  the  instrument  could  be  adjusted. 

The  action  of  the  apparatus  is,  in  many  ways,  interesting.  On  a  day  when  the  gas 
would  be  burning,  if  the  room  was  unoccupied,  the  presence  of  one  person  in  the  room 
would  diminish  the  supply,  whereas  the  presence  of  two  or  three  would  cause  it  to  be 
entirely  cut  off.  We  were  surprised  to  learn,  by  this  means,  the  amount  of  heat 
communicated  to  a  room  by  the  presence  of  a  human  being. 
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